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ABSTRACT
Roots of Quaternionic Polynomials and Automorphisms of Roots

by
Olalekan Peter Ogunmefun

The quaternions are an extension of the complex numbers which were first described
by Sir William Rowan Hamilton in 1843. In his description, he gave the equation of
the multiplication of the imaginary component similar to that of complex numbers.
Many mathematicians have studied the zeros of quaternionic polynomials. Prominent
of these, Ivan Niven pioneered a root-finding algorithm in 1941, Gentili and Struppa
proved the Fundamental Theorem of Algebra (FTA) for quaternions in 2007. This
thesis finds the zeros of quaternionic polynomials using the Fundamental Theorem of
Algebra. There are isolated zeros and spheres of zeros. In this thesis, we also find

the automorphisms of the zeros of the polynomials and the automorphism group.
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1 INTRODUCTION

Quaternions are a mathematical concept that extend the idea of complex numbers.
While complex numbers are expressed in terms of a real number and an imaginary
number, quaternions have three imaginary components in addition to the real com-
ponent. Quaternions were first introduced by the Irish mathematician Sir William
Rowan Hamilton on 16th of October 1843. He was inspired by the complex numbers
and sought to find a way to extend their properties to higher dimensions. Hamilton
realized that he could define a set of numbers with three imaginary components by
introducing a set of rules for their multiplication. They were discovered as a way to
describe three-dimensional rotations in a mathematically elegant way.

Like complex numbers, quaternions consist of a real part and three imaginary
parts. They can be written in the form a + bi + ¢j + dk, where a, b, ¢, and d are real
numbers and i, j, and k satisfy i2 = j? = k? = —1 and ijk = —1.

A quaternionic polynomial is a polynomial with coefficients in the quaternions.
Quaternions are not commutative with multiplication, therefore quaternionic poly-
nomials are usually separated into left and right polynomials. A left polynomial is
an expression of the form P(x) = a,2™ + ... + a1x + ag, a; € H, a, # 0, n > 1
and a right polynomial is of the form P(z) = "  x'a;, a; € H [8]. The study of
the zeros of quaternionic polynomials is a complex area of mathematics that involves
both algebraic and geometric techniques. One of the fundamental tools for studying
quaternionic polynomials is the concept of the characteristic polynomial, which is the
polynomial obtained by replacing each quaternion variable in the polynomial with a

scalar variable.



Ivan Niven pioneered root-finding for a quaternion polynomial by proposing an
algorithm [6], Gentili and Struppa proved the Fundamental Theorem of Algebra [3]
. By applying the FTA, in [3] it is proven that any quaternionic polynomial has two
types of zeros which are either isolated or spherical zeros. Since then, many studies
have been conducted for quaternionic polynomial root finding. In 2013, Kalantari
gave an algorithm for the root-finding in [5].

This thesis explores recent work in finding the zeros of quaternionic polynomi-
als and also the automorphisms of the zeros. The automorphisms of the zeros of
quaternionic polynomials acts on the zeros of the polynomial thereby preserving their
algebraic properties. The automorphism group is the group of all bijective func-
tions that map the zeros of the polynomial to themselves and preserve the algebraic
relations between the zeros.

The following chapters will explore quaternions and the automorphisms of the
zeros of quaternionic polynomials. Chapter 2 will introduce quaternions and its poly-
nomials such as quadratic and cyclotomic polynomials. Some known results will be
used in finding the zeros of polynomials. Chapter 3 will extend these concepts to
automorphisms of the zeros. Chapter 4 will discuss possible future directions for the

study of the automorphisms of roots.



2 BACKGROUND

This chapter introduces the quaternions through the idea of complex numbers.
Unless otherwise noted, all material from this chapter section will reference [1]. A
complex number is a number of the form z = a + ib where a and b are real numbers
and i* = —1. The set of complex numbers C = {a+ib|a,b € R}, form a 2-dimensional
vector space over R. On R? the norm of a vector is defined by |(a,b)| = Va2 + b2
which means that if z = a +ib € C, then |z| = v/a® + b2.

A unit vector is a vector with magnitude one. For example, the complex number
% + z\/ig is a unit complex number since ]% + z\/ig| = \/g =1

All complex numbers z = a+ib can be written in the form z = r(cos #+ i sin #) where
r = |z| and @ is an argument of z, denoted 0 = arg(z), the angle between the positive
real axis and the line joining 0 and z with 2z # 0.

If |z| = r and 6 = arg(z), then we have the picture in figure 1.

Im(z)

2B
0

Re(z)

Figure 1: Complex number [1]

Any complex number can be expressed in terms of the norm r and argument 6. For

any complex number z = a+ bi with r = Va? + b? and tan() = %, then we can write

2z =re'.



With De Moivre’s formula, 2™ = r"(cos nf+i sin nfl), we can compute roots of complex
polynomials. Let w € C, w # 0, then we want to find all z € C such that z" = w
(for a given n € N). For such a z, we need |z| = |w|» and arg(z) = %(w). Let
a = arg(w), then one such z is z = |w|%(cos(%) +isin(2)). However there are several

choices for . We find that the z are given by \w\%(cos(%m) + isin(225T)) for

k=0,1,2..n—1

Example 2.1. Find the sizth roots of unity
For |z|® = a = 1, we have a = |a|(cos(a) + isin(a)). So the sizth roots of unity

are |a|é(cos(%) + isin(“E22)) for 0 < k < n — 1, that is cos(%) + isin(%) for

0<Fk<5,

2o = cos(0) +isin(0) =1,

21 = cos(%) +isin(f) = % 4 273 — 1+;‘\/:§)
29 = COS 27”) + zsm(%’r) = %1 +273 - flzz\/ﬁ;

23 = cos(m) +isin(r) = —-140= -1,

.

Z4 = COS ?’r) +Zs1n(4?”) - %1 4=V i 3

ot
ot

(
(
(
(
(
(

2
__'_Z\f 13'

z5 = cos(5) +isin(y)
If a polynomial P(x) is defined on C, then we can define an automorphism ¢ : C — C

on the roots such that p(z*) = z* where z* is a root of the polynomial P(x) in C and

z* 1s the conjugate of z*.

In the sizth roots of unity, with roots z, = 1, z; = , 2y =

R4 = #ﬁ’:; R = = Z\[ then SO(ZO) Zo; 30(21) = %5, 90(22) = 24 90(23> = Z3.



2.1 Quaternions

A quaternion is a number of the form ¢ = a + bi + ¢j + dk such that a, b, c,d are
real numbers and i, j, k satisfy 2 = j? = k? = ijk = —1. The set of quaternions
H={¢=a+bi+cj+dk | a,bcdeR,i*=j%=Fk*=ijk= —1}is an extension
of the complex field which was first described by Hamilton in 1843.

The quaternions ¢, and k relate with each other satisfying; 15 = k, jk = ¢
and ki = j. Unlike the case of complex numbers, quaternion multiplication is not
commutative because ij = —ji, itk = —ki and jk = —kj. In fact, the quaternions form
a division ring which is similar to a field but multiplication is not commutative. and
are a real vector space of dimension four with basis (1,4, j, k) [2]. Every quaternion
q = a+ bi + ¢j + dk can be written as ¢ = a + ¥ where v = bi + ¢j + dk, called the

vector part and a is called the real part (sometimes denoted as Re(q)).

Definition 2.2. A quaternion ¢ = a+bi+cj+dk has a conjugate ¢ = a—bi—cj—dk.

The trace of q is Tr(q) = q+q = 2Re(q) = 2a. The norm of q denoted |q| =

Va2 + b0+ + 2.

For any quaternion ¢ such that § = —q, then ¢ is called a pure quaternion, this

means the trace of ¢ = 0.

Example 2.3. Suppose q1 = a1 + bii 4+ ¢1j + dik and g = as + bat + coj + dok are
two quaternions, then
g1 +q = G1+bli+01j+d1k + a2+b2i—|—02j+d2k
= a1+ ag+ (bl + bQ)Z + (Cl + Cg)j + (dl + dg)]{?

= ag+a;+ (bg + bl)l + (62 + Cl)j + (dg + d1)k’
9



= Gy + byi + cof + dok + ay 4+ byi + c1j + dik

= @+ q.
Quaternion addition is commutative.

Example 2.4. Given a quaternion ¢ = a+ bi+ cj+dk, then the inverse of q denoted

q~! such that q¢ ' = ¢ 'q = 1 and can be calculated as follows:

Let G =a—bi—cj—dk and |q| = Va> +0? + 2 + &2,

then ¢~ ! = ‘L — a—bi—cj—dk

ql? P2t d? This z'mplz'es that

., o (a—bi — cj — dk)
aa = latbitejrdh) e

ala —bi —c¢j — dk) + bi(a — bi — ¢j — dk) + cj(a — bi — cj — dk)
a? + 0%+ + &

dk(a — bi — c¢j — dk)

T e et a

_a® —abi — acj — adk 4 bai + b* — bek — bdj + caj + bek + ¢ — cdi
B a? 4 b 4 ¢ 4 d?

N adk + dbj — dci — d?

a2+ +c+d?

a? + b+ + d?

a? + b + c* + d?
= 1

1

This means that the inverse of a quaternion q is ¢~ = % where q # 0.

The division of a quaternion ¢, by g # 0 is specified either as ¢ig; " or ¢; 'qi,
if g1, g, are non zero then (qiq2)™' = ¢; '¢;'. Similarly it can also be show that
Nnte=a+a
Two quaternions ¢; and ¢y are said to be congruent, denoted by ¢s ~ ¢, if for

1

some quaternion w # 0, then we have ¢ = wquw™". The congruence class of ¢ =

10



a + bi+ c¢j + dk, denoted by [g] is the set

@] ={@n € H | q ~ g}

On the other hand, any quaternion is congruent to a complex number with the same

real part and norm.

Example 2.5. The complex number z = %—H‘/Tg has many quaternions congruent to

it; q = % + Z% +j% + k‘% is one of the quaternions .
If ¢ is congruent to a complex number z where z = a 4 iv/b? + ¢ + d?, then
[q) = {a + o1 + w35 + 24kl|rs + 25 + 25 = b* + & + d°}.

It follows [g] has a singleton element if and only if ¢ is a real number. If ¢ is not real,
its congruent class is the three dimensional sphere in the coordinate space of xs, x3,

x4 centered at the point (a,0,0,0) having radius equal to v/b? + ¢ + d?. [5]

2.2 Polynomials

For quaternions ¢ = a + bi + ¢j + dk € H, the characteristic polynomial of ¢,
denoted P,(z), is P,(z) = 2* — Tr(¢)x + (|¢|)?, where Tr(q) and |g| are the trace and

norm of g respectively. The characteristic equation is P,(x) = 0.

Example 2.6. For the quaternions +i, +j, £k, the characteristic polynomial is the

polynomial 2 + 1.

We define a left polynomial over the quaternions as P(z) = a,a" + ... + a1z + ay,

a; € H, a, # 0, n > 1. The quaternion conjugate of P(z) is P(z) = Gpa" +

11



... + @z + @y. The evaluation of the polynomial P(x) for a given quaternion ¢ is
P(q) = anq™ + ... + a1q + ap.

The multiplication of quaternionic polynomials is defined in terms of the regular
product. Let f(z) = Y i ;2'a; and g(x) = > " a'b; be two polynomials, then the

k

regular product of f and g is defined as the polynomial f x g(z) = >, 2"c, where

Cp = Z?:o a;b,_; for all k [3].

2.3 Cyclotomic Polynomials

A cyclotomic polynomial is a polynomial with coefficients in the integers that is
defined in terms of roots of unity. Specifically, the n*® cyclotomic polynomial, denoted
by ®,, (), is the polynomial whose roots are all nt® primitive roots of unity , that is,

the numbers of the form e%, where k is an integer relatively prime to n.

h

For any positive integer n, a complex number z is an n*® root of unity if 2" = 1.

There are n distinct such roots of unity. Applying the De Moivre formula as discussed

above, such roots are uniquely determined as e » for k = 0,1,...n—1. For some root

z, we say z is a primitive nt® root of unity if 2*¥ # 1 for all k < n. This is equivalent

2mik
n

to z=e"n , with ged(k,n) = 1.

Example 2.7. The fourth roots of unity are the solutions of z* — 1 = 0, which are;
1,—1,+2. Now 1 is a primitive first root of unity, -1 is a primitive second root of

unity, and +i are the primitive fourth roots of unity.

Example 2.8. The sizth roots of unity are the solutions of 25 — 1 = 0 which are

us} ; 27 _ . . 4mi 11
20:1,212672#3’22267:1+T“/§’23:67rz:_1’z4:63: 1122\/§

5mi i
and zs = €3 =1 ;ﬂ

12



zo = 1 is a primitive first root of unity,

z3 = —1 18 a primitive second root of unity,
2y = # and z4 == #ﬁ are primitive third roots of unity,
21 = # and z5 = 17;‘/3 are primitive sixth roots of unity.

Then with the above understanding, we define the n*® cyclotomic polynomial for
any positive integer as the unique irreducible polynomial (a polynomial that cannot
be expressed as the product of two non-constant polynomials) with integer coefficient
that is a divisor of 2™ — 1 and not a divisor of ¥ — 1 for any k < n. Its roots are all
primitive roots of unity eZ% where k € N, 1 <k <n, ged(k,n) = 1.

For any positive integer n the n®® cyclotomic polynomial, ®,(x), is given by

O, (z) = (x — z1)(x — 29)...(x — zy),

h

where 21, 25, . . . , zs are the primitive n*® roots of unity. The n*® cyclotomic

polynomial can be written as

k=1
ged(k,n)=1

If n is a positive integer, then &, (x) is monic and its degree is ¢(n), where ¢(n) is
the Euler ¢p— function, that is ¢(n) is defined as the number of non negative integers

less than n that are relatively prime to n.

Example 2.9. The following are examples of cyclotomic polynomials

13



Ps(x) = '+t + 2P+ +1,

Pg(r) = 22 —2+1,

dr(v) = S+t a1,
Pg(z) = 2*+1,

Dy(r) = 2P +a2%+1

Pyp(z) = ' -2 +2° - +1,

O(z) = 20+ + 2B +"+ S+t L

2.4 Roots of Polynomials

A quaternion ¢ is a root of P(zx) if and only if P(z) = Q(z) * (x — ¢q) for some
n—1

Q(z) =37, ¢;x". In line with this, we define various types of roots of quaternionic

polynomials [3].

Definition 2.10. Let P(z) be a quaternionic polynomial with q a root.

(i) q is a root of multiplicity k if P(z) = Q(x)*(z—q)*, where Q(q) # 0. In particular,
if k=1, we say q is a simple root.

(ii) q is an isolated root if there exists a neighborhood of q that contains no other root
of P(z).

(111) q is a spherical root if [q] is contained in Z, (the set of zeros of P(x)). [q] is

called sphere of zeros for P(x).

Theorem 2.11. Fundamental Theorem of Algebra [3]
14



Let P(x) be a quaternionic polynomial of degree n. Then the number of isolated zeros,
plus twice the number of spheres of zeros, counted with multiplicity, is n.
In other words, this theorem can be stated as; if P(x) has r real roots, such that

m = deg(P(x)) —r, then P(z) has % spheres of roots.

Example 2.12. Find the roots of the polynomial P(z) = x* + 1.
The above polynomial is the characteristic polynomial of the quaternions +i, +j, £k.
By the above theorem, that if P(z) has r real roots, with m = deg(P(x)) - r, then P(z)
has 3 spheres of roots.
In this case, this polynomial has zero real roots which means r = 0, deg(P(zx)) = 2,
and hence m = 2 and so P(x) has one sphere of roots.
The zeros constitute the 3-D unit sphere centered at the origin (0, 0, 0, 0) with zero
real part, {bi +cj+dk € H | b+ %+ d* = 1}. Ezamples of such roots are +i,
+j, Lk, —\/Lﬁi + \%j, \/ng + \%j + \/igk: and infinitely many others on the sphere.
We test one of the roots of the polynomial x*> + 1, say when q = \/ng + \/ng + \/Lgk:
2
m@:f+1::(§?+§?+§#)+1
1. 1 . 1 r. 1. 1
- (v vt (F )
= 1jk+—lkﬂ+%kj+—§k2+1

N UL W
T3 TR TRt e) TRy

[ R IS U NS PR I S S
= ——+-k—cj—zk—c+zi+-j—zi—=
373" T3/ T3 T3 Tyl T3 T

R U S U

3 3 3

Hence q = \/ng + \/ng + \/Lgk‘ € Z, (zeroes of the polynomial P(z) = xz* + 1).

15



Example 2.13. Find the roots of the polynomial P(x) = z*

—c with ¢ a positive real.
P(z) has two real roots; \/c and —/c. Therefore, r = 2 which means m = deg(P(x))
-r=2-2=0.

P(x) = a® — ¢ has § (zero) spheres of roots.

The only roots of P(x) = x? — ¢ with c is positive are \/c and —/c.

Example 2.14. Find the roots of the polynomial P(z) = z* + f such that f is a
positive real.

The above polynomial is the characteristic polynomial of the quaternions £+/fi, £v/f7,
+/fk.

By the FTA for H, if P(x) has r real roots, with m = deg(P(z)) - r, P(x) has %
spheres of roots.

In this case it can be seen that the polynomial has no real roots, therefore r = 0,
deg(P(z)) = 2 and m = 2 which means the polynomial has one sphere of zeros.

The zeros constitute the radius \/f 3-sphere centered at the origin (0, 0, 0, 0) with
zero real part, such that {bi +cj+dk € H | b*+c*+d*= f}.

Examples of such roots are £/ fi, £v/fi, £/ fk, —‘%H— \/7;7', \/752'—1— ‘/sz + \%k and
infinitely many others on the sphere.

Proposition 2.15. If ¢ and a distinct conjugate ¢ are both roots of P(x), then so is

any element of the conjugacy class [q]. In particular, P(x) = Q(x) * Py(x) for some

quaternion polynomial Q(z).

Proof. For any quaternion ¢, the characteristic polynomial P,(x) is defined as P,(z) =

z? = Tr(q)z+ |¢|*. Since ¢ is a root of the polynomial, then it means P,(x) is a factor

16



of P(x). Given also that the distinct conjugate is a root of P(x) and by conjugacy,
¢ € [q] then the conjugacy class [¢] is a subset of the zeros of P(z).

Suppose P,(x) is not a factor of P(x). Then applying Niven’s division [6] it follows
that both ¢ and ¢ are solutions of the corresponding equation fz + g = 0, with

f,g # 0. But there is a unique solution which is a contradiction. m

Example 2.16. Find the roots of the polynomial P(x) = 23 — 1

The polynomial can be expressed as P(x) = 23 —1 = (2> + 2+ 1) * (x — 1). Using
FTA, it can be seen that 1 is an isolated root of P(x) with deg(P(z)) = 3. Hence
m = 3 — 1 = 2 which means that P(x) has % =1 sphere of zeroes.

Solving for the root of x® + x + 1 using the quadratic formula, _71 + z‘/Tg s a complex
root of v* + x + 1.

Every quaternion is congruent to a complex number with the same real part, then
q e {_71 +bi+cj+dk | VP+E+d*= %} 1s a root of the polynomaial.

The sphere of zeros is centered at (5+,0,0,0) and is given by { S +bi+cj+dk | b*+

e+ d =3},

e[S

Some examples of roots of P(x) = 2 — 1 are _71 + z"/Tg, _71 + jX2, _71 + /{:‘/7?:, —% +

i% —i—j% and infinitely many others on the sphere.

Example 2.17. Find the quaternion roots of the cyclotomic polynomial ®12(x) =
ot — 2%+ 1.
®15(x) has no isolated roots, hence by the FTA, m = ¢15 = 4. This means that ®15(x)
has two spheres of zeros.

2rih

The complex primitive roots of ®1a(x) are {e 12 | 1< h <12, gcd(h,12) =1}.

Note, ¢(12) = [1,5,7,11]. So the roots are
17



et =e% = cos(Z) +isin(E) =L + 1,

e =6 = cos(3T) +isin(5F) = — 2 + 4,
et =% = cos(Z) +isin(%r) = =2 — £,
e = et = COS(HT“) + isin(u?”) = 73 — %

Applying conjugacy of complex number and quaternions, we can easily generate the
roots of ®12(x).

From the complex roots \/73 —l— cmd X2 — 1 the quaternions on the sphere centered at
(\/737 0,0,0) where q € {\/Tg +bitci+dk | V+E+d?= 4} are quaternion roots
of ®15(x). Examples are \/75—1—%, */75—1—%, ﬁ:—i—@ i—i—f—k\é, \2[+W+W+W
Similarly, from the complex roots — ‘f —i— and —¥3 —1 , the quaternions on the sphere
centered at (—*/75,0,0,0) where q € {—‘/75 +bit+cj+dk | PP+ +d*= %1} are

quaternion roots of ®1a(x). Examples are —‘/734—%, —\/734—%, —\/754— f—i- T+ \/g:

—5 4

J k
e+ e+

Example 2.18. Find the quaternion roots of the cyclotomic polynomial
Pis(r) =2+t 420 2 L2t 2T a2 et 2?2t L

®y5(x) has no isolated roots, hence by FTA, m = ¢(13) = 12. This means that ®q3(x)

has siz spheres of zeros.

27mih

The complex primitive roots of <I>13($) are{es | 1<h<13, gcd(h,13) =1},

27 dmi © i (4T )

So, the complex roots are, €5 = = cos(35) +isin(3%), e1s = cos(75) + isin(3F

e = cos(5%) + isin(5%), el = cos(3%) + isin(53), e'15 = cos(Lm) + i sin(4F)
e'ts = cos(£28) + i sin(F), el = cos(4£F) + i sin(HF), e'15 = cos( ) + isin(4F)

el = cos(£) + i sin(

27
13
_371' 2073 (

), e = cos )+zsm(2103 ), 5 = cos(212—37r) +isin(212—3”)

18



e'f5 = cos(3F) + isin(3F).

Applying conjugacy of complex number and quaternions, we can easily generate each
sphere of zeros.

From the complex roots e and e%, the quaternions on the sphere centered at
(cos(22),0,0,0) where g € {cos(32) +bi+cj+dk | b+ +d* = (sin(35))?} are
quaternion roots of ®13(x).

From the complex roots e’ and e%ri, the quaternions on the sphere centered at
(cos(4%),0,0,0) where g € {cos(35) +bi +cj+dk | b*+c*+d? = (sin(33))?} are
quaternion roots of ®q13(x).

From the complex roots eB and e%, the quaternions on the sphere centered at
(cos(%%),0,0,0) where g € {cos(%5) +bi+cj+dk | b*+c*+d* = (sin(%5))?} are
quaternion roots of ®13(x).

From the complex roots et and e , the quaternions on the sphere centered at
(cos(5%),0,0,0) where g € {cos(35) +bi+cj+dk | b*+c*+d* = (sin(35))?} are
quaternion roots of ®13(x).

From the complex roots e’ and e%ﬂ, the quaternions on the sphere centered at
(cos(4F),0,0,0) where g € {cos(RE) +bi+cj+dk | b+ +d® = (sin(HF))*}

13

are quaternion roots of ®13(x).

From the complex roots e 5 oand elgl, the quaternions on the sphere centered at

(cos(£3£),0,0,0) where g € {cos(X2E) +bi+cj+dk | b+ 2+ d* = (sin(1F))?}

are quaternion roots of ®13(x).
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3 AUTOMORPHISM OF ROOTS

If G is a nonempty set, then a binary operation on G is a function from G' x G to
G. If the binary operation is denoted *, then we use the notation a x b = c if (a,b) €
G x G is mapped to ¢ € G under the binary operation. A semigroup is a nonempty set
G with an associative binary operation. A monoid is a semigroup with an identity.
A group is a monoid such that each a € G has an inverse a™! € G. A semigroup G
is abelian or commutative if a x b = b * a for all a,b € G.

Let G and H be semigroups. A function f : G — H is a homomorphism
if f(ab) = f(a)f(b) for all a,b € G. A one to one (injective) homomorphism is a
monomorphism. An onto (surjective) homomorphism is an epimorphism. A one to
one and onto (bijective) homomorphism is an isomorphism. If there is an isomorphism
from G to H, we say that G and H are isomorphic, denoted G = H. A homomor-
phism f : G — G is an endomorphism of G. An isomorphism f : G — G is an

automorphism of G.[4]

Example 3.1. If a polynomial P(z) is defined on C, then we can define an auto-
morphism ¢ : C — C on the roots such that (z*) = z* where z* is a root of the

polynomial P(z) in C and z* is the conjugate of z*.

In the sixth roots of unity, with roots zg = 1, 21 = =52, zp = #, z3 = —1,
Z4 = #g’ Z5 = %, then

p(20) = 2o,

p(21) = 2s,

p(22) = 24,
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p(23) = 23.

3.1 Orthogonal/Special Orthogonal groups

The plane R? can be identified with the complex plane C where 2 = a +ib € C
is the same as (z,y) € R%. Every rotation in the two dimensional plane p by angle 6

0

can be represented by multiplication with the complex numbers e? = cosf + sin 6.

1 0f . 1 0 . 0 1 0 1
Ifweletl—[o J,Z—[O _J,j—{_l O} and/{:—L. 0].

Then al+bi+ cj+dk in matrix form is of the form A = [ T %} where x = a+1b

-y
and y = c+1d, a, b, c,d € R. An orthogonal matrix is a square matrix with real entries
whose columns and rows are orthonormal vectors, meaning that they are unit vectors
(vectors of length 1) and are mutually perpendicular to each other. An orthogonal
matrix has the property that its transpose is also its inverse. More formally, let A be
an n X n matrix, then A is an orthogonal matrix if AAT = ATA = I, where I is the
n x n identity matrix. The set of orthogonal matrices denoted O(n) = {A € GL,(R) :

A=l = AT} forms the orthogonal group of n x n matrices with matrix multiplication

as the group operation.
Theorem 3.2. The set O(n) is a group under matriz multiplication.

Proof. Tt is obvious that I (the identity) € O(n). By definition AT = A~! then
each A € O(n) has an inverse and since AT € O(n), then A=' € O(n) . Matrix
multiplication is associative, then O(n) is associative under matrix multiplication.
Let A, B € O(n), consider (AB)(AB)T = ABBTAT = AIAT = AAT = I.

This means that O(n) is closed under matrix multiplication. O
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Similarly, the orthogonal group can be thought of as a linear symmetry distance-
preserving map of a Euclidean space of dimension n that preserves a fixed point with
the group operation being composition of transformations. We define an isometry f of
R™ as a function f : R™ — R™ which for any vector x,y € R™ we have |f(z) — f(y)| =
|z —y], i.e., f preserves the distance between two points in R”. Any isometry function

f :R™ — R” that fixes the origin preserves the length of all vectors in R"™.

Lemma 3.3. [9] Let A be an element of O(n). The transformation associated with

A preserves dot products .

Proof. For any vector =,y € R", the dot product of x and y becomes x -y = 27y. For
any transformation A € O(n), then (Az) - (Ay) = (Ax)T(Ay) = 2TATAy = 2Ty =

Ty 0

Lemma 3.4. [9] Suppose the function f : R™ — R" is an isometry that moves the

origin. Then the function g : R™ — R™ given by g(z) = f(x) - f(0) is a linear isometry.

Proof. For any two vectors x,y € R",

l9(z) = g(y)| = [f(x) = f(0) = fy) + F(O) = [f(x) = f(y)] = [z —yl|. Then g is an
isometry on R"™. Similarly, g(0) = f(0) — f(0) = 0 and ¢ fixes the origin. O

Lemma 3.5. [9]/ If A € O(n) then A is a linear isometry.

Proof. Let A be an element of O(n). Since A preserves dot products, this means it
must also preserve lengths in R™, since the length of a vector v € R™ may be defined
as |v| = /v - v Furthermore, it is clear that the origin is fixed since A0 = 0. Thus, A

is a linear isometry. O
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For all n x n matrices A and B, we have that det(A) = det(AT) and det(AB) =

det(A)det(B). This implies that for all A € O(n),
det(A?) = det(A)det(A) = det(A)det(AT) = det(AAT) = det(I) = 1.

This implies all orthogonal matrices must have determinant of £1. By this, the
orthogonal group of dimension n has the orthogonal matrices of determinant 1 and
the orthogonal matrices of determinant —1.

The orthogonal matrices of determinant 1 forms the special orthogonal group,

denoted SO(n). This is also called the rotation group.
Theorem 3.6. The subset SO(n) ={A € O(n) : det(A) =1} is a subgroup of O(n).

Proof. The identity I € SO(n) and all A € SO(n) has an inverse by definition.
Matrix multiplication is associative, hence SO(n) is associative under matrix mul-
tiplication. For closure, let A, B € SO(n), then it means det(A) = 1 = det(B).
Consider det(AB) = det(A)det(B) = 1, hence AB € SO(n). SO(n) is closed under

matrix multiplication. Thus, SO(n) is a subgroup of O(n). O

Theorem 3.7. The group SO(n) is a normal subgroup of O(n).

In addition, O(n)/SO(n) = Z,.

Proof. The set {—1, 1} is a group under multiplication. We define f : O(n) — {—1,1}
by f(A) = det(A) for all A € O(n).

Let A, B € O(n), f(AB) = det(AB) = det(A)det(B) = f(A)f(B). Thus, f is a
homomorphism. Clearly f is an epimorphism with kernel of f equals all A € O(n)
such that det(A) = 1. Thus, Ker(f) = SO(n).
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Since every kernel of a homomorphism f is a normal subgroup of O(n), then by the
first isomorphism theorem, there is an isomorphism from O(n)/SO(n) with the image

on f. Hence O(n)/SO(n) = Zs. O

The orthogonal matrices of determinant —1 do not form a subgroup of O(n). A
quick check is by picking matrices A and B. It means det(A) = -1 and det(B) = -1.
Consider det(AB) = det(A)det(B) = -1 x -1 = 1. Hence AB does not belong to the

second component and the component is not closed under matrix multiplication.

3.2 Properties of SO(n)

The orthonormal basis {(1,0),(0,1)} for R? can be used to define rotation in
the plane. The group of rotations in the plane is SO(2). The rotation by angle 6

transfers the basis to pg(1,0) = (cosd,sin ) and pp(0, 1) = (—sinb, cosd) with matrix

cosf@ —sinf

) . It can be seen that det(A) = +1 and that
sinf cosd

representation A = [

AAT — [cosé’ —sin@} {0039 sin@] - [1 0]

sinff cosf —sinf@ cosf 01

The vector {(cosf,sinf) parametrizes the unit circle centered at the origin and any
element of SO(2). In the unit circle two vectors (—siné, cos #) and (sin @, — cos ) are

orthogonal to (cosf,sinf). It is obvious that

- [cos 6 sind

sin 6 —C089:| ¢ SO(2) since |B|= _(0082(9+Sin2 6) = —1.

We now show SO(2) is an abelian group. Let

A [COSQ —st] B= [COSB —smﬂ’

sinf  cosf ~ |sin B cosf

24



and consider

sinf cos@ | |sinf3 cospf

AD — [COSH —sin@] [Cosﬁ —sinﬁ]

_|cosfcos B —sinflsin S — cosfsin 3 — sinf cos 3
~ |sinfcos B+ cosfsinfS —sinfsin 3 + cos b cos 3

_ [COS(@ +B) —sin(0 + ﬁ)]
sin(0+p) cos(@+p5) |’

Similarly,

BA— |:COSﬁ —Sinﬁl {cos& —sin@]

sinff cosf | |sinf cos@

_ [COS(@ +B) —sin(d+ ﬁ)]
sin(0+ ) cos(@+p5) |’

Thus, SO(2) is abelian. We can also check if SO(3) is abelian.

cosf —sind 0 1 0 0
Consider the matrices A = |sinf cosf 0|, B= [0 cosf —sinf
0 0 1 0 sinf cos@
It can be shown that AAT = I and BBT = I and det(A) = 1 = det(B). This

means that A, B € SO(3). Consider

cosf) —sinfcosd sin? 6 cos sin @ 0
AB = |sinf cos? 6 —sinfcosf| ,BA = |sinfcosf® cos’f  —sind
0 sin 6 cos sin’ @ sinfcosf cosd.

Thus SO(3) is not abelian and in turn implies that SO(4) is not since it contains

SO(3) as a subgroup.
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Lemma 3.8. [9] The one-sphere is an abelian group under complex multiplication.

Proof. ' ={r € C: |z| =1}

The set of non zero complex numbers forms a group under multiplication. To show
that S' is a group, then we can show that it is a subgroup of C \ {0}.

Note 1 € S'. Similarly, for all 2 € S it means that zz~! = 1, then |z~ = |1| = 1
and |z| =1, |z7'] = 1. So every element of S" has an inverse in S". S’ is associative
since C is associative.

Let 2,y € S, then |zy| = |z||y| = |1]|1] = 1. Hence, S is closed under multiplication.

]

Theorem 3.9. The group SO(2) is isomorphic to S*.

Proof. Complex numbers can be written in the form e? = cos@ + isind and every

[cos f —sind

rotation in SO(2) can be written as A(f) = sin@  cos®

} where 6 is the angle of
rotation and 0 € [0, 27).

We define a mapping f : S" — SO(2) by f(e) = A(6). Then

F(e) f(e®) = |:COS(9 — sin 9] [cosﬁ — sin ﬁ]

sinf cosf | |sinf3 cospf

_ |cos@cosfB —sinfsin 3 —(cosBsin 5 + sin b cos [3)
~ |sinfcosB +cosfsinfS  cosfcos S — sinfsin 3

_ [cos(ﬁ +3) —sin(f + B)
sin(0 + )  cos(6+p) |’
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Similarly,

F(e0)f () = f(e'H)

cos(6 + ) —sin(6 + B)
sin(0 + )  cos(6 + )

= f(e”)f (7).

Thus f is a homomorphism. Similarly, f is surjective and since € is uniquely deter-

mined, then f is injective which means f is an isomorphism. O]

3.3 Quaternions and the Special Orthogonal group

Given any two quaternions, X =a+bi +cj+dk and Y = w + zi + yj + 2k, the
maps ¥ — XY and X — XY are linear maps. By quaternion multiplication, the

map Y — XY becomes

XY = (a+bi+cj+ dk)(w+ zi + yj + zk)
=a(w+ zi + yj + zk) + bi(w + xi + yj + zk) + cj(w + zi + yj + zk)
+ dk(w + zi + yj + zk)
= aw + axi + ayj + azk + bwi + bxi® 4 byij + bzik + cwj + cxji + cyj?
+ czjk + dwk + dxki + dykj + dzk?
=aw —br — cy —dz + (ax + bw + cz — dy)i + (ay + cw — bz + dx)j

+ (az + dw + by — cx)k.
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a —b —c —d| |w
From the above, we can write XY in matrix form as XY = boa —d c t
c d a —b| |y
d —c b a z
a —b —c —d
We say XY = AxY where Ax = boa —d c
y X X7 e d a —b
d —c b a
Similarly the map X — XY can be done the same way as above and we have
w —x —y —z| |a
xy = [T @ 2 YD g that XY = By X where
y —z w T c
z y —xr w]||d
w o o—xr -y —z
ol ow oz -y
By = y —z w T
z Yy —r w
Note; Let Ax AL = L4
a?+ b+ d? 0 0 0
L. — 0 a4+ b+ 2+ d? 0 0
A= 0 0 a? + b2 + ¢ + d? 0
0 0 0 a’ + b + 2 + d?

= (X7,

and det(A%) = det(Ax)det(A%) = det(AxAL) = det((|X]*)I) = (| X*)*det(I) =
| X |®. This means that det(A4,) = | X|*.

If X is a unit quaternion, then Ax is an orthogonal matrix and hence Ax is a
rotation matrix. Similarly, By B = (|Y[)?I and Y a unit quaternion, means By is
an orthogonal matrix and a rotation matrix.

The following lemmas and proofs adopted from [2] gives the rotation and reflection
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maps for quaternions.

Lemma 3.10. For every quaternion Z # 0, the map pz : X — ZXZ7' (where
X € H) is a rotation in SO(H) = SO(4) whose restriction to the space H,, of pure
quaternions is a rotation in SO(H,) = SO(3). Conversely, every rotation in SO(3)
is of the form py : X — ZXZ™ for some quaternion Z # 0 and for all X € H,.
Furthermore, if two nonnull quaternions Z and Z' represent the same rotation, then

Z' = \Z for some X\ # 0 in R.

Proof. For any non-zero quaternions X, the maps ¥ — XY and Y — Y X are lin-
ear maps and when |X| = 1, the maps are in SO(4). The map pyy : H — H
where for X € H is defined as py z(X) = YXZ. The map py is an isometry and
Py,z = Py,1°pP1,Z-

py1 is the map X — Y X and p; 7 is the X :— XZ, which are both rotations. The
composition of rotations is a rotation, hence, py.z = py,1 0 p1 7 is a rotation in SO(4).

If Z=Y"! then the map pyy-1 is denoted by py. It can be observed that for any

XY €M, p.(X +Y) = pz(X) + pz(Y) and also pz(X) = pz(X).

Then we have pz(X + X) = pz(X) + pz(X) = pz(X) + pz(X). If X € H,, then
X +X =0, then pz(X)+ pz(X) = 0 which means pz(X) is a pure quaternion. Thus,
p. € SO(3).

Every rotation that is not the identity is the composition of an even number of reflec-
tions. Then we want to show that for every reflection o of H,,, about a hyperplane,

there is some pure quaternion Z # 0 such that o(X) = —ZXZ ! for all X € H,,. If
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Z is a pure quaternion orthogonal to the plane, we know that

(X - 2)

z-2)°

o(X)=X -2
for all X € H,. However, for pure quaternions Y, Z € H,, we have
2Y-2)=—(YZ+ ZY).

Then (Z - Z) = —Z?, and we have

(X-2)

U<X):X_2(Z-Z)

Z=X+2X-2)Z7",
o) =X —(XZ+ZX)Z ' =-ZXZ 1,

for all X € H,.

If O'(Zl) = O'(ZQ), then

ILWXZ7N = 7,X 751
for all X € H, which is equivalent to

IV X = X7\ 7,

where Z2’1Z1 = al for some a € R and since Z; and Zs are non zero, we get Z, = (é)Zl

where a # 0.

Lemma 3.11. For every quaternion Z = a -+t where t is a nonnull pure quaternion,

the awis of the rotation p, associated with Z is determined by the vector in R® corre-

sponding to t, and the angle of rotation 6 is equal to m when a = 0, or when a # 0,

given a suitable orientation of the plane orthogonal to the axis of the rotation, the

angle 1s given by
N(t)
2 jal

with 0 < 0 <.
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Proof. A simple calculation shows that the line of direction ¢ is invariant under the
rotation pz and thus the axis of rotation. For any two non zero vectors X,Y € R3
such that |X| = |Y|, there is some rotation p such that p(X) =Y. If X =Y, then
the identity will work and if X # Y, we use the rotation of axis determined by X x Y
rotating X to Y in the plane containing X and Y. Thus given any two nonnull pure
quaternions X, Y such that | X| = |V, there is some nonnull quaternions W such that
Y =WXWL

For any non zero quaternions Z, W, the angle of rotation p, is the same as the angle
of the rotation py xw-1. Z = a +t where t is a pure nonnull quaternion, the axis of

rotation py xw-1 is WtW =t = p,t. WtW =1 is pure, and
WZW=W(al + )W = WalW ™ + WtW ! = al + WtW 1.

Also given any pure non zero quaternion X orthogonal to ¢, the angle of the rotation
Z is the angle between X and p.(X). Since rotations preserve orientation (since they
preserve the cross product), the angle § between two vectors X and Y is preserved
under rotation. Since rotations preserve the inner product, if Xt = 0, we have py (X)-
pw (t) = 0 and the angle of rotation py xw-1 = pw o pzo (pw) ! is the angle between

the two vectors p,,(X) and pw xw-1(pw(X)). Since

pwxw—1(pw (X)) = (pw o pz o (pw) ™" 0 pw )(X) = (pw © p2)(X) = pw(pz(X)),

the angle of rotation of py yy -1 is the angle between the two vectors py (X) and
pw(pz(X)). Since the rotation preserves angles, this is also the angle between the
two vectors X and pz(X) which is the angle of the rotation py.

Thus, given any quaternion Z = a + t, where t is a non zero pure quaternion, since
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there is some non zero quaternion W such that WtW ! = |¢t[i and WZW ™! = al+|t]s,
we can figure out the angle of rotation for a quaternion Z of the form a+bi ( a rotation

of axis i). We can find the angle between j and pz(j)
pz(j) = (a+bi)j(a+bi) ™,

we get
2 p? 2ab
a , a 1

(a—l—bi)j(a—bz’)za2+b2j+a2+b2 .

pzU) = 5

Then if a # 0, we must have

2ab 2(b/a)
tanf = =
R T T g
and since
2tan(é
tant = —an(z)e ,
1 —tan?(3)
with a suitable orientation we have
0 b |t]
tan— — —
2 al a
If a =0, we get
pz(j) = —J,
and 0 = 7. O

We define the map p : H — H by pz(X) = ZXZ™!, for Z, X € H where |Z| = 1.
Then let Z = a+bi+cj+dk and X = w+xi+yj+ zk. Since Z is a unit quaternion,
then Z' =7 =a —bi —cj — dk.

Evaluating pz(X) = ZXZ~ ' = ZXZ. Then

ZX = (a+bi+cj+dk)(w+zi+yj+ zk)
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= (aw —br —cy —dz) + (ax + bw + cz — dy)i + (ay + cw — bz + dx)j

+ (az +dw + by — cx)k

a —b —c —d| |w
b a —d c x
e d a -b| |y

d —c b a z

Let a = aw — bx — cy — dz, b =ax + bw + cz — dy,
v =ay + cw — bz + dx, o=az+dw+ by — cx,
ZX =a+ Pi+vj+ ok. Then,
ZX7Z = (a+Bi+j+ok)(a—bi—cj—dk)
= (aa+ pb+yc+od) + (—ab+ pa —vyd + oc)i + (—ac+ fd + ya — ob)j

+ (—ad— Be+~b+oa)k

o)

|

)

)

|

2
o o9

Y —o —a f
c v -0 —«

U

With substitution and simplification we have

w
ZXZ =Ly g , where
2z
a?+ b+ d? 0 0 0
I - 0 a?+b—c—d? 2bc — 2ad 2ac + 2cd
z = 0 2ad + 2bc a?—b> 4+ —d? —2ab + 2cd
0 —2ac + 2bd 2ab + 2cd a’?—b -+ d?

This can be seen as the composition of transformations since
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a —b —c —d w a b c d w
b a —-d c T — -b a —-d c T
X = c d a -b| |y and X7 = —c d a -b| |y
d —c b a z —d —c b a z
which implies that
pz(X) = ZXZ
— pza(X)op, 2(X)
a —b —c —d a b c d w
- b a —-d c b a —-d c T
e d a —b||-c d a -=b| |y
d —c b a —d —c b a z
w
x
= L ,where
71y
z
a?+ b0+ d? 0 0 0
I, — 0 a?+ b —c2—d? 2bc — 2ad 2ac + 2cd
z= 0 2ad + 2bc a?—b+c—d? —2ab + 2cd
0 —2ac + 2bd 2ab + 2cd a?—b -+ d?

By definition

pz(XY) = Z(XY)Z
= Z(XZ2ZY)Z
= IXZZYZ

= pz(X)pz(Y).
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Thus, pz is a bijective homomorphism. Similarly,

w+p
T +q
X+Y) = L
pz(X +Y) Z |y +u
z+v
w b
_ z q
= Ly y + Ly U
z v

= p.(X) +p.(Y),

and
AW
AT
Pz()\if) = Ly /\y
Az
w
T
= AN| L
Z 1y
z
= Apa(X).

From the above results, p, is a linear tranformation [2].

3.4 Automorphisms of Cyclotomic and Quadratic Polynomial roots

At this point, we can define the different automorphisms on the sphere of zeros of

a quaternionic polynomial. Let A be a sphere of zeros of a quaternionic polynomial;

35



then we define the following automorphisms:

t: A — A such that t(a) = a for all a € A (Identity),

7: A — A such that 7(a) =@ for all « € A (Conjugation),

o, : A — A such that o,(a) = —zaz"! for all a € A, z € H,, (Reflection),

p-: A — A such that p.(a) = zaz7! for all a € A, z € H (Rotation).

We look at general and concrete examples of quaternionic polynomials in quadratic
and cyclotomic forms.

For the quadratic polynomial P(x) = az? + bz + ¢ with discriminant D = b* — 4ac;

e If D =0, the quadratic polynomial has one real root.
e If D > 0, the quadratic polynomial has two real (without any sphere of roots).

e If D < 0, then the quadratic polynomial has no real roots. By the FTA, the

polynomial has % spheres of zeros where m = deg(P(x)) — 7.

In order to examine the automorphisms of the roots of the quadratic polynomial, we

consider the case where D < 0.

Example 3.12. Consider the general form of quadratic polynomial, P(z) = ax® +
bx + ¢ with discriminant D = b* — 4ac < 0.

The solution of the polynomial becomes x = ;—f + —”’22;4“0. The polynomial has no real

—b

roots, it means it has one sphere of zeros centered at (3,

,0,0,0). The quaternion roots

of the polynomial on the sphere satisfies q € {5—5 +ui+vj+wk | w04+ w?=

bi;;éac } ]

Example 3.13. Consider the quadratic polynomial P(x) = 2% + 1

Solution: The above polynomial is the characteristic polynomial of the quaternions
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+1, +5, tk.

In this case, this polynomial has zero real roots which means r = 0, deg(P(zx)) = 2,
and hence m = 2.

The zeros constitute the unit sphere in the space b, ¢, d, centered at the origin (0, 0,
0, 0): {bi+cj+dkeH | b+ c®+d?=1}. Erample of such roots are &i, +j,
+k, —%i + \%j, \/ng + \/ng + \/igk and infinitely many others on the sphere.

We can define the automorphisms on this sphere of zeros. ¢ : A — A such that
t(a) = a for all a € A (Identity),

T: A — A such that T(a) =@ for all a € A (Conjugation),

For reflection, let z =1 and a = xi + yj.

Then o,(xi+yj) = —i(xityj)(—i) = —zi+yj. Ifa= z’\%—i—j\%, then ai(i\%#j\%) =
—i(igs +io5)(—0) = —igs + i

Rotating such zeros through the same axis space z =i (0 = m, z is pure quaternion),

we have

pilids +id5) = ilids + jZ5)(—i) =ids — 25

Example 3.14. Consider the roots of the polynomial P(x) = x? + x + 1.

Solution: The discriminant D = b* —4ac = 12 —4 x1x1 = -2, D < 0. The
polynomial has no real roots and hence one sphere of zeros.

Solving for the roots of x* + x + 1 using the quadratic formula, _71 + z%g s a complex
root of x> + x + 1.

If a quaternion is congruent to a complex number with the same real part, then q €
{F+bi+tci+dk | b*+c*+d* =2} is aroot of the polynomial.

The sphere of zeros is centered at (5,0,0,0) such that {5t +bi+cj+dk | b+
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A+ d? = %}

Hence the roots of P(x) = x* +x + 1 are on the sphere of zeros such as _71 + i\/Tg,
_71 j:j‘/Tg, _71 + /{:‘/73, —% + i\/g—i- j\/g and infinitely many others on the sphere.
We define the first automorphism on the roots as the conjugate of the roots.

Let A be the set of roots of the polynomial P(z) = 2> +x + 1 on the sphere, we define
the automorphism 7: A — A as 7(a) = a.

It can be verified that the conjugate of each root is on the sphere and also a root of
the polynomial,

—%+i\/%+j\/§ is a root; then T(—3 +i\/§+j\/§) =—3 —i\/g—j\/g is on the

sphere and also a root. Confirming this we have;

1
e+l = (= —i——=—j )2+(—§

3 3
Y S S M
8 8>

Mﬁ .¢§ .\/§ 3 .3 V3
58 8 "8I

We can define a rotation of the roots of the quadratic polynomial P(x) = 2* + x + 1.
First we need to choose the axis of rotation z which is represented by a unit pure
quaternion and angle of rotation 0. For this example, let z = ‘[ + 2 + j\[ be the
axis of rotation through which we want to rotate the roots. From the previous lemma,

we can determine the angle of rotation which is tcmg = 1 where t = Z + 75

~ al
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a:‘/Tg. Then@z%.

As define above, p.(X) = ZXZ', we rotate the root v = —% + i‘/Tg, then

e = (Frgf) (500F) (F-4-5)

2 4

1= —J— k=

8 8 8 8

<_&§+ 5B ,ﬁ) (V_ﬁ L _jﬁ)

16 10v/3 6 123

30 T3y T3 g

123 300 432 __ 768 __ 3

A quick check shows that (—1%‘2/§)2 + (3%)2 + (1242 )2 = 2+ 13% + = =1

We can confirm that —% + z’%ﬁ + jg% — k%g is on the sphere and also a root of

the polynomial:

16 10v/3 6 k12\/§

2
2
1= - it e
v 2T TR T e )

1024 1024 Y1024 T 024 1024 1024 T M 1oma

L 360 . 96 60v3 36 T24/3 N k192\/§ 360
JR— —_— JR— —_— Z PR—
77024 ~ 71024 ~ " 1024 T 1024 '1024 1024 71024

72V3 432 16 10v/3 6 12V3
12v3 )—i—(———i—i—\/_ j——k;3—\2/_>+1

(256 1604/3 96 k192\/§ B 160v/3 300 +k60\/§

1024 1024 32 32 T3

12 3203 192 384
:(5 320V3 102 )

T1024 1024 71024 T 1024



= 0.

Now we consider the cyclotomic polynomials. The cyclotomic polynomials have

no real roots, hence using the congruence of complex numbers and quaternions we

l¢(n)]

know that the number of spheres of zeros is =

. On each sphere of zeros, we can

define automorphisms of roots in terms of conjugation and rotation.

Example 3.15. For the cyclotomic polynomial ®5(z) = z* — 2% + 1.
We apply the FTA, ®15(x) has no isolated roots, hence m = ¢1o = 4. This means
that ®15(x) has two spheres of zeros.

2mih

The complex primitive roots of ®12(x) = {e 2 | 1 < h <12, ged(h,12) = 1},

¢12 = [1,5,7,11] which are ( for h = 1, 5, 7, 11)

eTs =e% = cos(§) +isin(g) = ‘/7?: + £,

e’ = e = cos(%’r) + zsm(%’r) = —73 + 3,
e = e = cos(T) +isin(F) = =2 — L,
i = et = cos(HT”) + isin(”T”) = 73 — %

Applying conjugacy of complexr numbers and quaternions, we can easily generate the
quaternion roots of ®19(x).

From the complex roots ‘/75 —i— and ‘[ — % the quaternions on the sphere centered at
(\/73, 0,0,0) where q € {‘/75 +bi+cj+dk | b 4+ d* =1} are quaternion roots
of ®15(x). Suchasfjt— f+] f+ £+\/L§+\}—'g,‘/7§+\/%—2+\/—'1—2+\/%

Similarly, from the complex roots — f —i— and — ‘/7§ — L the quaternions on the sphere

3
centered at (—@,0,0,0) where g € {=L +bi+cj+dk | B+ A+ d* = 1} gre

quaternion roots of ®15(x). Such as —‘/73 + 1, —‘/73 + 14, —‘/75 + £ f + f + \}—é,
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For each of the spheres, the conjugate of each root is also a root in the sphere. As
defined above, we can also rotate the roots in each sphere to get another root in the
sphere.

We choose the axis of rotation z which is represented by a unit pure quaternion and
angle of rotation 6. For this example, let Z = %—I— l{;‘/?g be the axis of rotation through

which we want to rotate the roots from the sphere centered at (—‘/73,0,0,0) where

q € {_\/Tg +bi+cj+dk | Y+ +d* =1} From the previous lemma, we can

determine the angle of rotation which is tang = % where t = /{:‘/73 and a = % Then

6 =2

3

_ - _ V3 i
As define above, p.(X) = ZXZ™', we rotate the root & = —%2 + L, then

(1 V3 V3 i\ [(1 V3
= (o) (-2 (2-1)

\/g 7 3 \/§ 1 \/g
_<_T 1 kgt T) <§_k7>
B \/§ 1 \/§
Ty Tty

Which is a root on the sphere. We can also check that (1)12(—‘/75 -1 +j*/T§) =0

Example 3.16. For the cyclotomic polynomial ®13(x) = z'? + 2™ + 21 + 2% + 2% +
o'+t t b tat ot ot L

Solution:

Applying the FTA, ®13(x) has no isolated roots, hence m = ¢(13) = 12. This means
that ®13(x) has siz spheres of zeros.

2mih

The complex primitive roots of ®13(x) = {e’ 3 | 1 < h <13, ged(h,13) = 1},
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¢13=11,2,3,4,5,6,7,8,9,10, 11, 12] which are ( for h = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10,

11, 12)

27 T 4mi T 67

e1s = cos(35) +isin(35), e13 = cos({5) +isin({3), e 5 = cos(§

=
NN

OD
('.O

=)+ isin(?—g),

8mi

e1s = cos(55) +isin(33), el = cos(l—gr) +isin(4F), e 1 = cos(13r) 4 isin(L3r),
et = cos(LF) +isin(LF), e 5 = cos B5) + i sin(2F), e = cos(2) + isin(LF),

207 ( 2271 ( 24mi

e =cos(2L) +isin(2E), e 13 = cos(ZF) +isin(Zr), e 3 = cos(2F) +isin(ZF).

Applying conjugacy of complexr numbers and quaternions, we can easily generate the
quaternion roots of ®13(x) for each sphere of roots.
From the complex roots cos(35) + isin(3%) and cos(35) + isin(2F), the quaternions
on the sphere centered at (cos(35),0,0,0) where q € {cos(35) +bi+cj+dk | b+
¢+ d* = (sin(33))?} are quaternion roots of ®13(x).
From the complex roots cos(15) + isin(15) and cos(%3r) + isin(2F), the quaternions

on the sphere centered at (cos(35),0,0,0) where q € {cos(TF) +bi+cj+dk | b+

¢+ d* = (sin(33))*} are quaternion roots of ®13(x).

=

From the complex roots cos(55) + isin(S$5) and cos(3%) + isin(3F), the quaternions
on the sphere centered at (cos(55),0,0,0) where q € {cos(55) +bi+cj+dk | b+

4+ d* = (sin(%5))?} are quaternion roots of ®13(x).

— |00

From the complex roots cos(55) + isin(35) and cos(5) + isin(4F), the quaternions

on the sphere centered at (cos(3%),0,0,0) where g € {cos(33) +bi+cj+dk | v+
¢+ d* = (sin(3%))?} are quaternion roots of ®13(x).

From the complex roots cos(1) +isin(4e) and cos(1) +isin(4F), the quaternions

on the sphere centered at (cos(4E),0,0,0) where ¢ € {cos(F)+bi+cj+dk | b*+

¢+ d* = (sin(4F))?} are quaternion roots of ®13(x).
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From the complex roots cos(135) +isin(13r) and cos(LF) +isin(LF), the quaternions
on the sphere centered at (cos(%F),0,0,0) where g € {cos(3F)+bi+cj+dk | b+
A+ d* = (sin(3F))?} are quaternion roots of ®13(x).

Similarly, for each of the spheres, the the conjugate of each root is also a root in the

sphere. As defined above, we can also rotate the roots in each sphere to get another

root in the sphere.

Also, we can define a mapping from one sphere of zeros to another sphere of zeros.
Let T be the set of spheres of zeros of a quaternionic polynomial. Suppose there
are m spheres of zeros; Sy, S, ... S,,. We can define the mapping ¢ : T — T by
©0(S;) = Si x wk =5, where S;,S; € ¥, 0 <k <m — 1, w, is an n*® root of unity.

When k = 0, the sphere of zeros is mapped to itself.

Example 3.17. Consider the cyclotomic polynomial ®15(z) = 2* — 22 + 1 =

®15(x) has two spheres of zeros, Sy centered at (‘/75, 0,0,0) with the zeros q € {‘/73 +
bi+cj+dk | b*+c*+d* =31} and Sy centered at (—‘/TPj,O,O,O) with the zeros
ge{-Ltbitci+dk | P+E+d® =1}

With appropriate k and w,,, when k =1, w, = €™ = —1, then p(S1) = S; x —1 = 9.
Similarly ¢(S3) = So x —1 =5

Example 3.18. Consider the cyclotomic polynomial ®gp(z) = 2® — 28 + 2* — 22 + 1

We determine the zeros of the polynomial using the primitive roots approach.

3mi Tri

#(20) = {1,3,7,9,11,13,17,19}. The primitive roots of Poo(x) are efs, eTo, e,

9 117me 1372 17me 19mi . .
ei, e, e, e ande . This polynomial has four spheres of zeros; Si de-

termined by el and e'16 centered at (cos({5),0,0,0) with q € {cos({5) + bi +cj +
dk | U+ +d* = (sind)?},
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Sy determined b eT0 and e’ centered at (cos(3Z ,0,0,0) with q € {cos(3E) + bi +
Yy 10 10

¢j+dk | B+ +d? = (sin3%)?},

Sy determined b eto and e'1o- centered at (cos(ZE ,0,0,0) with q € {cos(™=) + bi +
Yy 10 10

cj+dk | D+ +d? = (sinTE)?},

Sy determined by eTo and e'16° centered at (cos(2%),0,0,0) with g € {cos(3%) + bi +
cj+dk | b+ +d? = (sindE)?},

27 27 4mi

For k =1 and w, = €70, ¢(S1) = S; x e = Sy. Fork = 2, w, = e,

4mi

gO(Sl) = Sl X (GW)Q = S4.
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4 FUTURE WORK

Automorphisms of roots of quaternionic polynomials are an important topic of
research in the field of algebra and its applications. There is much more research that
can be done in the area of root automorphisms of quaternionic polynomials.

One possibility for future work would be to prove the structure of automorphisms of
roots of quaternionic polynomials. This involves studying the properties and charac-
teristics of automorphisms of roots of quaternionic polynomials which could lead to
a better understanding of the structure of these automorphisms and their behavior.

Also one can explore the relationship between automorphisms of roots of quaternionic
polynomials and the geometry of quaternions. The geometry of quaternions is a rich
and interesting topic, and understanding the relationship between automorphisms
of roots of quaternionic polynomials and quaternionic geometry could lead to new

insights.
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