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ABSTRACT
Enestrom-Kakeya Type Results for Complex and Quaternionic Polynomials

by

Matthew Gladin

The well known Enestrom-Kakeya Theorem states that: for P(z) = i aszt, a poly-
/=
nomial of degree n with real coefficients satisfying 0 < ag < ay < --- SO a,, all zeros
of P(z) lie in |z| < 1 in the complex plane. In this thesis, we will find inner and
outer bounds in which the zeros of complex and quaternionic polynomials lie. We
will do this by imposing restrictions on the real and imaginary parts, and on the mod-
uli, of the complex and quaternionic coefficients. We also apply similar restrictions
on complex polynomials with complex coefficients to give a bound on the number
of zeros in a disk centered at the origin. For each result, we will consider lacunary
n

polynomials, that is polynomials of the form P(z) = ag + Z aszt, as well as a new

l=m
!

class of polynomials P(z) = ag + Z az’ + anz".

f=m
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1 INTRODUCTION

Polynomials are intricately associated with many fields of study in mathematics
and other STEM fields. Many real world applications, as well as many theoretical
concepts, are studied through the use of polynomials. Recently there is larger interest
in the study of the complex plane, but we are unable to find the exact locations of
zeros of most complex polynomials. However, by imposing restrictions we are able to

approximate their solutions.

1.1 Locations of Zeros

In 1816, Gauss attempted to prove the Fundamental Theorem of Algebra and in

the process proved [13]:

Theorem 1.1. If P(z) = 2" +a;2"" ' + -+ +a, is a polynomial of degree n with real

coefficients, then all zeros of p lie in

|z2| < R = max {(nﬁ|ak|)l/k}.

1<k<n

Later Cauchy [4, 22] took Gauss’s result and improved it by showing:

n

Theorem 1.2. If P(z) = Z aez’ is polynomial of degree n with complex coefficients,
=0
then all zeros of p lie in

|z <14+ max
Qn

0<f<n—1

Notice there are no restrictions in Gauss’s or in Cauchy’s theorems. A more useful

form of Theorem 1.2 was proved by Enestrém who showed [9]:



n

Theorem 1.3. Let P(z) = Zagze, n > 1, be a polynomial of degree n with positive
(=0
real coefficients ay > 0 for all 0 < ¢ < n. If

. Ay ay
= min { — >, b = max { —
0<é<n | Qpy1 0<e<n | Qp41
then all zeros of p(z) are contained in the annulus o < |z| < f.

Enestrom first gave a result while attempting to solve a problem in the theory of
pension funds. In 1893 he published in the journal Oversigt af Vetenskaps-Akademiens
Forhandlingar. In 1912, Kakeya published a result in the T'ohoku Mathematical Jour-
nal. By applying a monotonicity condition to the coefficients of complex polynomials,

Enestrom, and Kakeya, were independently able to prove [9, 20]:

n

Theorem 1.4 (Enestrom-Kakeya). Let P(z) = ZCE@ZZ be a polynomial of degree n
(=0
whose coefficients satisfy 0 < ag < a1 < -+ < a,. Then P(z) has all its zeros in the

closed unit disk |z| < 1.

In this thesis we will relax the conditions of Theorem 1.4. To do this we will first
look at Gardner and Govil’s [18] proof of Theorem 1.4 which we will use as a base
for the new conditions we will apply. We will start by multiplying the polynomial
by (1 — 2z). In this thesis, we will use this technique in order to get a difference of

coefficients which allows us to use the monotonicity feature as we see here:

Proof of Theorem 1.4. Define f by the equation

P(2)(1—2) = ap+ (a1 —ao)z + (ag — a1)z* + - + (@, — ap_1)2" — apz"™

— f(Z) _ CLnZn+1



Then for |z| = 1, we have

f(2)] < aol + lay — aol + fag — ar| 4+ - 4 |an — an—|
= ao+ (a1 —ap) + (ag —ay) + -+ (@ — ap_1)
= a,
Notice that the function 2" f (%) = Y (a; —a;_1)2""7, a_; = 0 has the same bound

=0
1 1
2" f (;)‘ < a, for |z| = 1. Since 2" f (;) is analytic in

1
2 f (—)' < ay, for |z] <1 by the Maximum Modulus Theorem.
z

on |z] =1 as f. Namely,

|z| < 1, we have

19

|z| > 1, and making use of this we get

n o1
Hence, < " for |z| < 1. Replace z with —, we see that |f(z)| < a,|z|" for
z

2"

(1=2)P(2)] = |f(2)—anz"""|
> a2 =] f(2)]
> an|z|nJrl — ap2]"

= anl2|"(|2] = D).
So if |z| > 1 then (1 — 2)P(z) # 0. Therefore, all zeros of P lie in |z| < 1. O

Many have worked to create more generalizations of Theorem 1.4 including Joyal,

Labelle, Rahman who proved [19]:

Theorem 1.5. If P(z) = Zagzé 18 a polynomial of degree n with real coefficients
=0
satisfying ag < ay < -+ < ayp, then all the zeros of P(z) lie in



Notice that Theorem 1.5 reduces to Theorem 1.4 when ay > 0. Unfortunately
Theorem 1.5 is only applicable to polynomials with real coefficients. Govil and Rah-

man demonstrated [16]:

Theorem 1.6. If P(z) = Z asz* is a polynomial of degree n with complex coefficients
=0
satisfying |arga, — B| < a < /2 for some o and $ and £ = 0,1,2,...,n and |ag| <

lai| < -+ <ayl|, then all zeros of P(z) lie in

. 2sin o
|z] < cosa+sina+ Z\ad.
) =0

Notice that even Theorem 1.6 reduces to Theorem 1.4 when o = § = 0. So as we
work through these new hypotheses, we can use particular values and reduce many of
our results to Theorem 1.4. Govil and Rahman, in the same paper, used monotonicity
on the modulus of the coefficients in Theorem 1.6. In Theorem 1.7 they proposed

monotonicity on the real or imaginary parts of the coefficients of the polynomials [16]:

[e.9]

Theorem 1.7. If P(z) = Zagze. is a polynomial of degree n with complex coeffi-
=0
cients where oy = Re(ay) and By, = Im(ay) for £ = 0,1,2,...,n, satisfying 0 < ag <

a; <o < ap, a, #0, then all zeros of P(z) lie in

2 n
<1+ — .
ER R

Theorem 1.7 reduces to Theorem 1.4 by setting S = 0.
Similar to what Enestrom did in Theorem 1.3 to prove solutions are found within
an annulus, Govil and Jain [17] refined Theorem 1.7 by describing an annulus which

contained the solutions by using monotonicity of moduli of complex coefficients:



Theorem 1.8. If P(z) = Z arz* is a polynomial of degree n with complex coefficients
=0
satisfying |arga; — | < a < 7/2 for some a and B and for j = 0,1,2,...,n and

lag| < |ai| < -+ <layl|, then all the zeros of P lie in

1 1
|~ (Ma — Jaol) + {4lao | R2M; + RAD(Mz — lao])?} | < J2] < R
2
where
2 /2
R_c(l 1)+ c2(1 1)+M1
2 \Ja,| M 4 \a,| M |a,|
and My = |a,|r, My = |a,|R" {r + R — %(cosa + sina)} , c=lan, —ay,_1],
Qn

, QSinoz|n_1
b=a; —ag, and r = cosa + sin o + o g |ag|.
an
=0

We can also find the annulus with the conditions of Theorem 1.7 which produces:

Theorem 1.9. If P(z) = Z arzt is a polynomial of degree n with complex coefficients
=0
where oy = Re(ag) and By = Im(ay) for £ = 0,1,2,...,n, satisfying 0 < ag < a; <

co- <y, o # 0, then all the zeros of P lie in

1
G

| REbI(My — laol) + {4laol R2M3 + RUBA(Ma — lao)*} "] < |21 < R

poc(l 1Y [eqr o 2+ )
2\, M3 4 \o,, M3 o,
and M3 = a,r, My = R, +|Bn]) R+anr—(ao+|5o])], ¢ = la—n—a,_1|, b = a1 —ay,

n—1
1
andr =1+ o (2 E |Be| + |Bn|>
n =0

where

Using Theorem 1.9 with the coefficient restrictions found in Theorem 1.5 where

ay — Q a
ap < a3 < --- < ay,, Dewan and Govil [8] show that R < L‘Ol

and the

9



inner radius of the zero containing region is less than 1 which overall improves Joyal,
Rabelle, Rahman’s theorem. While Theorem 1.7 and Theorem 1.9 used monotonicity
on either the real or the imaginary components of the coefficients, Gardner and Govil
[11] placed a monotonicity condition on both the real and imaginary components

which produces:

n

Theorem 1.10. If P(z) = ZCL(ZK 1s a polynomial of degree n with complex coeffi-
=0
cients where ay = Re(ay) and By = Im(ay) for € =0,1,2,...,n, satisfying

ap<ar < <apand fy <P << By

then all zeros of P lie in

|ag|

lag| — (a0 + Bo) + (o + B)
|an| - (CVO + BO) + (an + ﬁn) .

|l

<z <

Aziz and Zargar [2] relaxed the monotonicity to show:

Theorem 1.11. If P(z) = ZG@ZK be a polynomial of degree n such that for some
=0
k>1and0<p<1,

kanzan—lz"'zalzpa0>07

then P(z) has all its zeros in the disk

2
|z+k—1|gk+%<1_p).

n

A more recent result published by Shah, Swroop, Sof, and Nisar in 2021 [27] used

monotonicity of a portion of the coefficients, thus proving:

10



Theorem 1.12. Let
P(2) = ap2" +an 12"+t apf Fa, 2P a2t a2 et agz +ag
be a polynomial of degree n satisfying

p = Ap_1 = -+ 2> Ag, P > (.

n q
M, = Z lag — ap—1| and M, = Z lap — ag_4
=1

l=p+1
then all the zeros of P(z) lie in the disk

|a0|+Mq_aq+ap+Mp

2] <
|an|

In the same paper, they discussed an inner disk in which there are no zeros, thus

proving:

Theorem 1.13. Let

P(z) =an2" +an 12" '+ 4 apf ta, 12 4 a2 a2 4 a2 +ag
be a polynomial of degree n satisfying

aqgaq-l-lg"'gapaqu'

n q
M, = Z lag — ap—1| and M, = Z lap — ap_4
=1

{=p+1

then P(z) does not vanish in

. |aol }
z| < min < 1, .
d { ’Mq_aq+ap+Mp+’an”

11



1.2 Numbers of Zeros

Not only are the locations of zeros important when discussing polynomials, we also
want to discuss the number of zeros within a disk found in the complex plane. Titch-

marsh proves using Jensen’s Formula which uses integration of complex functions

[28]:

Theorem 1.14. Let F(z) be analytic in |z| < R. Let |F(z)| < M in the disk |z] < R
and suppose (f) # 0. Then for 0 < § < 1 then number of zeros of f(z) in the disk

|z| < OR is less than
Lo M
log!/s = [£(O)]

While Theorem 1.14 applies to all analytic functions, we need to note a formula

for quaternionic polynomials does not exist, so, we will only find the number of zeros
for complex polynomials. Now we can relax the conditions which we apply to the

coefficients of Theorem 1.4 where Mohammad [24] showed:

Theorem 1.15. Let P(z) = Z be such that 0 < ag < a; < as < -+ < apq < ay.
=0

1
Then the number of zeros in |z| < 5 does not exceed

1 an,
1+ —1 — .
" log2 og(%)

Dewan’s dissertation weakens the hypothesis of Theorem 1.15 to include complex
coefficients by using the monotonicity of the moduli of the coefficients and proves
7, 23]:

Theorem 1.16. Let P(z) = Zajzj be such that |arg(a;) — | < a < 7/2 for all

=0
1 <j < n and for some real a and B and 0 < |ap| < |ay| < |az| < -+ <lan_1| < |an].

12



1
Then the number of zeros of P lie in |z| < 3 does not exceed

n—1
lan|(cosa +sina + 1) + ZSinaZ |a|
=0

1
1
log 2 o |ao

By applying monotonicity to the real, non-negative components of complex coef-
ficients Dewan, in the same paper, also proves:

Theorem 1.17. Let P(z) = Zajzj where a; = Re(a;) and B; = Im(a;) for all j
=0

and 0 < ap < a; < ag < -+ < ay_g < ay, then the number of zeros of P in |z| <

DO | —

does not exceed

an+ Y18l
1+ L log =0 :
log 2 |

Pukhta [25] generalizes Theorem 1.16 and Theorem 1.17 by counting the number
of zeros of a function within a disk of radius 6. So, the number of zeros for polynomials
where the moduli of the complex coefficient has a monotone behavior is given by:
Theorem 1.18. Let P(z) = iajzj be such that |arg(a;) — | < a < 7/2 for all
1 <j <n and some real anjdzoﬂ, and 0 < lag| < |ar] < |ag| < -+ < Hap—1| < |an].
Then the number of zeros of P in |z| <0, 0 < < 1, does not exceed

n—1
|a,|(cosa + sina + 1) + QSinaZ ;|
1 §=0

1
log s ° o]

Similarly to what was done above, Pukhta placed the monotonicity condition on

the real components of the polynomial, thus proving:

13



n

Theorem 1.19. Let P(z) = Zajzj be such that |arg(a;) — B| < a < 7/2 for all
j=0
1 < j <n and for some real o and B, and 0 < ap < g3 < ag < -+ < a1 < Q.

Then the number of zeros of P in |z| <9, 0 < < 1, does not exceed

2 (an + Z |ﬁj|)

|a0|

1
log /s

log

Gardner and Shields [12] further refined Theorem 1.19 by applying the monotonic-

ity condition on the real and imaginary coefficients thus showing:

Theorem 1.20. Let P(z) = Zajzj where oj = Re(a;) and ; = Im(a;) for 0 <
=0
j < n. Suppose that we have

O <o <ay<---<ap1<a,andfy <p <P << By < B

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

1 (a0l = a0) + (@] + an) + (160l = Bo) + (18l + 50)
s 0 o) '

In this thesis, we generalize the hypotheses for each theorem to give bounds on
the location of zeros as well as give a number of zeros within a bound for complex
polynomials with complex coefficients. We also give related results on the location of

zeros for quaternionic polynomials.

14



2 LOCATIONS OF ZEROS FOR COMPLEX POLYNOMIALS

In this thesis, we will introduce new parameters in order to generalize the hy-
potheses imposed on the coefficients of complex polynomials. We will start by im-
posing the parameters k and p from Aziz and Zargar found in Theorem 1.11, and
Shah’s p and ¢ condition found in Theorem 1.12 onto the hypothesis which results
in the real and imaginary parts of the coefficients of a polynomial. In this chapter

we will also introduce dual gap polynomials; a new class of polynomials of the form

m/

P(z) = ap + Z agz’ + a,z". Results within this chapter were published in MDPI

l=m
AppliedMath Journal.

2.1 Necessary Lemma

In proving Theorem 1.6, Govil and Rahman used the following [16, Equation (6)]

and thus we will use it in several proofs within this thesis.

Lemma 2.1. Let {as};_, be a set of complex numbers which satisfy |arg(a,) — 5] <
a <7/2 for 0 < ¢ <mn and for some real 5. Suppose |ag| < |a1| < lag| < -+ < |ay|.

Then for ¢ € {1,2,...,n} we have

lag — ap_1] < (Jag| — |ae_1]) cos a + (Jae| + |ae_1]) sin cv.

2.2 Results
By considering a polynomial which contains the parameters, we obtain:

Theorem 2.2. Let P(2) = ap+ai1z2+---+a,2%+- - -+ap2P +- - -+a,2" be a polynomial

of degree n, ay = Re(ay) and By = Im(ay), for some real k., k;, p,., pi where k. > 1,
15



k121;0<p7"§170<p1§17
PrQyq Saq—‘rl S Sap—l S krapa

piBy < Byr1 < - < Bp1 S kil
Then all zeros of P(z) lie in the disk

1

|an|

—M%ﬂmm—mmWM%—n+M@+MQ7

2]

<%H4%—M%+WML#M+WMM—U+M%

q n
where M, = Z lag — ap—1| and M, = Z lag — ap_1|.

/=1 {=p+1

Proof of Theorem 2.2. Let P(z) = ap+ a1z + -+ a,2?+---+a,2" + - +a,2" be
a polynomial of degree n such that for some k; > 1, k., > 1,0< p; < 1,0 < p,. <1,
prog < agpr < oo < kpoy, and piB; < By < oo < kiBy, ¢ < p. Define f to be the

equation

P(z)(1—2) = ay+ (a1 —ag)z+ -+ (ag—ag1)2"+ -+ (a, — ap_1)zX + -
+(ap — Qp1)2™ — a2t

= f(2) —apz"th
Let |z| = 1, then

[f) = lao+ (a1 —ao)z + -+ (ag = ag-1)2" + -+ (ap — ap-1)2"
+ [N + (an — anil)zn‘
< ool + lar — aollz] + -+ + lag1 = ago| |27 + ag — ag |2

+|aq+1 - aq||z|q+1 +eeet |ap - ap—1||zlp + |ap+1 - ap”leH

16



+-o 4 an + anl]2]”
= Jao| + |ar — ao| + -+ + [ag-1 — ago| + |ag — ag_1| + |agy1 — aq

+o A ap — apor] + |aprr — apl 4+ -+ |an + an_1l.
Let ay = Re(ay) and B, = Im(a,) for ¢ < ¢ < p. Thus

q
)< aol + Y lae = aea] + lager + B — g — | + -
=1

n
+lop + 1By — ap1 — 1| + Z |ag — ag-y.
{=p+1

q n
Let M, = Z |ag — ap—1| and M, = Z |ap — a;—1|. Hence
/=1 l=p+1

[f(2)] < laol + Mg+ |ages — agl + il[Bgr1 — Bgl + -+ + lap — g
+|i||5p_5p—1| +Mp
= lao| + My + |ogr1 — ag| + -+ + |ap — ap—1| + |Bg1 — B
+"‘+’Bp_ﬁp71‘+Mp
= lao| + My + |ag1 — prag + prag — ag| + g2 — gy
+ - |y — apoo| + oy — kray + ke, — gy |
+1Bgr1 — piBy + piBy — Bal + |Bgrz — Bora| + - + [Bp1 — Bp2]

+|/Bp - kzﬁp + kzﬁp - 5p—1| + Mp-
Since proyg < g1 <o < keay, piBy < Berr <o < ki, where ¢ < p, then
1f(2)] < laol + M, + ‘Oéqul — PrQq + prQg — aql — Qg1+ Qp

+|ap — krap + krap - ap—1| + ’ﬁq—i—l - pzﬁq + pzﬂq - ﬁq| - ﬁq—l—l + ﬁp—l

+|Bp - kzﬁp + k%/@p - Bp—1| + Mp
17



IN

|ao| + My + |agir — prag| + [prog — g — ager + o
+lap = krap| + [kray, — apa| 4 [Bgrr — pilBygl + [piBy — Byl = Bar + Bpa
+|5p - ki6p| + ’kiﬂp - ﬁp—ﬂ + Mp
= |aol + My + (g1 — prog) + lagllpr — 1] = agir + apy
Hap|[1 = ke + (kray — ap1) + (Bgr1 — piBBy) + |Ballpi — 1] = Ba1 + Bp1
+|Bpl|1 = kil + (kiBp — Bp—1) + M,
= aol + My — prag + [og|(1 = py) + || (kr — 1) + kv, — pif5g

+Bg| (L = pi) + |Bpl (ki — 1) + KBy + M,

n

1
We can notice 2" f (—> = E (ap — ag,l)z”’Z where a_; = 0 has the same bound
z
=0

et
7 <;>’ < lao| + My — prag + |ag|(1 = pr) + [y (K —

1)+ kray, — pifBg+ | Bg| (1 — pi) + | Bpl (ki — 1) + ki 5, + M, is analytic in |z] < 1 where we

or () s

Mq_Praq"‘|O‘q|(1_Pr)‘|’|Oép’(kr_1)+krap_Piﬁq+|ﬁq|(1_Pi)+|5p‘(ki_1)+ki5p+Mp

on |z| =1 as f(z). Namely

consider this function to have the value a,,—a,,_1 at z = 0 we have

for |z] <1 by the Maximum Modulus Theorem. Thus

1 1
£(2)] = (ool 30 = g bl = )+ gl = 1)+ by

2|

iy (1= )+ Bl = 1) + R+ 3 )
. o1
for |z| < 1. Replacing z with — we have
z

|f (z)| < (|a0| + M, — prag + |O‘q|(1 —pr)+ |ap|(kr - 1) + krap, — pif3y

18I = po) + 18] (ke — 1) + KBy + M,,) 2

18



for |z|] > 1. We have

(A= 2P()] = ()= ans™]
> Janll™] = 1£(2)
z|%W“H—Q%Hw@—m%+mmmm»

Hap|(kr = 1) + kray = pily) + B (1 = pi) + |5l (ki — 1)

+m%+Mva

= 121 lalle = (Jaol + 3, = gy + a1 = )
ol — 1) + bty — iy + 1Bul(1 = p0) + Byl (ki —
)]
So if
o1 > ol My = g (L= ) eyl = 1)+ s, = i
HIBI = )+ 136~ 1)+ by + M,
then
0 # (2 lanlll = (laol + 34, = g+ logl(1 = ) + eyl = 1) + o
i+ 10— )+ 150~ 1)+ iy + 04 )

Therefore all zeros of P lie in

1
2| < m (‘aol + My — prog + |ag|(1 = pr) + |ap|(kr — 1) + ey,

—mm+wmrww+wmm—m+m@+MQ.

19



Notice for 8y for 0 < ¢ < n and kg = pg = 1, then Theorem 2.2 reduces to
Theorem 1.12. When 5, for 0 < ¢ < n, kgr = pr = 1, ¢ = 0, and p = n, then Theorem
2.2 reduces to a result of Theorem 1.5. With kr = k; = pr = pr =1, ¢ = 0, and
p = n, then Theorem 2.2 reduces to half of Theorem 1.10. If ag > 0, then it further
reduces to Theorem 1.4, Enestrom-Kakeya Theorem.

There is a connection with Bernstein inequalities, Chan and Malik [5] (indepen-
dently Qazi [26]), considered the class of polynomials of the form P(z) = ao+ Zn: apt.

t=m

We can now apply the conditions from Theorem 2.2. We obtain the following?:

Corollary 2.3. Let P(z) be a lacunary polynomial of the form P(z) = ag + Z apzt
l=m

be a polynomial of degree n with complex coefficients where ag # 0, m > 1. Suppose

that for some positive numbers k., k;, pr, pi, p and q with k., > 1, k; > 1,0< p, <1,

0<p; <1, and m < q < p < n, the coefficients satisfy
Prlyq S Qg1 S e S Qp—1 S krap

and
PiBq < Byr1 < - < Bp1 < kiBy.

Then all zeros of P(z) lie in the radius

1
2| < m (|a0| + My = prag + |ag|(1 = pr) + |op|(kr — 1) + Ky

piBa) + 1B (L= ) + 1Bl (ks — 1) + ki + Mp),

q n
where M, = Z lag — ag—1| and M, = Z lag — ap—1| and ap—1 = 0.

l=m l=p+1

Notice when m = 0, then Corollary 2.3 reduces to Theorem 2.2. We can further

the reduce Corollary 2.3 to Theorem 1.4 under the parameters discussed previously.
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With similar behavior to lacunary polynomials, Gardner and Gladin [10] considered

/

a class of polynomials of the form P(z) = ag + Z +a,. Thus we obtain:
{=m

/

Corollary 2.4. Let P(z) = ag + Zagzg + a,z" be a polynomial of degree n with
{=m
complex coefficients where ag # 0, a, # 0. Suppose that for some positive numbers

k:'r‘;ki;pr7pi7pa’ndqwithkrz]-;ki2170<p7’§170<pigl; andlﬁmﬁqg

p <m' <n—1, the coefficients satisfy
/)rOéq S Oéq+1 S e S Oép,1 S krap

and
PiBe < Bgr1 < - < Bp1 < kiBy.

Then all zeros of P(z) lie in the radius

1
2] < — (|a0| + My = prag + |ag|(1 = pr) + |op|(kr — 1) + Ky

- |an|
piBa) + 1B (L= ) + 1Bl (ks — 1) + ki + Mp),

/

q m
where M, = Z lag — ap—1| and M, = Z lag — ap_1| + |an — an_1].
{=m {=p+1

Corollary 2.4 reduces to Corollary 2.3 when m’ = n — 1. Corollary 2.4 further
reduces to Theorem 2.2 when m = 0 and m' = n — 1. We will now apply the
parameters from Theorem 2.2 to obtain an inner radius for which no zeros exist.

Hence we have:

Theorem 2.5. Let P(z) = ap+arz+---+aq2?+- - -+ap2’ +- - -4a,2" be a polynomial
of degree n such that oy = Re(ay) and 5y = Im(ay) when g < ¢ < p. Suppose for some
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real k., ki, pr, pi where k, > 1, k;>1,0<p. <1, and 0 < p; <1,
PrQy S gt S e S Qp_1 S kr’apv

PiBq < Byr1 < - < Byt < kiBy.

Then P(z) does not vanish in
o1 < min {1 ol (04 + (L= ) = g + oy + ey, = 1)

+|Bq|<1 - Pi) - Pzﬂq + kiﬁp + |5p|(kz - 1) + Mp + |an|)}7

n

q
where M, = Z lag — ag—1| and M, = Z lag — ap_1|.

{=m {=p+1

Proof of Theorem 2.5. Consider the reciprocal polynomial
n 1 n n—1 n— n—
S()=2"P (=) =aoz" +ar2" 4 a2 0y P Ay 12+ Ay
z

Let

H(z) = (1-2)S(2)
= —apz"™ + (ap — a1)2" + (a1 — ap)2"  + o+ (ag — age1)2" Y

ot (ay —ap1)2" P+ (g — @y 1)2 + (A — an)z + ay,

This gives

v

|H(z)| |aol| 2"+ — {Iao —ay||2]" + Jar — aol|2[" + -+ |ag — agal]2[" T
oot ap = ap| |27+ fanme — ana] 2P+ Jan-1 — anl|2]
+\an@

= laoll2|""" - {|ao —aylz]" + Jar — aof[2[" 7 + -+ lag-r — agl 2"
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where «y

|H(2)]

v

Vv

+lag + by — agrr — iBgrallz[" + - -
_Hapfl +ifp-1 — ap — Zﬂszln_p—H + ‘ap - apHHZ‘n_p

oot ang — an |2 + a1 — anl|2] + |aal |,
Re(a¢) and By = Im(ay) for ¢ < ¢ < p. This gives

MM%””—O%—aﬂﬂ”+MrﬂMVW”+-~+MWrﬂMVWﬂ“
Hlog = gl |27+ 118y — iByralle" 0+ + oy — |2
+iBp1 = Bl 2" P+ ap — apal|2" P+ -+ |an—a — ana|]2]?
+m1—mm+m0
mwd““—O%—aMﬁ“Hm—aMd”“+~4+%1—aMd”“1
+ag — prog + prog — agpa|]2]" T+

latpt — kot + kraty — |27 4 [il1B, — By + piBa — Byl
o+ il Byt — KiBy + KiBBy — Boll 2" P + Jap — apial|2]" P
+-~+hha-w%4Hd”+mm4—aAVM+MA)
MM%””—O%—GM4”+MrﬂMVW”+-~+MWrﬂMVWW“
ot — eyl 17 + r0tg — gl + ot — Fyaty| |27
ko, — apl[2[" P+ By — pilBl 2"+ |piBy — Basallz|"

oot By = BBl KBy — Bl P+ [y — gyl
+oo |ty — Gno1 |2 F a1 — anl|z] + |an|>
mmw“—Q%—MWP+M—@WW“+~+M4—MM“W
a1 = pollzl" + 1prctg — g |27 4 -+ s — Ky 2]+
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ol ke = 12"+ |Bgl[1 = pil 2"~ + |pilBy — By ]2~
+o o 1Bpm1 = KBl l2l™ T+ [Bpllks — Ll2I™ P + lap — apra[2]""

+ it |apo— an_1||z|2 +[an—1 — anl|z] + |an|>'

Since 0 < p, <1,0<p <L k. >1,k>1, poyg <ogr1 <+ < krap and

pily < Bgy1 < - -+ < kif3p, then

|H(2)| > Jaol|z|"™* — (|a0 —ar||2]" + Jar — ag|[2|" T+ -+ [ag1 — ag]z|" I
Hlag| (1= po)[2]" 71+ (agar = prag) |27+ -+ (ko — )] 2|77
Hlapl (ke = D"+ [B,](1 = po) |27 + (Bgrr — piBy)|2["
+ ot (RiBy — Bp-)|2" T 4 1Bl (ks — D" + |ap — apra[2]"77

++ |ay o — an_1\|z|2 +|an—1 — an||z] + |a”|>

_ L a1 — ay g1 — agl | lag|(1 = pr)
= ol flalld = (Jon = ol + 22y e o
+aq+1 —PrQq 4 krap —apo1 | op[(kr = 1) [Bgl(1 — pi)
|2 Ellan El |2
_I_ﬁqul — Pibq N kiBp — Bp—1 | |Bpl(ki = 1)| | |ap — api]
|24 |2~ 2P~ 2P
bt |an—2_an—1| |(ln_1 —(ln| |an|
2|2 Eli 2"

1
Now for |z| > 1 so that P < 1, for 0 < ¢ < n we have
zZ|"

uﬂ@|z|aﬂmm4—(mvmn+mrwm+~~ﬂ%1—aA+mm1—m>
+(O‘q+1 - PrO‘q) + o+ (krO‘p - O‘p—l) + |ap|(k,,~ - 1) + |ﬁq|(1 - Pz‘)
+(ﬁq+1 - piﬁq) +- 4+ (kiﬁp - /8;0—1> + ’Bp|(kl - 1)| + ‘ap - ap+1|

4.4 |an72 — an,ﬂ + |a/n71 - anl + ‘a"‘):|
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q
—|w@wm—(Eyw—w4+mmrww—m%+m%

(=1

+lop|(kr = 1) + 64 (1 = pi) — piBg + kilBp + |Bpl (ki — 1)

+ Z lag — ap_q] + \an\)l

l=p+1
> 0

if
1
V|>]%(Mwwmu—m—M%+m%+mmm—n+mm—m>
—wm+hm+wmm—n+M¢H%Q
where

q n
M, = Z lag — ay—1| and M, = Z lag — ae_1].
=1

l=p+1

Thus all zeros of H(z) whose modulus is greater than 1 lie in

1
2] < W(Mq + logl(1 = pr) = prog + kv, + o[ (kr — 1) + [ 8| (1 — 1)
iy iy 15100 = 1)+ My ).
Hence all zeros of H(z) and hence of S(z) lie in

o1 a1l (M + a1~ ) = et + oy + eyl = 1)
HIBI = ) = i+ Ky + 5105 = 1)+ 04, + o)}
Therefore all the zeros P(z) lie in

o1 2 min {1l (84 + (L= ) = g + iy + oy, = 1)

+WMLWM—m&+h&+WMh—D+ﬂ%+mﬁ}
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Thus the polynomial P(z) does not vanish in

|z| < min {1, |ao|/ (Mg + || (1 = pr) — prag + kpoy, + || (ke — 1)
HIBIL = ) = i+ iy + 8105 = 1)+ My + e |
[

With ¢ =0, p=n, and p = k = 1, Theorem 2.5 becomes a slight improvement to
Theorem 1.6. Additionally when o = § = 0, then Theorem 2.2 reduces to Theorem
1.4. We will extend Theorem 2.5 for the class of polynomials of the form P(z) =

ap + Z aez’. For which we have:

l=m

Corollary 2.6. Let P(z) be a lacunary polynomial of the form P(z) = ag + Z ap?’,
{=m

m > 1, ag # 0 be a polynomial of degree n such that oy = Re(a;) and By = Im(ay)

when q < € < p for some real k., k;, p., pi where k., > 1, k; > 1,0 < p, < 1,

O0<p;<landm<q<p<n,
Prag < Qg1 <o <o < kray,
PiBq < Bgr1 < -0 < Bpt < kiBy.
Then P(z) does not vanish in
o1 < min {1 ol (04 + (L= ) = g + iy + oy, = 1)

1Bl — ) — piBa + KBy + Byl (ki — 1)+ M, + |an|)}7

q n
where Ay =0, My, = Z lag — ap—1| and M, = Z lag — ag_1].
{=m {=p+1
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We can note when m = 0, Corollary 2.6 reduces to Theorem 2.5. We can also

’

extend this to the class of polynomials of the form P(z) = ag + Z a2’ + a,. Thus
l=m
we get the following corollary:

/

Corollary 2.7. Let P(z) = ag + Zagze + a,2", ag # 0,a, # 0 be a polynomial of
{=m

degree n such that oy = Re(ay) and By = Im(ay) when ¢ < € < p for some real k,, k;,

Pry pi Where k, > 1, k;>1,0<p, <1,0<p;<landl1 <m<qg<p<m'<n-1,
prog < gy <o < apog < Ry,
PiBy < Byr1 < - < Bp1 < kiBy.
Then P(z) does not vanish in
|z] < min {17 |a0‘/(Mq + |O‘q’(1 — pr) — prog + kray, + |O‘p|(k5r —-1)

+|Bq|<1 - pi) - Piﬁq + kiﬁp + |6p|(kz - 1) + Mp + |an|)}7

’

q m
where M, = Z lag — ag—1| and M, = Z lap — ap—1| + |an — an_1]-
l=m l=p+1

Now that we have considered the k and p parameters from Aziz and Zargar as
well as Shah et al. p and ¢ parameter onto the real and imaginary parts, we will now
impose these parameters onto the modulus of the coefficients for a polynomial with

complex coefficients. Thus we obtain:

Theorem 2.8. Let P(z) = ap+a12+- - -+ay27+- - -+a,2"+- - -+a,2" be a polynomial
of degree n with complex coefficients such that |arga,— 5| < o < /2.0 = q,q+1,...,p

for some real B, k>1,0<p <1,

P|aq| < |aq+1| <. < |ap—1| < k|ap|
27



M, = Z|ag—ag 1] and M, = Z|ag—agl

{=p+1
Then all zeros of P(z) lie in the disk

2l <

(|ao\ + M, + |a,y| + play|(sina — cos v — 1)

[n]
p—1

+2 Z |ag| sin o + k|ay|(cos v + sina + 1) — |a,| + Mp).
l=q+1

Proof of Theorem 2.8. Let P(z) =ag+a1z+---+a27+---+ap2’ +---+a,2" bea
polynomial of degree n with complex coefficients such that |arga, — | < a < /2, =
¢.q+ 1,...,p for some real 8, and pla,| < |ag41] < -+ < klay| for 0 < p < 1 and

k > 1. Without loss of generality assume § = 0. By Lemma 2.1
lap — ap_1] < (Jag| — |ae—1]) cos a + (Jae| + |ae—1]) sin a.

Consider
P(z)(1—2) :a0+(a1—ao)z—i—---+(aq—aq_l)zq—l—---+(ap—ap_1)zp+---+(an—

ap_1)2" — a, 2" = f(2) — a, 2", Then if |z| = 1, then
1f(2)] = lao+ (a1 —aog)z+ -+ (ag —ag—1)2? + -+ (ap — ap—1)2”
+"'+(an_an—1)zn|
< Jaol + a1 — aollz] + -+ + |ag — ag-1l|2|* + -+ - + |ay — apa|2]’
—|—~-~—|—|an—an_1||z|”

= Iao|+|a1—ao|+---+|aq—aq |+ ay = apoa| + - A fan — ap-]

p—1
= ’(ZOHZW—W 1]+ [agr — ag| + Z |a¢ — ag| + lap — api]
(=1 l=q+2
+ Z lag — ap—1|
l=p+1
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p—1

|ao| + My + |ag+1 — aq| + Z |ag — aga| + lap — ap1| + My,

l=q+2

q n
where M, = Z lag — ap—1| and M, = Z |ag — ag_1|. Thus for |z| =1
=1

£ (2)]

Hence also,

IN

IN

1

l=p+1
p—1
|ao| + My + |ag+1 — aq| + Z |ag — ap—1| + |ay — ap—r| + M,
{=q+2
p—1
|aol + My + |agi1 — pag + pag — a4| + Z @ — ap—
l=q+2
+lap — kay + ka, — ap1| + M,
p—1
|ao| + My + |ags1 — pag| + [pag — aq| + Z g — ap—y
l=q+2

+la, — kay| + [ka, — ap1| + M,

|ao| + M, + (‘aqH’ - ’P%D cosa + (‘aqH’ + ’paq‘) sin o

p—1 p—1
+agqllp — 1| + Z (lae] — |ae—1|) cos a + Z (|ae| + |ae—1|) sin
l=q+2 l=q+2

Hap|[L = k[ + ([kay| = [ap-a]) cosa + (|kay| + |ap—1]) sin o + M,

|aol + My + (lagi1| — [pag]) cos  + ([agi1] + [pag|) sin o
p—2

+lag|(1 — p) + |ap—1|(cosa + sin ) + 2 Z |ae| sin o
l=q+1

—|ags1](cos a + sina) + |ay|(k — 1) + (|kay| — |ap-1]) cosa

#([kay| + Jay]) sina + M,
p—1
lag| + My + |aq| + plag|(sina — cosa — 1) + 2 Z |ae| sin a
l=q+1
+k|ay|(cosa +sina + 1) — |a,| + M,.

)‘ < ag| + My + |ay| + plag|(sina — cosa — 1)
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p—1
+2 Z |lag| sin o + k|ay|(cos o + sina + 1) — |a,| + M,
l=q+1

for |z| = 1. By the Maximum Modulus Theorem

1 .
2 f <;) ‘ < ag| + My + |ag| + plag|(sina — cosa — 1)
p—1
+2 Z lag| sin o + k|ap|(cos a + sina + 1) — |a,| + M,
l=q+1

1 .
holds inside the unit circle |z| < 1 as well. If R > 1, then Ee’w lies inside the unit

circle for every real o. Thus it follows

|P(Re™)| < (\aol + M, + |ag| + plag|(sina — cosaw — 1) + 2|a,_1 | sin «

p—2
+2 Z |ag| sin v + k|ay|(cosa +sina + 1) — |a,| + Mp) R"
l=q+1

for every R > 1 and « real. Thus for every |z| = R > 1,

[P(:)1=2)] = |—an™" + f(2)]

> anl[R[" = | f(2)]

> an|R" — (\aol + M, + |ag| + plag|(sina — cosar — 1)
p—1
+2 Z lag| sin o + k|ay|(cosa +sina + 1) — |a,| + Mp> R"
l=q+1
= R" {\an|R — (|a0\ + M, + |a,| + plag|(sina — cosav — 1)
p—1
+2 Z |lag| sin o + k|ay|(cosa +sina + 1) — |a,| + Mp>}
l=q+1
> 0

if
1 .
R > m<|ao| + M, + |ag| + plag|(sina — cosar — 1)
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p—1
+2 Z |ag| sin o + k|ay|(cos v + sina + 1) — |a,| + Mp).
l=q+1

Therefore all zeros lie within

1
|z] < m<|ao\ + M, + |a,| + play|(sina — cos v — 1)

p—1
+2 Z |ag| sin o + k|ap|(cos v + sina + 1) — |a,| + Mp).
l=q+1

]

Notice when p =k =1, ¢ = 0 and p = 1, then Theorem 2.8 reduces to Theorem
1.6. Furthermore when 3; = 0 for all 0 < ¢ < n, then Theorem 2.8 reduces to Theorem

1.4. Now we will consider a polynomial of the form P(z) = ag + Z apz’. Thus we
{=m
have:

Corollary 2.9. Let P(z) be a lacunary polynomial of the form P(z) = ag + Z art.
{=m

Suppose P(z) is a polynomial of degree n with complex coefficients such that | arg a, —

Bl <a<mhl=qq+1,....,p for some real B, k> 1,0 < p <1, wherel <m <

qg<p<n,

P|aq| < |aq+1| <. < |ap—1| < klap|-

Then all zeros of P(z) lie in the disk

1 .
o1 = gy (Jao My o]+ plafsna — cosa 1)

p—1
+2 Z |ag| sin o + k|ap|(cosa +sina+ 1) + M, — |ap|)
l=q+1

n

q
where M, = E lag — ag—1| and M, = E lap — ag_1].
l=m {=p+1
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We notice when m = 0, Corollary 2.9 reduces to Theorem 2.8. This corollary
reduces further to the Enestrom-Kakeya Theorem under the conditions mentioned

previously. We will now consider the hypotheses from Theorem 2.8 on polynomials

/

of the form P(z) = ap + Z apz’ + a,. Thus we show:

l=m

/

Corollary 2.10. Let P(z) = ap + Z a2t 4+ anz™, ag # 0, a, # 0 be a polynomial of
{=m

degree n with complex coefficients such that |arga, — | < a <7/2 0 =q,q+1,...,p

for some real B, k>1,0< p<1, wherel <m<qg<p<m'<n-1,
plag| < lagsr] < -+ <lapi1| < klay|.
Then all zeros of P(z) lie in the disk

1 .
o1 = gy (Jao My o]+ plasna — cosa 1)

|an

p—1
+2 Z |ag| sin o + k|ap|(cosa +sina+ 1) + M, — |ap|),
f=q+1

’

q m
where M, = Z lag — ag—1| and M, = Z lag — ap_1| + |an — an_1]-
{=m l=p+1

We notice Corollary 2.10 reduces to Corollary 2.9 when m’ = n — 1, and under
the conditions mentioned previously will also reduce to Theorem 1.4. We will now
apply the hypotheses applied to Theorem 2.8 to determine a disk in which no zeros

exist. Thus we have:

Theorem 2.11. Let P(z) = ag+ a1z + -+ a2+ -+ a,2” +-- -+ a,2". Suppose
P(2) is a polynomial of degree n with complez coefficients such that |arga, — B <
a<7mhl=qq+1,...,p for some real 5, k> 1,0 < p <1 where

P|aq| < |aq+1| <--- < |ap—1| < klap|-
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Then P(z) does not vanish in

p—1

|z| < min{l,]ad/(Mq—l— lag| + plag|(sina — cosa — 1) + 2 Z |ae| sin av
l=q+1

+k|ay|(sina + cosa + 1) — |a,| + M, + ]an]> },

n

q
where M, = Z lag — ag—1| and M, = Z lap — ag_1].
/=1 {=p+1

Proof of Theorem 2.11. Without loss of generality, assume § = 0. By Lemma 2.1
lag — ag_1| < (Jag| — |ae_1]) cos a + (|ag| + |ar_1|) sin a.
Consider the reciprocal polynomial
n 1 n n—1 n— n—
S(z)=2"P| -] =ap"+az" 4+ Fa2" a2 P+ a2+ an.
z
Let
H(z) = (1-2)S(2)
= —ap2"™ + (ag — a1)2" + (a1 — ag)2" 4+ (ag — age1)2" Y
oot (apg —ap) 2" P (g — A 1)2 F (A — an)2 + ay.
This gives
[H(z)| = laollz[""" — {lao —arll2]" + oy — ao|2"7 4+ lag — agial]z"T
et gy — a2 e ane — a2+ a1 — anl|2]
Haol|

I L P

+la, — pag + pag — agia||z]"" T+ -+ |ap—1 — kay, + ka, — ap||z|”_erl
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>

ot |ane = an1]|2]? + |an1 — an|2] + ]anll
[aol 2™ = {lao — an[[2]" + lar — as[[z[" " + -+ + |ag — pag||2]" ™

—|—|paq - aq+1||zln_q +oeeet |ap—1 - kap||z|n_p+1 + |kap - CLI:»||Z|n_p+1

+ ..+ ‘an_2 — an—lH'ZP + |an—1 - anHZ| + ’an’:| :

Since k> 1 and 0 < p <1, play| < |ags1| < -+ < klayl,

|H(2)|

>

mmam1—®%—amwtwm—am4"1
+--+ |aq - P%||Z|n_q + |,an - aq+1||Z’n_q + -+ |ap—1 - kap||z|n_p+1

Hkap — apl|2[" 4+ Jans — anoall2] + a1 — anll2] + o]

o — a3 g1 — ag] | |agll1— gl

n JE— — o« o o

o1 lallel = (Jao -]+ 1z Rl el
|paq - aq+1| |ap—1 - kap| |ap||k - 1| |an—2 - an—1|

AR T P B 22

|an—1 - an| |an|
TR TR

1
Now for [z| > 1 so that ——— <1, where 0 < ¢ < n we have

|H(2)|

v

B
|aﬂmma—(mwﬁn+mrwm+~~ﬂ%1—ﬂA+MM1—m
+lpag — agia| + -+ lap-1 = kap| + |ap|(k = 1) + -+ + |an—2 — ap1|

+lan-1 — an| + |an|)}
q

K [|a0||z| - (Z lag — ap—1| + |ag|(1 — p) + |ag+1 — pagy]
=1

p—1
+ Z |CL5—CL£ 1|+|/€CLP Qp— 1|+|(lp| —1 Z |CLZ—CL4 1|
{=q+2 {=p+1

)
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q
SERE [|ao||z| _ (Z a6 — e ] + ay)(1 = p) + (agss| — lpag]) cos
=1

p—1
gl + o) sina+ 3 (lag]  fari]) cosa

l=q+2
p—1
£ 3 (lael + laes]) sina + (Jkay| — lapa) cosar + ([kap| + lap-a]) sina
l=q+2

n

+maw—1w+§j|w—aen+may

{=p+1

z|dﬂhM4—(Mfu%mfmwumﬁu—mmw%a

p—1

agaal + plasina+ 3 (ladl — laes]) cosa
l=q+2
p—1
+ Z (lae| + |ae—1|) sina + (kla,| — |ay—1|) cos a + (k|a,| + |a,—1]) sina
l=q+2

+la,|(k—1) + M, + |an|>] ,

q n
where M, = Z lag — ap—1| and M, = Z |ag — as—1|. Hence
/=1 l=p+1

[H(z)] = [2]" {|ao||z| - (Mq + lag|(1 = p) + (lags1| — plag]) cos o
p—2
+(lag+1| + plag|) sina + |a,—1|(cos a + sin ) + 2 Z |a| sin «v
(=q+1
—|ag41|(cos a + sina) + (k|a,| — |ap—1|) cosa + (kla,| + |ap—1]) sin a

+lay|(k — 1) + M, + \an\)l

p—1
= |2|" |:|a0||z| - (Mq + |ag| + plag|(sina — cosa — 1) 4 2 Z |a| sin o
l=q+1

+k|ay|(sina + cosa + 1) — |a,| + M, + |an|>}
> 0
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if

1 | S
2| > Taol (Mq + |ag| + plag|(sina — cosa — 1) 4+ 2 Z |ae| sin o
l=q+1

+klap|(sina + cosa + 1) — |a,| + M, + |an\).
Thus all zeros of H(z) whose modulus is greater than 1 lie in
1 —
|z] < Taol (Mq + |ag| + plag|(sina — cosa — 1) 4 2 Z |a| sin a
Qo
l=q+1

+k|ay|(sina + cosa + 1) — |a,| + M, + |an|>.

Hence all zeros of H(z) and hence of S(2) lie in

p—1
|z| < max {1, |a0|/(Mq + |ag| + plag|(sina — cosar — 1) + 2 Z |ag| sin a
l=q+1
+klap|(sina + cosa + 1) — |a,| + M, + |an\> }
Therefore all the zeros of P(z) lie in
p—1
|zl > min {1, \ao\/(Mq +lag + plag|(sina — cosar = 1) +2 Y~ |ag|sina
l=q+1
+k|ay|(sina + cosa + 1) — |a,| + M, + \an\) }
Thus the polynomial P(z) does not vanish in
p—1
|z] < min {1, |a0|/(Mq + |ay| + plag|(sina — cosa — 1) + 2 Z |a| sin o
l=q+1

+k|ap|(sina 4+ cosa + 1) — |a,| + M, + |an|> }

36



Notice that if 5, = 0 for 0 < ¢ < n, p = k = 1, then Theorem 2.11 reduces to
Theorem 1.13. We will now expand these hypotheses to the polynomials of the form

P(z) =ap+ Z aez’. Thus we have:

l=m

Corollary 2.12. Let P(z) be a lacunary polynomial of the form P(z) = a0+z a2,
l=m

ag # 0. Suppose P(z) is a polynomial of degree n with complex coefficients such that

larga, — B < a<7/2,l =q,q+1,...,p for some real B, k > 1 and 0 < p < 1 where

1<m<q<p<n,
p’aq‘ < |aq+1| <--- < ’ap—l‘ < k|ap"

Then P(z) does not vanish in

p—1

2] < min{1,|a0|/(Mq+|aq|+p|aq|(sina—cosa—1)+2 Z |a| sin o
l=q+1

+k|ap|(sina 4+ cosa + 1) — |ap|> }7

q n
where M, = Z lag — ag—1| and M, = Z lap — ap_1].
{=m {=p+1

Notice this reduces to Theorem 2.11 when m = 0. We will take this further to

ml

polynomials of the form P(z) = ag + Z a2’ + a,2". That is:
l=m

Corollary 2.13. Let P(z) = ap+ Z a2t an2", ag # 0, a, # 0. Suppose P(2) is a
polynomial of degree n with complégrzoeﬁicients such that |argay, — B] < o < /2, 0 =
¢, q+1,....p forsomereal B, k>1,0<p<1l,andl1 <m<qg<p<m'<n-1
where
plag| < lagia] < -+ < apa| < klay|.
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Then P(z) does not vanish in

p—1
|z] < min {1, |a0|/(Mq + |ay| + plag|(sina — cosa — 1) + 2 Z |a| sin «
l=q+1

+k|ap|(sina 4+ cosa + 1) — |ap|> }7

!

q m
where M, = Z lag — ag—1| and M, = Z lag — ag_1| + |an — an_1]-
{=m l=p+1

Notice this reduces to Theorem 2.11 when m = 0 and m’ = n — 1. We can note
under the conditions mentioned previously, this will reduce down to Theorem 1.13.

Throughout this chapter we were able to reduce the outer bound to resemble
Theorem 1.4 and the inner bounds reduce to the inner bounds found in Chapter 1.
As we continue throughout this thesis to determine inner and outer bounds of location

of zeros we will use this idea in order to examine the validity of our results.
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3 COUNTING ROOTS WITHIN A BOUND

Along with finding inner and outer bounds we also want to explore the number of
zeros found within a bound of radius 6 R. We will apply the k and p parameters from
Aziz and Zargar found in Theorem 1.11, Shah’s p and ¢ parameter found in Theorem

1.12 to the real and imaginary components to which we have:

Theorem 3.1. Let P(z) = ap+a12+- - -+ay27+- - -+a,2P+- - -+a,2" be a polynomial
of degree n, ay = Re(ay) and By = Im(ay), for some real k., k;, p,, pi where k. > 1,

ki>1,0<p.<1land0<p; <1,
prag < Qgyr <o <o < kay,

piﬂq S 6q+1 S e S /Bp—l S kzﬂp
Then the number of zeros of P(z) in the disk |z| < ¢ is less than

1 ) M
—_— 0 —
log /s & |ao|

where 0 < 6 < 1,

M = |ao| + My — prag + |og|(1 = pr) + |op|(ky — 1) + ko — pif3,

+|Bq|(1 — pi) + |Bp|(k’z - 1) + iy + My, + |an|7

n

q
Mq:Z|ag—ag_1| and M, = Z lap — ag_1].
=1

— l=p+1

Proof of Theorem 3.1. Consider

F(z) = (1-2)P(z)

= ag+ (a1 —ag)z 4 + (ags1 — ag)2? + -+ + (ap — ap—1)z"
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Food (ap — Q) 2" — a2
For |z| = 1 we have,

FE| = o+ (01— a0)z + -+ (ages = ag)2" + -+ 4 (@ = ap-1)2”

oo (= Ap1) 2™ — a2t

< aol +far = aollz| + - 4 lagrr — agl|z]" + -+ [ap — apa]z]”
o an — ape |2 4| = anl|z

= |aol +la1 —ao| + -+ |agr1 —agl + -+ |ay — apa| + -+
Hlan — an—1| + |an|

= |ao| + i |ag — ap—1| + g1 + 1Bg1 — g — iBg| + -+

(=1
+ap + 8, — ap1 — ifp-1| + i lap — ag_1| + |an]
t=p+1

< aol + My + |agar — ag| + -+ ap — apoa| + [Bgr = Byl + -+
+18p = Bp-1l + My + |an|

= |ao| + My + |agi1 — prog + prag — ol + -+
+lap = kroy, + kroy, — apa| + [Bgsr — piBlg + pilBy — Bal + -
+1Bp = kiBp + kilBp — Bp—1| + My + |ay]

< aol + My + |ager — prag| + [prag — ag| + - + |y, — Koy

ey — api1| + |Bgr1 — piByl + |piBy — Byl + - + |8y — kiBy|
+[kiBp — Bp—1| + My + |an

= lao| + Mg+ (ovg41 — prag) + |ogllpr — 1| + -+ 4 |ap|[1 — kx|
+(krap — ap—1) + (Bg1 — piBle) + [Ballpi — L[ + -+ + |Bp[|1 — ki
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+(kifp — Bp—1) + My + |an]

= |ao| + Mg + (g1 — prag) + logl(L = pr) + -+ - + | (ke — 1)
+(krop — apo1) + (Bgr — pilBg) + [Bgl(L = pi) + -+ - + Byl (ki — 1)
+(kip — Bp—1) + My + |ay]

= |ao| + My — prag + |ag|(1 = pr) + || (kr — 1) + oy, — pif3g
Byl (1 = pi) + 18pl (ki — 1) + kiBp + My, + |ay|

= M.

Since F(z) is analytic in |z| < 1, and |F(z)] < M for |z|] = 1 so by Theorem 1.14
and the Maximum Modulus Theorem, the number of zeros of F' (and hence of P) in

|z| <4 is less than or equal to
1 | M
_— O —_—
log 1/s & |lao|

where 0 < § < 1 and

M = |ao| + M, — prag + ‘O‘q‘(l —pr) + ‘ap|(kr —1)+ kray, — pifBy

H Bl (1 = i) + 1Byl (ki = 1) + KiBp + My, + |an].
[l

Notice that when ¢ = 0, p = n, and kK = p = 1, then Theorem 3.1 reduces to
Theorem 1.20. We can further reduce this to Theorem 1.15 by having 3, for 0 < ¢ < n,

and ag > 0. These parameters applied to a lacunary polynomial gives:

Corollary 3.2. Let P(z) be an nth degree lacunary polynomial of the form P(z) =

ap + Z apz’, ag # 0. Suppose for 1 <m < q<p<n, ay = Re(ay) and By = Im(ay),

{=m

41



for some real k., k;, p., p; where k, > 1, k; > 1,0<p, <1, 0 < p; <1 satisfying
PrQy S Qg1 S e S Op—1 S kr@pa

PiBq < Bgr1 < - < Bpt < kiBy.
Then the number of zeros of P(z) in the disk |z| < ¢ is less than

1 M

1
log s [ao]

where 0 < 6 < 1,

M = lao| + My — prag + |agl(1 = pr) + |op|(kr — 1) + kroy, — pifg

Bl (1= pi) +16p| (ks = 1) + kiffy + My + |an],

q n
M, = Z lag — ar—1| and M, = Z lap — ag_1].
l=m

{=p+1

Notice when m = ¢, then Corollary 3.2 reduces to Theorem 3.1. We can now

consider these parameters applied to a dual gap polynomial, which gives:

Corollary 3.3. Let P(z) = ag + Z a?t + ap2", ag # 0, a, # 0 be a polynomial of
{=m

degreen, 1 <m < qg<p<m' <n-—1, ay = Re(ay) and By = Im(a,), for some real

kr: ki; Pr; Pi Wherekrzl, k12170<pr§170<pz§1;
PrQy S Qg+ S e S Op—_1 S ]C,«Oép,

PiBq < Byr1 < - < Bp1 < kiBy.
Then the number of zeros of P(z) in the disk |z| < ¢ is less than

1 | M
—_— O [
log /s & lag|
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where 0 < 0 < 1,

p—1
M = Jao| + M, + |ag| + plag|(sina — cosa — 1) + 2 Z |a| sin av
l=q+1
+klap|(sina + cosa + 1) — |a,| + M, + |a,],

!

q m
Mq:Z|a5—a5,1| and M, = Z lag — ap_1| + |an — an_1].
l=m

= {=p+1

Notice when m’ = n — 1, then Corollary 3.3 reduces to Corollary 3.2. We applied
Aziz and Zargar’s k and p parameters, as well as Shah’s p and ¢ parameter to the
real and tmaginary parts. We will now apply these conditions to the moduli of these

complex coefficients.

Theorem 3.4. Let P(z) = ap+a12+- - -+a,27+- - -+a,2" +- - -+a,2" be a polynomial

of degree n such that for some k> 1 and 0 < p <1,
plagl < lagi] < -+ <ap-1| < klay|.

Then the number of zeros of P(z) in the disk |z| < 6 is less than

1 1 M
—_— 0 _—
log /s & |lao|
where 0 < 6 < 1,

p—1
M = |ag| + M, + |ay| + plag|(sina — cosa — 1) + 2 Z |a| sin o
l=q+1
+klap|(sina + cosa + 1) — |a,| + M, + |a,],

q n
M, = Z lag — ar—1| and M, = Z lap — ag_1].
=1

{=p+1

Proof of Theorem 3.4. Consider

F(z) = (1-2)P(z)
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= ao+ (a1 —ag)z + - + (ags1 — ag)2? + - + (ap — ap—1)z"

too (A — A1) — a2
For |z| = 1 we have,

|F(2)] = aop+ (a1 —ag)z+ -+ (agr1 —ag)z? + -+ (ap —ap_1)2" + - -

H(ap — Apy)2™ — anz"

< laof +lar — aollz] + - -+ + lagry — agl|2]* + - - + [ap — apa|2]
+ o lan — anal 2" + | = an] |2
= ool + far — ol £+ +lagin — agl + -+ lay —
|an — Qp_1] + |ay]
q p—1
= laol + Y lar — ara| + lagry — pag + pag — agl + Y lag — ai
/=1 l=q+2
n
+lap — kay + ka, — apa| + Z |ag — ag—1| + |an|
{=p+1
p—1
< aol + My + |ag1 — pag| + |pag — aq| + Z |ag — ag—1| + |a, — kay|
l=q+2

+ka, — ap1| + My, + |ay],

q n
where Z |ag — ap_1| and Z lag — ap_1].
=1 ¢

:p+1

[F()] < laol + My + (lagr1| = |pag]) cos o+ (laga| + [pag|) sin a + |ag|(1 = p)

p—1 p—1
+ Z (lae] — |ag—1]) cos a + Z (Jae| + |ag—1]|) sina + |ap|(k — 1)
l=q+2 l=q+2

+([kay| = lap]) cosa + (|kap| + |ap 1) sin o + My, + |a|
= ao| + My + |agt1]| cosa — play| cos o + |ag41| sin o + pla,| sin

p—1 p—1 p—1
+lag|(1 —p) + Z |ay| cos oo — Z |ag—1] cos o + Z |ag| sin o

l=q+2 l=q+2 l=q+2
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p—1
+ Z lag—1|sin o + |ap|(k — 1) + k|ap| cosa — |a,—1| cos o + k|ay| sin a
l=q+2
+|ap—1|sina + M, + |ay,|

= ao| + My + |ag+1] cosa — play| cos o + |ag41| sin o + pla,| sin

p—2
+lag| (1 — p) + |ap—1| cos o + Z lag| cos o — |ag41] cos a
l=q+2
p—2 p—2
+ Z lag| cos o + |ap_1]sina + Z lag| sina + |ag41] sin a
{=q+2 l=q+2
p—2
+ Z lag| sin o + |a,|(k — 1) + k|ay| cos a — |a,—1| cos a + k|ay| sin a
l=q+2

+|ap—1|sina + M, + |ay|

= lag| + My — plag| cos a + 2|ag41|sin o + plag| sin o + |a,|(1 — p)

p—2
+2|a,—1|sina + 2 Z lag| sin v + |a,|(k — 1) + klay| cos a + k|a,|sin «
l=q+2
+ M, + |an]
p—1
= Jao| + My + |ag| + play|(sina — cosa — 1) + 2 Z |la| sin o
l=q+1

+k|ay|(sina + cosa + 1) — |ay| + M, + |a,|

= M.

Since F'(z) is analytic in |2| < 1, and |F(2)] < M for |z| = 1 so by Theorem 1.14
and the Maximum Modulus Theorem, the number of zeros of F' (and hence of P) in

|z| <4 is less than or equal to

1 | M
O [
log /s g\ao\
where 0 < § < 1, and
p—1
M = lao| + My + |ag| + plag|(sina — cosa — 1) + 2 Z |a| sin o
l=q+1
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+klap|(sina + cosa + 1) — |a,| + M, + |a,].
[

Notice when p =k =1, ¢ =0, and p = n, then Theorem 3.4 reduces to Theorem

1.18. Now with similar parameters applied to lacunary polynomials, we get:

Corollary 3.5. Let P(z) be a lacunary polynomial of the form P(z) = ag + Z a2,
=1

ag # 0 be a polynomial of degree n where 1 < m < q < p < n and for some k > 1,

0<p<l,

plagl < lagir| < -+ < ap-a| < klay|.
Then the number of zeros of P(z) in the disk |z| < 6 is less than

1 | M
—_— O —
log /s & |lao|

where 0 < 6 < 1 and

p—1
M = lao| + My + |ag| + plag|(sina — cosa — 1) + 2 Z |a| sin «
l=q+1
+k|ay|(sina + cosa + 1) — |a,| + M, + |an],

q n
My =" ag—aea| and My = 3" |ag— apy].
{=m

{=p+1

When m = 1, then Corollary 3.5 reduces to Theorem 3.4. We will now consider

dual gap polynomials:

Corollary 3.6. Let P(z) = ag + Z(IZZZ + a,2", ap # 0, a, # 0 be a polynomial of
=1
degree n where 1 <m < q<p<m' <n-—1 and for somek>1,0<p<1,

P|aq| < |aq+1| <--- < |ap—1| < klap|-
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Then the number of zeros of P(z) in the disk |z| < 0 is less than

1 | M
0 —
log /s g|ao|
where 0 < 6 < 1 and
p—1
M = Jao| + M, + |ag| + plag|(sina — cosa — 1) + 2 Z |ae| sin «
l=q+1

+k|ay|(sina + cosa + 1) — |a,| + M, + |as|

q m/
where M, = Z lag — ag—1| and M, = Z lag — ap—1| + |an — an_1]-
{=m {=p+1

Notice when m’ = n — 1, then Corollary 3.6 reduces to Corollary 3.5.

Throughout this chapter we considered polynomials which satisfied hypotheses
also found in Chapter 2. As we continue to generalize these hypotheses, we will
further relax the monotone conditions to continue counting the numbers of zeros

with a bound.
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4 LOCATIONS OF ZEROS, MONOTONE WITH A REVERSAL

In Chapter 2, we applied a p, k condition, along with the ¢, p condition to find
inner and outer bounds for locations of zeros for complex polynomials with complex
coefficients by applying the parameters to the real and imaginary parts of the coeffi-
cients as well as by applying these parameters to the moduli of the coefficients. We
applied these parameters to a set of strictly monotonically increasing coefficients. We
will now apply these parameters to coefficients with a monotone behavior, however,

we will apply a reversal to the monotone behavior and we get:

Theorem 4.1. Let P(z) = Zagzg be an nth degree polynomial with complex coeffi-
=1
cients such that for Re(as) = vy, Im(ag) = B, 0 < pry, <1,0<pp, < 1,0 < p;; <1,

0<pi2S17 kT217 k:ZZ]-; and
Pri0g < Qg1 <o Sy ko 2> g 200 2y,

PirBqg < Bor1 < < Bjm S ki > By = = pinBpg < J < p.

Then all zeros of P(z) lie in the disk

1
V\ST;KWHJ%—M%+WMLWM+%M%—U+%WJ

Hap (1 = pry) = procy = pis By + 1Bl (1 = pin) + 21551 (ki = 1) + 2k 3;

ﬂ@m—m»—%@+MJ

q n
where M, = Z lag — ap—1| and M, = Z lag — ap_1|.

=1 (=p+1
Proof of Theorem 4.1. Let P(z) = ag+a;2++ - ~+a,2%+ - -+a;27 +- - +a, 2+ - -+a,2"

be a polynomial of degree n with complex coefficients such that for 0 < p,, < 1,
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IN

0<p, <1,0<p, <1,0<p, <1,k >1,k >1then p,a; < agp1 < -+
ajo1 < kray > agpr >0 2 pryay, and py By < By <o < B S ki > B >

<o 2> iy By for ¢ < j < p. Define f to be the equation

P(z)(1—2) = ay+ (a1 —ag)z+ -+ (ag—ag1)2"+ -+ (a, — ap_1)zF + -
+(ap — Qp1)2™ — a2t

= f—a,z"th
Then for |z| =1

IF) < laol +lar = aol + -+ + lagia — ag| + -+ +la; —aja| + -+ lap — ap

+ ot an — an_.
Let ay = Re(ay) and f, = Im(a,) for ¢ < ¢ < p. Thus

q
F()] < laol + Y lar— ae| + g + B — g — dag| + -+
/=1
Flaj + i — aj1 —ifja| + o + B — a; —if 4 - -

+lap + 18y — ap-1 — iBp-1| + Z |a; — a;-.

f=p+1
q n
Let M, = E lag — ar—1| and M, = 5 lap — a;_1|. Hence
=1 l=p+1

ol + My + g1 = agl + -+ | = aga| + lagar — g + -+

—
~—~
&
VAN

Hlap = apa| + [Bgrr = gl + - +16; = Bjal + B4 — Bil + -+
‘Hﬁp_ﬁpfl‘ +Mp
= |ao| + My + |ogi1 — priag + priag — ag| + -+ oy — kpay + krayy — oy

Flaj = kraj + kroy — oyl + - 4 |ap — pryagp 4 pryap — |
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H|Bgs1 = i By + pir By — Bgl + -+ +18; — kB + ki — B

+[Bj11 — kiBs + ki — Bl + - + 1By — pinBp + pirBp — Bp1] + M,

IN

|ao| + My + g1 — priag| + |priag — g + - + o — Koy
Flhroy — o] + oy — kray| + [kray — a4+ -+ + oy, — proy|
+procy — p1| + [Bgr1 = pin Bel + 0 By — Byl + -+ +18; — kiBy
+|kiB; — Bi—1| + [Bjr1 — kiB;| + [kiB; — Bi| 4+ + | By — pin Bp]
+1piaBp = Bp-1l + M,
= ao| + Mg+ (g1 — priag) + |ogl(L = ppy) + - -+ + || (K — 1)
+(kray — ajor) + (kroy — aia) + lagl(ky = 1) + -+ + |op|(1 = pr,)
+(ap-1 = pry0p) + (Bgr1 — pir Bg) + Bl (L = pir) + -+ - + |B5](k — 1)
+(kiBj — Bj-1) + (kiBj — Bir) + Bl (ki = 1) + -+ + [Bp|(1 — piy)
+(Bp—1 = piBp) + M,
= ool + My = prt + (1= ) + 20, — 1) + 2 + a1 = pr)
—Pra®p = Pir Bq + Bl (1 = pay) + 2[B5[ (ki — 1) + 2ki3; + | B[ (1 — pi,)
—PirBp + M.
We can notice 2" f (1> = i(ae — ay_1)2""" where a_; = 0 has the same bound on

z
=0
|z| =1 as f(z). Namely,

1
1 (3)] = Tool 3= gy el = pn) + 2l = 1) + 2

—H&p’(l - p?‘z) = ProCp — pilﬁq + |B¢1’(1 - ph) + 2|ﬁ]’(kl - 1) + 2]{153
+|/Bp|<1 - pi2) - pi2ﬁp + MP

is analytic in |z| < 1 where we consider this function to have the value a,, — a,_1 at
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z = 0. We have

n 1
1 (D] = bl + 84, a1 ) + 2l = 1)+ 2
+ap| (1= pry) = pryay — piy By + Bl (1 — piy) + 21851 (ks — 1) + 2k 3;

—Hﬁp‘(l - ng) - pizﬁp + Mp

for |z| <1 by the Maximum Modulus Theorem. Thus

1 1
7(2)] = g (oo My g+ ol = pn) + 2l = 1) + 2he

+|ap|(1 - pm) = PryOp — pi1ﬁq + |6q|(1 - le) + 2|B]|(kz - 1) + 2k’b/8]

HAI = pi) = pufy+ M,
. oL
for |z| < 1. Replacing z with — we have
2

1
‘f@N S(MHJQ—%%+MMPwM+%M%—D+%Mj
HOpl (L= pra) = pratp — iy + 18al(L = 1) + 208, (ks — 1) + 2435,

ﬂ@m—m»—%@+MQm"

for |z| > 1. We have

[P(2)(1=2) = |f(2) = an""|
> lanll" = 1£(2)]
> |l - (|a0| + My = priag + |og|(1 = pry) + 2|a|(kr — 1)

+2k7”aj + |ap|(1 - pTz) — PryQp — pilﬁq + |ﬁq|(1 - ,0@1)
-wmﬁm—n+%ﬁHW%a—m»—%@+Mguw

:|fmww—QW+MﬁMﬂﬁWMLWM+%MW—U
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+2k7"a/j + |ap|(1 - pm) = PryQp — pilﬁq + |6q|(1 - ,01'1)

C21B (ks — 1)+ kB 4 Byl(L = pi) — piay + M)]

2| > a_(|a0| + My = priog + [ag|(1 = pry) + 2|a] (ke — 1) + 2k
Flap| (L= pry) = procy — pin By + 18l (1 = pir) + 2|85] (ks — 1) + 2k 35

B = pi) = puBy + Mp)
then
0 # | [|an||z| - (|ao| M, = prag + Jagl(L = pn) + 2l (k — 1)+ 2kya

+‘ap|(1 - :01”2) = ProCQp — pi1ﬂq + ’BQ‘<1 - pzl) + 2‘5]’(1% - 1) + leﬁj

+|Bp|(1 - piQ) - pizﬁp + Mp)} :
Therefore all zeros of P(z) lie in

o1 o (loal 34, = pag +legl(1 = po) + 2, = 1) + 2k

+|Oép‘(1 - pTQ) = PraOp — pi16q + |Bq|(1 - pil) + 2’6J|<k2 - 1) + 2k26]
HAI = pi) = pafy

]

Notice that Theorem 4.1 reduces to Theorem 2.2 when 7 = p. By applying a re-
versal condition, this allows us to examine polynomials which have strictly decreasing

subset of coefficients when j = ¢q. We also have the following for lacunary polynomials:
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Corollary 4.2. Let P(z) be an nth degree lacunary polynomial of the form P(z) =

ag + Z apz’, ag # 0. Suppose P(z) has complex coefficients such that Re(as) = au,
l=m

Im(aé):65;0<pr1 §170<pr2§1;0<)011§1;0<p12§1; kTZ]-; Cmdkzzl

satisfies

Pri0g < Qg <o Sy ko 2> gy 2 2y,
PirBq < Bgr1 < -+ < Bjma S ki 2 Bjsa 2 - 2 pigfp, 1 Sm < g < j<p.

Then all zeros of P(z) lie in the disk

1
2| > _(|a0|+Mq_pr1aq+|aq|<1_pr1)+2|aj|(kr_1)+2kro‘j

||

+‘ap|(1 - pTz) = PryCp — pi15q + ’Bq‘(l - le) + 2‘5]’“@ - 1) + 21{16]

8L = pia) = piafly+ M,,)

q n
where M, = Z lag — ag—1| and M, = Z lap — ag_1].

Notice that Corollary 4.2 reduces to Theorem 4.1 when m = 1. Notice the only
change is M,. Similar to Corollary 2.4 we can consider polynomials of the form

P(z) = ap + Z—i—anz", where ag # 0, and a,, # 0. Will have the same M, as in
l=m

ml

Corollary 4.2 and M, = Z |ag—ar—1|+|an—a,—1]. Now that we have an outer bound

t=p
for locations of zeros with a reversal, we will now find the inner bound to which no

zeros will be located. Thus we get:

Theorem 4.3. Let P(z) = Z a2’ be a polynomial of degree n such that o; = Re(a;)
=0
and B; = Im(a;), 0<pr, <1,0<p,, <1,0<p;, <1,0<p;, <1, k. >1, k; >1,

and

Pritg < Qg1 <o Sy S ko > @ 20 2 oy,
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PirBqg < Bor1 < S Bjm1 S ki > By = = piyBpg < g < p.

Then P(z) does not vanish in

|Z’ < min {17 ’CL0|/<MQ + ’Oéq|(1 - pTl) — Pr Qg + |6¢Z|(1 - pil) - pTlﬁq + riaj
20l (ke — 1) + 2085 + 218;1(ki — 1) + [ap|(L = pra) — proacty + 18,11 piy)

_pi2ﬁp + Mp + ‘an‘) }7

n

q
where M, = Z lag — ag—1| and M, = Z lap — ap—1].

/=1 l=p+1

Proof of Theorem 4.3. Consider the reciprocal polynomial
n 1 n n—1 n— n—
S(z)=2"P| -] =a"+az" "+ Fa2" 4 a 2" P+ a2+ an.
z
Let
H(z) = (1-2)5(2)
= —ap2" + (ag — a1)2" + (a1 — az) 2" -+ (ag — agi1)2" Y
+ooot(ap — A1) 2" P4 (Ao — A1) 2+ (@) — an)z + .
This gives
[H(z)| = laollz[""" - (|a0 — a2 +lay — agl2|" 7t + -+ lag — agaa]z["
oo ey = agl 2" gy = agal ]2 ap = apa 2T
Han—s — an_1|]2]? + |an_1 — anl|z| + |an|)
= ol = (Jao = sl + fo — aalleP -
+lag + by — agrr — iBgpallz[" + - -

a5 —ay — il |2 |y i) — iy — B[z

o4



+. 4+ |o_/p —+ iﬂp — Opt1 — i5p+1||z|n_p

Hao-a = a2+ s = 2]+ o]
where oy = Re(ay) and By = Im(ay) for ¢ < ¢ < p. This gives

[H(2)| > |ao||2["*" - (|Go —ar|lz]" + lar = ag| |2" T+ g — agpal[2["T
HBy = Baal 2"+ layon — ayl2" T 4 By — Byl
Floy = aja|lz[" 18 = Biall2" T A |y — appa|2[MTP
Hp = BpalleP 4 lan-a = el + ot = anla] + ol

= alle" = (Jao = aulle + o = aglls -

+log = priog + priag — agial[2[" + [Bg — pin By + pi By — Baa|[2[*
+o ooy = ke + ke — ag|2"
B — kil + ki — Bill=[" A oy — ey A ey — @]z
+Bj — ki + ki — Biallz" 4
+lay = proay + procy — || + By — i By + pinBp — Bpall2]"7

s — an |22 + lan_t — anll2] + |anr)

v

|aol[2|" " — (|ao —arl[2]" 4 a1 — aof[2" T - Jag — pryagl]2M T
Hlprag — agral|z]"T + 18y = pin Ball2]" ™ + 1pin By — Baaall2]" + -+
oy = keagl[2]" T 4 [k — agl[2]"TT 4 (B0 — kil |2
kB — Byl + Jay — ka2 A+ [kray — ajial]z]"

185 = kiBill 2"+ kiBy = Bigall2" 7 + -+ oy — proc||2]*7P
+pracy — api|[2["7F + By — pin Bpll 2" 7P + |pin By — Bpall2["P

95



oA ang = 1|2 a1 — anl|z] + |an\)

= aol]2|"™* = (Iao — ay]|z[" 4 Jar = aol[2" 7 4 g (1 = ) |2[MT
F(age1 = prag) 2"+ |Bgl (1 = pi) 2"+ (Bggr — pr B |27 4 -+
+(kroy — agoq) |2 oyl (ke — D) ]2" 7 4+ (ki — Bi—a) |27
85 (ki = D277 4 oy (ke = )27 + (kpoy — agr) 2"
HBi| (ki = D2 + (ki = Bip) |27 + -+ 4 ol (1 = ppy) 2" 77
(i1 = Pro0p) 2"+ Bl (1 — i )|2" 77 + (Bps1 — pinBp)|2]"
et s = o+ o = 2+ o]

— |z|n[|a0||z| _ (|a0_a1| + M+...+M

|| |24

Qg1 — Pr Qg i 1Bl (1 = piy)  Bor1 — pri By kroy — iy

- ot

|24 |2]9 |24 |2~
Llogllh: = 1) KiBy = B 1Bil (ki = 1) | Jayl(kr — 1)
|27 1t |2~ 2|7
kg —ag Bk = 1) KiB = B lowl( = o)
|2}/ |2l |2}/ |27
L O T Pra%p 8o (1 = pia) | Bpr1 — piabp N |an—2 — an1|

BE BE BE
[ |an|
TR TR

1
Now for |z| > 1 so that 2 < 1, for 0 < /¢ < n we have
z|"~

|Z|n—2

|H(z)| = [2]" {|ao||zf - (|ao —ar| +fay —as + -+ |ag|(1 = py,)
+(agr1 — priag) + Bl (1 = pir) + (Bgr — priBy) + -+ + (kroyy — 1)
Flog|(kr — 1) + (ki — Bj—1) + 85| (ki — 1) + [y | (kr — 1)
F(kray — ajr) + Bl (ki = 1) + (ki — Bja) + -+ + lap (1 = pry)

o6



+(ap+1 - p7"2ap> + |Bp|(1 - /012) + (Bp-‘rl - pizﬁp) + -+ |an—2 — Up—1

+an_1 — an| + |an\)]

q
_ |z|“[|ao||z| _ (Z a6 = ] + lagl(L = pr) = Pty + 1Bal(L = pi)
=1
—pri By + 2kr0 + 2|l (ky — 1) + 2K 5; + 2|58 (ki — 1) + || (1 — pyy)
rstty + 1B = i) — P+ S lar — ] + \an\)]

{=p+1
> 0

if

o1 > o (Ml = ) = g+ (L= i) = iy + 2o
200l — 1)+ k585 + 2081 (ki — 1)+ lapl(1 = pra) = practy + 18,1(1 — pi)
—PiaOp + My + ‘an|)
q n
where M, = Z lag — ap—1| and M, = Z lag — ap—1|. Thus all zeros of H(z) whose
=1 (=p+1

modulus is greater than 1 lie in

1
o o (Ml = ) = g+ 131~ i) = ey + 2
2lagl iy — 1) 258, + 20505 — 1) + g (1= pra) — pracy + 1,11 — 1)

i+ M, + yany).

Hence all zeros of H(z) and hence of S(z) lie in

o1 { ool /(3 a0 = pr) = g 3101~ i) = ey + 2
+2lagl i — 1)+ 268, + 205,105 — 1) + lagl(1 = pr) = sy + 181 — 52

_pizﬂp + MP + |an’> }
o7



Therefore all the zeros of P(z) lie in

o > mm{l,mo\ / (Mq+|aq|<1—pﬁ>—prlaqﬂﬁq\(l—pm—pmmzkraj
2ol (ky — 1)+ 2kB; + 2B,k — 1) + lapl(1 = pra) — pracey + 1,11 = pi)

_pizﬁp + MP + |an|) }

Thus the polynomial P(z) does not vanish in

1 < o {1l /(M (= pn) = g+ 1= 1) = iy + 2hoa
200y — 1) + 2k38; + 2081k — 1)+ gl (1= pr) — practy + 8,101 — pi)

[

Notice that Theorem 4.3 will reduce to Theorem 2.5 when 7 = p. We also have the
ability to examine the coefficients with strictly decreasing monotone behavior when

J = q. Similarly, for a lacunary polynomial with similar parameters we have:

Corollary 4.4. Let P(z) = ag + Z, ag # 0 be a polynomial of degree n such that
l=m

;= Re(@i) and B@ = [m(ai)7 0 < Pry S 1; 0< Pry S 17 0< Piy S 17 0< Pis S 17
k.>1,k >1, and
Pri Qg S Qgt1 S e S Q51 S krOéj Z Q41 Z e Z PrqoCp,
PisBg < Bgr1 < - < Bjo1 S kify =2 G120 2 pinBp, g < J <.

Then P(z) does not vanish in

|Z’ < min {17 ’CL0|/<MQ + ’Oéq|(1 - pTl) — Pr Qg + ‘BQ|(1 - pi1) - pTl/Bq + riaj

o8



+2|a| (ke — 1) + 2k 85 + 2[5 (ki — 1) + || (1 = pry) — procy + |Bpl(1 — piy)

_pizﬁp =+ Mp + ‘an‘) }7

q n
where M, = Z lag — ap—1| and M, = Z lag — ap_1|.

{=m {=p+1

Notice Corollary 4.4 reduces to Theorem 4.3 when m = 1. We can also examine a

m’

dual gap polynomial, and we will have the same bound, except M, = Z lap —ap_1|+
£=p

|a, — an_1|. Now that the parameters have been applied to the real and imaginary

parts of the polynomial, we will now apply these parameters to the moduli of the

coefficients and thus we get:

n

Theorem 4.5. Let P(z) = ZCL[ZZ be a polynomial of degree n with complex coef-
=0
ficients such that |arga, — B] < o < 7/2, £ = 0,1,2,...,n for some real 5, k > 1,

0<p1<1,0<py <1,

prlag] < lagia] < --- < laja| <klaj| = Jajal = - = palapl ¢ < j < p.

Then all zeros of P(z) lie in the disk

1 -
2] < m(|a0| + M, + p1]ag|(sina — cosa — 1) + |ay| + 2 Z |a| sin a
" l=q+1

+2k|a;|(sina + cosa + 1) — 2|a;| — 2|a;41| cos a + 2|a,—1| cos a

p—1
+2 Z lag| sin v + palay|(sina — cosa — 1) + |a,| + Mp),
(=j+1

q n
where M, = Z lag — ag—1| and M, = Z lap — ap—_1].
=1 t=p+1
Proof of Theorem 4.5. Let P(2) = ap+ayz+- - ~+ag29+- - +a;2’++ - -+a,2+ - +a,z"

be a polynomial of degree n with complex coefficients such that | arga,— 3| < a < 7/2,
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=0,1,2,...,n for some real 8, pilas| < |ag1| < -+ < aj_1| < Elaj| > |aj] >
- > pola,| for ¢ < j < pwhere 0 < p; < 1,0 < py <1, k > 1. Without loss of

generality assume 3 = 0. Consider

P2)(1—2) = ao+ (a1 —ag)z+ -+ (agp1 — ag)z? + -+ (a; — aj_1)2’
a1 —ag)2? b (ap = ap1) 2 e (A — A1) 2"
n+1

—QpZ

= f(2) —a,z"™.
Then if |z| = 1, then

[FE < aol +far = aol + -+ +fages = ag| + -+~ + la; — a5 | + lajn —a5] + -+
Flap — apa| + -+ 4 |an — an-1]

q
= ao| + Z lag — ag—1| + |ags1 — prag + prag — ag| + -+
/=1
+|(lj — k:aj + /{ZCLj — CLj_1| + |(lj+1 — kaj + kaj — CLj| + -

+lap — paay + p2a, — ap-1| + Z lae — ap—1|.
{=p+1

q n
For M, = Z lag — ag—1| and M, = Z |ag — ap_1| then

/=1 l=p+1

1f(2)] < laol + My + |ager — prag| + |p1aq - aq| +oeee |aj — kaj| + |ka; — aj—1|

+|aj+1 - kaj‘ + ’kaj - ajl +eeet |ap - p2ap| + ’p2ap - ap71| + M,

< ao| + My + |ag1] cos o — prlag| cos a + |ag41| sina + prlay| sina
j-1
Hagl (1= p1) + D lar = aea| + lag|(k — 1) + Kla;| cosa — |a; 1| cos a
l=q+2
+klaj|sin o + |a;_1|sin o + k|a;| cos  — |aj11] cos a + kla;| sina
p—1
Hajlsina+la;|(k = 1)+ > lar — aca| + |ap|(1 = p2) + |ap 1| cos a
(=j+2

60



IN

—p2|ay| cosa + |a,—1|sin o + pala,|sina + M,

lag| + M, + |ag+1]|(cos a + sina) + p1]ag|(sina — cosa — 1) + |agy|
i1 j—1

+ Z (|ae| = |ae_1|) cos o + Z (|ae| + |ae—1]) sin «

l=q+2 l=q+2
+2k|a;|(sina + cosa + 1) — 2|a;| + |a;—1|(sina — cos )
p—1
+laj1|(sina — cosa) + Z (lag—1] — |as|) cos
(=542
p—1

+ Z (lag—1| + |ae|) sina + pala,|(sino — cos v — 1)
(=j+2
+|a,—1|(sin o + cos ) + |a,| + M,

lao| + M, + |ag+1|(cosa + sina) + pr]a,|(sina — cosa — 1) + |a,|

Jj—1 Jj—1 Jj—1 Jj—1
+ Z |ag| cos o — Z |ag—1| cosa + Z |ag| sin o + Z |ag—1| sin «
l=q+2 l=q+2 l=q+2 l=q+2
+2kla;|(sin o + cos o + 1) — 2|a;| + |aj—1|(sin o — cos )
p—1 p—1
+|a;41](sina — cos ar) + Z lap_1]| cosa — Z |ae| cos «
t=j+2 t=j+2
p—1 p—1

+ Z lag_1| sina + Z |ag| sin v + palay|(sin o — cosa — 1)
=j+2 l=j+2
+|a,—1|(sin o + cos ) + |a,| + M,

lag| + M, + |ag+1|(cos a + sina) + p1]ag|(sina — cosa — 1) + |agy|

Jj=2 Jj—2
+|a;_1| cosa + Z |ag+1]| cosa — |ag41| cosa — Z |ay| cos a
(=q+2 t=q+2
Jj—2 Jj—2
+|a;_1|sina + Z lag| sin o + |ag41]sin o + Z |ae| sin o
l=q+2 l=q+2
+2kla;|(sina + cos v + 1) — 2|a;| + |aj—1|(sin v — cos )
p—2
+laji1|(sina — cosa) + |aj41| cos o + Z lag| cos a — |a,_1]| cos
=j+2
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p—2 p—2
- Z lag| cos o + |ajq1|sin o + Z lag| sina + |a,—1 | sina

0=j+2 f=j+2
p—2
+ Z lag| sin o + palay,|(sina — cosa — 1) + |a,—1|(sina + cos @)
(=j+2
+lap| + M,

= ao| + My + 2|ags1]sina + pr]ag|(sina — cosa — 1) + |a,| + 2|a;_1|sina

j—2
+2 Z lag| sin o + 2k|a;|(sin + cos o + 1) — 2|a;| + 2|a;41|sin o
l=q+2
p—2
+2 Z lag| sin o + 2|a,—1|sin o + pala,|(sina — cosa — 1) + |a,| + M,
(=j+2
j—1
= aog| + My + p1lay|(sina — cosav — 1) + |a,| + 2 Z |a| sin o
l=q+1
p—1
+2kla;|(sin o + cos o + 1) — 2a;| + 2 Z |ae| sin o
=j+1

+p2|ay|(sina — cosa — 1) + |a,| + M,.
Hence also,

1 -
np <;)‘ < agl + My + p1lag|(sina — cosar — 1) + |ag| + 2 Z |a| sin

(=q+1
p—1
+2k|a;|(sina + cosa + 1) — 2|a;| + 2 Z |a| sin
0=j+1
+p2]ap|(sina — cosa — 1) + |a,| + M,
for |z] = 1. By the Maximum Modulus Theorem
1 —
2" P (;) ‘ < agl + My + p1lag|(sina — cosav — 1) + |ag| + 2 Z |a| sin «
l=q+1
p—1
+2k|a;|(sina + cosa + 1) — 2|a;| + 2 Z |ay| sin o
(=j+1

+palay|(sina — cosa — 1) + |a,| + M,
62



1 .
holds inside the unit circle |z] < 1. If R > 1, then Ee"e lies inside the unit circle for

every real 6. Thus it follows

j—1

|P(Re)| < (|a0| + M, + p1lag|(sina — cosa — 1) + |a,| + 2 Z |a| sin «
l=q+1
p—1
+2k|a;|(sina + cosa + 1) — 2|a;| + 2 Z |ae| sin o
(=j+1

+palay|(sina — cosa — 1) + |a,| + Mp) R"

for every R > 1 and 6 real. Thus for every |z| = R > 1,

[P(2)(1=2)] = |—a2""" + f(2)]
> an|[R™ = [ f(2)]
> a,|R™ — (|a0] + M, + p1lay|(sina — cosa — 1) + |a,]|
j-1
+2 ) |ag sin o+ 2k|ag|(sin e + cos a + 1) — 2|ay]
l=q+1
p—1
+2 Z lag| sin v + palay|(sina — cosa — 1) + |a,| + Mp> R"
(=j+1
= R" {\an\R — lao| + M, + p1]ag|(sina — cosa — 1) + |a,|
i1
+2 Z lag| sin o + 2k|aj|(sina + cosa + 1) — 2|a|
l=q+1
p—1
+2 Z lag| sin o + pala,|(sina — cosa — 1) + |a,| + Mp>}
(=j+1
> 0

if

1 e
R > m(|a0| + M, + p1]ag|(sina — cosa — 1) + |ay| + 2 Z |a| sin a
n l=q+1
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p—1
+2k|a;|(sina + cosa + 1) — 2|a;| + 2 Z |ae| sin «
(=j+1

+p2lay|(sina — cosa — 1) + |a,| + Mp).

Therefore all zeros of P(z) lie within

1 . ST
|z] < m(]aol + M, + p1]ag|(sina — cosa — 1) + |a,| + 2 Z la| sin o
n l=q+1
p—1
+2k|a;|(sina + cosa + 1) — 2|a;| + 2 Z |a| sin «
(=j+1

+p2lap|(sina — cosa — 1) + |a,| + Mp).

]

Notice when j = p, then Theorem 4.5 reduces to Theorem 2.8. With additional

parameters as discussed in Chapter 2, it will reduce down to Theorem 1.4. Now these

parameters can be applied to a lacunary polynomial:

Corollary 4.6. Let P(z) = ap + ZCMZK, ag # 0 be a polynomial of degree n with

{=m

complex coefficients such that |arga, — 5| < a < 7/2, £ =0,1,2,...,n for some real

B, k=21,0<p <1,0<pp <1, m<qg<j<p,
pilag] <lagu| < - <laja| < klaj| > lajia| > - > palay|.
Then all zeros of P(z) lie in the disk

1 =
|z] < —(]a0| + M, + p1]ag|(sina — cosa — 1) + |a,| + 2 Z lae| sin o

) t=q+1
p—1
+2k|a;|(sina + cosa + 1) — 2|a;| + 2 Z |a| sin o
(=j+1
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+palap|(sina — cosa — 1) + |a,| + Mp),

q n
where M, = Z lag — ag—1| and M, = Z lap — ag_1].
f=m {=p+1

These parameters may also be applied to a dual gap polynomial as seen in Corol-

m/

lary 2.10, and we will have the same bound as found except M, = Z lap — ap_q| +
t=p

|a,, — a,—1|. Now that we have the outer bound given these parameters, we will now

find a bound in which no zeros exist, giving:

Theorem 4.7. Let P(z) = Zagze be a polynomial of degree n with complex co-
=0

efficients. Suppose that, for some positive numbers k, py,p2,p and q with k > 1,

0 <pr <1,0< p <1, and 0 < qg <7 < p < n, the coefficients satisfy

|arg(as) — B| < a < 7/2 for some real B and for ¢ < € < p, and
prla] < lognn] <+ < lagal < Klagl > lagial > -+ > palay).

Then P(z) does not vanish in

j—1
|z] < min {1, |a0|/(Mq + |ag| + p1]ag|(sina — cosa — 1) + 2 Z |ag| sin o
l=q+1
p—1
+2k|a;|(sina + cosa + 1) — 2|a;| + 2 Z |ay| sin «
(=j+1
+p2lap|(sina — cosa — 1) + |a,| + M, + ]an|),
q n
where M, = Z lag — ag—1| and M, = Z lap — ag_1].
/=1 {=p+1
Proof of Theorem 4.7. Consider the reciprocal polynomial
n 1 n n—1 n— n—j n—
S(z)=2"P(-| = ap2"+a2" +--Fa2" - Fa;2" T 4 2P
z
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This gives

|H(2)| =

Y

+- -t ap—12 + a,.

(1-2)5(2)
—ap2" ™ + (ag — a1)2™ + (a1 — ag)2™ 4+ (ag — ag1)2" 4
+(ajy —a;)2" T 4 (a5 — aj1)2" T+ (apog — ay) 2" TP

+(an_1 — an)z + ap.

|aol[2]" " — <|ao —ar]]2|" + a1 — aof|2[" T+ fag — agial]2]T
o e = a2 4 g = agial[2MT 4 fapan — a2
+ At an1 — anllz| + ]an])

a7 = (1o = anllf + o = alls"~ 4 -

Hlag — prag + prag — g |27+ -+ lajor — kaj + kaj — ag|z[" 7
Haj — kaj + kay — aj[]2]"7 4+ Japo1 = paay + paay — apl[2]" TP
+ ot an—1 — anllz] + ]an]>

lag||z|"t* — (|a0 —ar||2]" + Jay — ao|[2|"t + -+ |ag — pragl|z|" Y
Hlprag — agia|[z[" 4 A fagor — ka2 4 Jkay — a2
Elisas

Haj = kajl|2["7 + ka; — agll2]" + -+ lap-1 — pagy|

Hostn =l 714+ faas =t + an] ).

Since 0 < p; <1,0< ps <1, k>1 then

[H(2)| =

Jao[2["" — (|a0 —aylz]" + Jar — aof[2[" 7+ -+ Jag| (1 — )]z
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Now for |z|] > 1 so that ——

|H(2)|

>

Y

Hlagrr — pragl|z|" "+ -+ |kay — aj ||z + Jag|(k — 1) ]2
—Haj](k — 1)’z|n—j 4 |]€CL]- _ aj+1HZ’n_j 4+ ’apfl _ pzapHZ’n—p-H

+lap|(1 = p2)| 2" P 4 -+ an—1 — anl|z] + |an|)

|Z|n [|a0||z| _ (|a0 _ CL1| 4572 | a2| 4t |aq|(1 pl) + |aq+1 plaql
|| |2 |24
b g g —aial el = 1) fagl(k — 1) Jka; — aj]
|2 |2 |2l |2l
+|ap71_p2ap| |ap|(1 = p2) NI |1 — ay| 4 ’an’)}
EENE )]

; <1, for 0 < ¢ <n we have and by Lemma 2.1

1
EE
o [\aouzr - (\ao ]+ Jar— as] 4+ lagr — ag) + a1 = p1)
+lagrr — prag| + -+ |ka; — a;_1| + |aj|(k — 1) + |a;|(k — 1)

Hlkas = azial + -+ lap1 = paayl +lapl(L = p2) -+ + fan1 — aul

)

q
o [|ao||z| - (Z a6 — 1] + agl(1  p1) + lager — prag| + -
/=1

+lka; —aj 1|+ la;|(k — 1) + |aj|(k — 1) + |ka; — aja| + - -

Hapr — paayl + Japl(1— p2) + 3 Jag — ar- 1|+\an|)]
{=p+1

2" [|ao||2| - (Mq +lag|(1 = p1) + (Jagr| = [praq]) cos

j—1
+(agia] + loragl) sina + > Jag — apa| + (Jka;| — |aj1]) cosa
l=q+2
+(|kaj| + [aj-1]) sina + |a(k — 1) + [a;|(k — 1) + (|ka;| — |aj41]) cosa
p—1
+(kay| + lajal)sina + > Jag — ara| + (Jap-a] = [paay]) cosa
t=j+2

(Jayr] + [paayl) sinar + Jap|(L = po) + M, + |an|)]
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Y]

o [\aouzr - (Mq T lagl(L = p1) + lagsa] cos @ — prlag|cosa

j-1
+|ag41|sina + py|ag|sina + Z (|ae] — |as—1]) cos
l=q+2
j-1

+ Z (Jae| + |ag—1]) sina + 2k|a;| cos a — |aj_1| cos o + 2kla;| sin o

{=q+2
+laj_1|sina + 2|a;|(k — 1) — |aj41]| cos a + |ajq1| sina

p—1 p—1

- Z (lag—1| — |ae]) cos o + Z (Jag—1] + |ae|) sin e + |ap—1| cos a
(=j+2 (=j+2

—palay| cosa + |a,—1|sina + pala,|sina + |ay|(1 — pa) + M, + \an\)l

K {|a0\|z] - (Mq + |ag| + p1lay|(sina — cosa — 1)

J—1 J—1
+|ag41|(sina + cos a) + Z lag| cos a — Z lag_1] cos a
l{=q+2 l{=q+2
j-1 j-1
+ Z |ag| sin v + Z lag—1|sin o + 2k|a;|(sina + cos o + 1)
l=q+2 l=q+2

p—1
+|a;—1|(sina — cos &) — 2|a;| + |aj41|(sina — cosa) + Z |ag—1| cos o
(=j+2

p—1 p—1 p—1
— Z |ag| cos a + Z lag_1]sin o + Z lag| sin o + |a,—1| cos
l=j+2 l=j+2 l=j+2

+|ap—1|sina + pola,|(sina — cosae — 1) + |a,| + M, + |anl>]

K [|a0||2’| - (Mq + |ag| + p1la,|(sina — cosa — 1)

j—2
+|ag41|(sina + cos @) + |aj_1| cos o + Z lag| cos a — |ag41] cos a
l=q+2
j—2 Jj—2
- Z lag| cosa + |a;j_1|sina + Z lag| sina + |ag41]sina
l=q+2 l=q+2
j—2

+ Z |ae| sin v + 2k|a;|(sin o + cosa + 1) + |a;—1|(sin o — cos ) — 2|a;|
l=q+2

68



p—2
+|aji1|(sina — cosa) + |aj1] cosa + Z lag| cos oo — |a,_1] cos a

(=j+2
p—2 p—2
- Z |ag| cos a + |ajq1]sina + Z lag| sin o + |a,—1| sin o
(=j+2 l=j+2
p—2
+ Z lag| sin o + |ap—1] cos a + |ap_1| sin @ + pala,|(sin o — cos v — 1)
(=j+2

gl + M, + |an|)]

= |z {|a0||z| - (Mq + |ag| + p1]ag|(sina — cosa — 1) + 2|ag41| sina

=2
+2|a;_1|sina + 2 Z |ag| sin v + 2k|a;|(sin o + cos a + 1) — 2]a;|
l=q+2
p—2
+2|aj 1] sina + 2 Z |lag| sin v + 2|a,—1 | sin «
(=j+2

+palay|(sina — cosae — 1) + |a,| + M, + ]an|)]

j—1

= |2 [|a0||z| — <Mq + |ag| + p1]ag|(sina — cosa — 1) 4 2 Z |ae| sin o
l=q+1
p—1
+2k|a;|(sina + cosa + 1) — 2|a;| + 2 Z |ag| sin «
0=j+1

+p2|ap|(sina — cosa — 1) + |a,| + M, + ]an|)]
if

1 —
|z > —(Mq+|aq|+p1|aq|(sina—cosa—1)+2 Z |ae| sin o

|a0|

l=q+1
p—1

+2kla;|(sin o + cos v + 1) — 2|a;| + 2 Z |a| sin o
t=j+1

+palay|(sinae — cosae — 1) + |ap| + M, + \an\).
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Thus all zeros of H(z) whose modulus is greater than 1 lie in

1 . ST
lz] < m(Mq—l—|aq|—|—p1|aq\(smo¢—cosoc—1)+2 Z |ag| sin a

l=q+1
p—1
+2k|a;|(sina + cosa + 1) — 2|a;| + 2 Z |ag| sin «
=j+1

+p2lap|(sina — cosa — 1) + |a,| + M, + ]anl).

Hence all zeros of H(z) and of S(z) lie in

j—1
|z] < max {1 |a0|/(Mq + |ag| + p1]agl(sina — cosa — 1) + 2 Z |a| sin o
l=q+1
p—1
+2kl|a;|(sin o + cos o + 1) — 2|a;| + 2 Z |a| sin o
=j+1
+p2lay|(sina — cosa — 1) + |a,| + M, + \an\).
Therefore all zeros of P(z) lie in
j—1
|z > min {1 |a0|/<Mq + |ag| + p1]ag|(sina — cosa — 1) + 2 Z |ae| sin o
l=q+1
p—1
+2k|a;|(sina + cosa + 1) — 2|a;| + 2 Z |a| sin av
t=j+1
+p2lap|(sina — cosa — 1) + |a,| + M, + |an]>.
Thus the polynomial P(z) does not vanish in
j—1
|z] < min {1 |a0|/(Mq + |ag| + p1]ag|(sina — cosa — 1) + 2 Z |a| sin o
l=q+1
p—1
+2k|a;|(sina + cosa + 1) — 2|a;| + 2 Z |ay| sin
(=j+1

+palap|(sina — cosa — 1) + |a,| + M, + ]an|).
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Notice when j = p then Theorem 4.7 reduces to Theorem 2.11. Now consider

these parameters applied to a lacunary polynomial:

Corollary 4.8. Let P(z) be an nth degree lacunary polynomial of the form P(z) =
ap + Z arzt, ag # 0. Suppose that, for some positive numbers k, p1, p2, p and q with
{=m

E>1,0<p <1,0<p<1,and1 <m<q<j<p<n, the compler coefficients

satisfy | arg(ay) — B] < a < /2 for some real 5 and for ¢ < { < p, and
pilag| < lager| < -+ <laj1| < Klaj| > faj| > -+ = palay|.

Then P(z) does not vanish in

j—1
|z| < min {1, |a0|/(Mq + |ag| + p1]agl(sina — cosa — 1) + 2 Z |a| sin o
l=q+1
p—1
+2kl|a;|(sina + cosa + 1) — 2|a;| + 2 Z |ay| sin «
0=j+1

+p2|ap|(sina — cosa — 1) + |a,| + M, + ]an|).

n

q
where M, = Z lag — ag—1| and M, = Z lap — ap—1].

l=m l=p+1

These parameters may also be applied to dual gap polynomial as seen in Corollary

2.10 and we will have the same inner bound as seen in Corollary 4.8 except M, =

m/

Z lap — ap_1| + |an — an_1].

o One major benefit of including a reversal into the hypotheses for the coefficients
is it allows us to shift the point in which that reversal exists. Since j is not defined in
relation to either the q or p we are able to consider a larger set of complex polynomials.

Notice that when j = p, then our results resemble the properties found in Chapter

2, but when j = ¢, then instead of monotonically increasing coefficients, we are able
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to consider coefficients that are decreasing monotonically. We will further explore
these types of behaviors for counting zeros within a bound, and for quaternionic

polynomials.
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5 NUMBER OF ZEROS, MONOTONE WITH A REVERSAL

In Chapter 3, we discussed counting the number of zeros which appear within
a bound given a polynomial which has a subsection with monotonically increasing
coefficients on either the real and imaginary parts, or on the moduli. In this chapter,
we will discuss when the subsection of coefficients is monotone with a reversal as seen

in Chapter 4. Hence we have the following;:

n

Theorem 5.1. Let P(z) = ZGEZE be complex polynomial of degree n with com-
=0

plex coefficients where ay = Re(ay) and By = Im(ay) which satisfies for some real

Pris Pros Piys Pigs Kry and k; where 0 < p,, <1, 0<p,, <1,0<p;; <1,0<ps, <1,

k.>1, and k; > 1
Pri0qg < Qg1 S S S ko > g > 2> ap1 > 0y

Pir By < Bgr1 <o < Bisi S ki > Big1 = - = Bp1 2> pin By
Then the number of zeros of P(z) in the disk |z| < ¢ is less than

1 M

1
log /s Jao]

for0<d <1,

M = |ag| + M, + pryog + |ag|(1 = pry) + 2|ay| (ke — 1) + 2ka5 + || (1 — pyy)
—PryQp — Piy Bg + |6q|(1 — piy) + 2|le(kz - 1)+ 2k;3;

—Hﬁp‘(l - piz) - phﬁp + MP + |a’n|7

q n
My =" lag —ag| and My = 3" ag — ap].

/=1 l=p+1
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Proof of Theorem 5.1. Consider

F(z) = (1-2)P(2)
= ap+ (a1 —ao)z + -+ (g1 — ag)2" + - + (a5 — a;_1)2’

a1 — a2+ 4 (@ —ap1)2P A+ (A — ap1)2" — a2

For |z| = 1 we have,

|F(2)] < laol + lar — aol|2] + -+ + [agyr — agl[2|* + -+ - + |a; — a; 1|2
Hlaj — a2+ fap — apa| 2P+ fan = @]z
+an|| 2"
= |aol + la1 —ao| + -+ [agt1 — ag| + -+ |a; — aj1| + |aj41 — a;
+-Fap —apor| F - F |an — an_1] + Jan)
q
= |ao| + Z |ag — ag1| + oge1 + iBgi1 — g — iBg| + - -
/=1
Hloy +iB; — ajo1r = iBja| + |y +iBja — ay — i+ -
n
Hoy + By — ap — Bt | + Y lar— aga| + |an]

l=p+1
ol + My +argsn = gl -+l = 1] + s — a4+

IN

+lop = apal + 811 = Bol + - + 185 = Bi-al + 182 = Bil + -

+|ﬁp - 5p71| + M, + |anl,

n

q
where M, = Z lag — ap—1| and M, = Z |ag — ag—1|. So for |z| =1, we have

/=1 {=p+1

|F(2)] < ao|l + My + |agia + proog + prycg — g + - - -
+|Oéj — k;rozj + ]{?TOéj — O‘j—l‘ -+ |C¥j+1 — krOéj + k?,«Oéj — Oéj| + -

+|a/p — PryQlp + PraCp — ap—1| + |ﬁq+1 - pi1ﬁq + pi15q - 6q| +
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IN

+18; — ki + kiBj — Bial + 1851 — ki3 + ki3 — By + -+

+1Bp — pisBp + pisBp — Bp—1] + My, + |an]

|aol + My + |1 + priag| + [prag — ag + - + |ay — kray|
Flkray — aja| + oy — kroy| + |kray — ag + -+ oy, = pryoy]
+lprs 0 — 1| + [Bgr1 — pis Byl + pin By — Byl + -+ + 185 — ki3,
+kiBj — Bj-1l + [Bjr1 — kil + |kiBj — Bl + -+ + By — pia Byl
+1piaBp = Bp-1| + My + |an|

lao| + My + (g1 + proag) + agl(L = pry) + -+ + || (R — 1)
+(kray — aj1) + (kray — ajia) + oyl (kr — 1) + -+ |ap|(1 = pyy)
(-1 = Pryap) + (Bg1 — pin Bg) + [Bel (X = piy) + -+ + 85] (ki — 1)
+(kiBj — Bj-1) + (kiBj — Bir) + Bl (ki = 1) + - -+ + [Bpl(1 — piy)
+(Bp-1 = piaBp) + My + |an]

lao| + My + pryag + ag|(1 = pry) + 2|ey| (ke — 1) + 2k + |0y (1 = pyy)
—PraQp — Piy By + [Bgl (1 — piy) + 2185] (ki — 1) + 2k:3;

+’Bp|(1 — Piy) — PirBp + M + |-

Since F(z) is analytic in |2| < 1, and |F(2)| < |ao| + My + prycg + |og|(1 — ppy) +
2ag|(kr — 1) + 2kra + |ap|(1 = pry) = procy — piy By + Bl (L — piy) + 2[85] (ki — 1) +
2kiB; + 8ol (1 — piy) — pinBp + My, + |ay| for |z] = 1. So by Theorem 1.14 and the
Maximum Modulus Theorem, the number of zeros of F(z) (and hence of P(z)) in

|z| <4 is less than or equal to

1 | M
—_— 0 —
log /s & |ao|
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where 0 < § < 1 and

M = |ao| + Mg+ priog + |agl(1 = pry) + 2|ay|(ky — 1) + 2k + || (1 — pry)
—PryQp — Piy Bg + | Bel (1 — piy) + 2[B5] (ki — 1) + 2k, 3;

+|ﬁp‘(1 - pi2) - pizﬁp + M’P + |an|
O

Notice when j = p, then Theorem 5.1 reduces to Theorem 3.1. We can also
consider when j = ¢, hence we would have a strictly decreasing monotone behavior
on the real and imaginary parts of the coefficients. Now that we have considered a
reversal on the parts of the coefficient we will consider when a reversal is applied to

the moduli of the coefficients:

n

Theorem 5.2. Let P(z) = Zagzg be a polynomial of degree n with complex coeffi-
=0
cients satisfying |arga, — | < a < /2, { = q,q+1,...,p, such that for real k, p1, po,

where k> 1, 0<p; <1,0< py <1,
pilagl < lagp| < - <laja| < klaj] > faja] > - > lap1| > pofayl.

Then the number of zeros of P(z) in the disk |z| < ¢ is less than

1 | M
O —
log /s Jagl
for0<d <1, and
j—1
M = lag| + My + |ag| + p1]ag|(sina — cosa — 1) + 2 Z |ag| sin o — 2|a;|
l=q+1
p—1
+2k|aj](cosa +sina+1) +2 > Jagfsina + |a,|
(=j+1

76



+palay|(sinae — cosav — 1) + M, + |ay,|

n

q
where M, = Z lag — ag—1| and M, = Z lap — ap—1].

(=1 l=p+1

Proof of Theorem 5.2. Consider

(1—2)P(z)
ag + (a1 — ag)z + -+ + (ag1 — ag) 2" + -+ + (a5 — a;1) 7’

a1 —ag) 27 4 (4 = apn) 2+ (A — 1) 2" = a2

For |z| = 1 we have,

|F'(2)]

<

IN

laol + a1 — aol 2| + -+ + lagr1 — agll2]" + - + |a; — aja]|2f
Hajar = agllz T+t ap — apa 2+ -+ fan — ana 2]
a2

|aol + a1 — ao| + -+ + |agir — ag + -+ - + [a; — aj1| + |aj11 — q;

o ap — apr |+ |an — apr| + |an|

q Jj—1
laol + Y lae — ara| + |ages — agl + Y lae — ara| + |a; — a; 4]
=1 t=q+2
p—1 n
Hajn —ajl+ Y lag—aea|+la, — apa| + D lae— ar| + |al
l=5+2 {=p+1
j—1
|ao| + My + agi1 — prag + prag — aq| + Z |ag — ag—1]
l=q+2
p—1
lag — kaj + ka; — a5 1] + |aj = kag| + [kay —ag| + ) |ae — aps
=j+2
+lap — paap + pray — ap-1| + My + |ay]
j—1
|ao| + Mgy + lagr1 — prag| + |prag — ag| + Z |ag — a1
l=q+2

7



IA

p—1

Hay — kay| + [ka; — ajoa| + |agir — kag| + [ka; —ag| + Y lae —ar
—

+lap — paay| + |p2ay, — ap—1] + M, + [an|

lao| + My + |ag+1] cos o — pil|ay| cos o + |ag41|sina + pila,|sin o

j—1 j—1 j—1
+ag| (1 — p1) + Z |ae| cos v — Z lag_1| cos a + Z |a| sin a
l=q+2 l=q+2 l=q+2

j—1

+ Z lag—1|sina + |a;|(k — 1) + k|a;| cosa — |a;—1| cos a + k|a;| sin
l=q+2

+|aj_1|sina + klaj| cos o — |a;1] cos a + k|a;| sina + |aj4q|sina

p—1 p—1 p—1
+la;|(k —1) + Z |ag—1] cosa — Z |ag| cos a + Z lag—1]sin a
(=j+2 (=j+2 (=j+2
p—1
+ Z lag| sin v + |ap|(1 — p2) + |ap—1| cosa — pala,| cos a + |a,—1|sin
(=j+2
+p2lay| sina + M, + |ay,],

by Lemma 2.1. Hence

[F(2)]

<

lao| + My + |ag+1] cos o — pi|ay| cosa + |ag+1|sina + p1|ay|sina

j—2
+|ag|(1 — p1) + |aj_1| cos o + Z lag| cos o — |ag41| cos
l=q+2
Jj—2 Jj—2
- Z lag| cos o + |aj_1|sin o + Z lag| sin o + |ag41] sin o
l=q+2 l=q+2

j—2

+ Z lag| sin o + |a;|(k — 1) + k|a;| cosa — |a;_1| cos o + k|a;| sin o
l=q+2

+|aj_1|sina + kla;| cos o — |aj41| cos o + k|aj| sina + |aj41| sin o

p—2
+|a;|(k = 1) + |a;q1]| cos o + Z lag| cos a — |a,_1| cos a
=j+2
p—2 p—2
- Z |ag| cos o + |aj41|sina + Z |ag| sin o + |a,—1|sina
0=j+2 l=j+2
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p—2

+ Z lag| sin o + |a,|(1 — p2) + |ap—1]| cosa — pala,| cos o+ |a,—1|sin
(=542

+p2|ap|sino + My, + |ay]

lao| + M, + p1]ag|(sina — cosa — 1) + 2|a 1] sina + |a,]
j—2
+2 Z lag| sin o — 2]a;| + 2k|a;|(cosa + sina + 1) + 2|a;_1|sin
l=q+2

p—2
+2|aj ] sina + 2 Z |ag| sin v + 2|a,—1| sin v + |ay|
(=j+2
+palay|(sinae — cosav — 1) + M, + |ay,|
j—1

lao| + My + |ag| + p1]ag|(sina — cosa — 1) + 2 Z |ag| sin o — 2]a;|

{=q+1

p—1
+2k|a;j|(cos o+ sina + 1) + 2 Z lag| sina + |a,|
(=j+1

+palay|(sina — cosa — 1) + M, + |a,|.

Since F(z) is analytic in |z| < 1, and |F(z)| < |ao| + My + |ag| + p1lag|(sina —

Jj—1 p—1

cosa—1)+2 Z lag| sin o —2|a;| + 2k|a;|(cos a+sina+1) 42 Z |ag| sin a+ |a,| +

l=q+1 l=j+1

p2la,|(sina —cos o — 1) + M, + |ay,| for |z| = 1, so by Theorem 1.14 and the Maximum

Modulus Theorem, the number of zeros of F(z) (and hence of P(z)) in |z] < 4 is less

than or equal to

1 | M
—_— O [
log /s & lag|

where 0 < 6 < 1, and

j—1
lag| + My + |ag| + p1]ag|(sina — cosa — 1) + 2 Z lag| sina — 2|a;|
l=q+1
p—1
+2kla;|(cosa +sina+ 1) 4 2 Z lae| sina + |a,|
(=j+1

+palay|(sina — cosav — 1) + M, + |a,|.
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]

We can notice Theorem 5.2 reduces to Theorem 3.4 when j = p. Similarly,
we can consider the monotone decreasing on the moduli when 7 = ¢. If we apply
this condition to a lacunary polynomial, we will have the same bound except M, =

q

Z lag — ap_1|. If we apply this to a polynomial with two gaps, then we will have

l=m

q m'’
M, = Z lag — as—1] and M, = Z lap — ap_1| + |an — an_1].
l=m l=p
The addition of the reversal allows us to shift the point in which the reversal
occurs as there are no limitations for the occurrence of our j subscripted coefficients.

The ability to move this point allows us to apply the theorems found within this

chapter to a larger set of polynomials.
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6 LOCATIONS OF ZEROS IN THE QUATERNIONS

6.1 Quaternions Background

In the field of mathematics it is rare for there to exist an exact date in which
major discoveries were found. Sir William Rowan Hamilton attempted to discover
a triplet number system as his sons, Archibald Henry Hamilton and William Edwin
Hamilton, would attend breakfast and ask Hamilton if he was able to multiply triplets.
On 16 October 1843, Hamilton created a four dimensional number system which we
now refer to as the quaternions, denoted H in honor of Hamilton. While Hamilton
never succeeded in being able to multiply triplets, the quaternions produced the four
dimensional number system [6]. The standard notation H = {a + §i + vj + 0k |
a,B,7,8 € R}, where 4,7,k satisfy > = j° = k* = ijk = —1. We can note the
quaternions are the standard example of a noncommutative division ring.

A number in the quaternions, usually denoted with ¢ where ¢ = a+5i+vj+dk € H
contains one real part, o and three imaginary parts, 5,7 and d. The conjugate in

the quaternions is defined as § = o — fi — vj — 0k and the modulus is defined as

lg| = /q@ = /o2 + B2+ ~2+ 62, The modulus is a norm on H. We also define
the ball B(0,7) = {q¢ € H | |¢| < r}, for r > 0. Now define the angle between
two quaternions ¢; and ¢, by treating them as if they were vectors in R* . For

¢1 = a1+ Pri+717+ 0k and ga = ag + Bai + Y2 + Ik, the angle between ¢; and ¢y is

L1, o) = cos~ ! (041042 + B152 + 112 + 5152>
1,42) —

|¢1/g2|
Since commutivity fails in the quaternions, a polynomial of the form aq" is different

from the polynomial agqaiq---qa,, where a = aga; ---a,. By convention, we take
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indeterminate value on the left and coefficients on the right, so we would write the

quaternionic polynomial P (g Zq a,. We also define for such P, and Py(q) =
=0

Z ¢'by,, the regular product is (P * Py)(q) = Z ¢ a;b;. Unlike in the

=0 i=0,1,...,n3j=0,1,....m

complex field, the lack of commutivity also causes the Factor Theorem to fail. For
example, a second degree polynomial ¢> + 1 has an infinite number of zeros; namely,
q = Pi +vj + 6k where 32 +~v* + 6% = 1. Thus we can denote the solution set of the

equation ¢ +1 qgasS: S = {Bi+7j + 0k | B +~*+ 0% = 1}. Also we have [21]:

Theorem 6.1. Let f and g be given quaternionic polynomials. Then (f * g)(qo) =0
if and only if f(q0) =0 or f(qo) # 0 implies g(f(g0)~ o f(a0)) = 0.

The following appears in the same paper:

Theorem 6.2. Let quag be a given quaternionic power series with radius of con-
=0
vergence R. Suppose that there exists xo,y90 € R and I,J € S with I # J such

that zo + yol)far = 0 and zo + yoJ)ar = 0. Then for all L € S we have
Y Y

=0 (=0
Z To + yOL ap = 0.
=0
Notice Theorem 6.2 illustrates how the 2-sphere S plays a fundamental role in
zeros of a quaternionic series, and thus of polynomials [14]. Gentili and Struppa gave
a definition for the multiplicity of zeros for which when counted by their multiplicity
equals the degree of the polynomial [15]. Gentili and Struppa also introduced a

Maximum Modulus Theorem for regular functions [14]:

Theorem 6.3. Let B = B(0,r) be a ball in H with center 0 and radius r > 0, and
let f: B — H be a reqular function. If | f| has a relative mazimum at a point a € B,

then f is constant on B.
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6.2 Necessary Lemma

As a corollary to Theorem 6.1, we can extract the following lemma:

Lemma 6.4. Let P(q) be a quaternionic polynomial. Then the only zeros P(q)*(1—q)

are ¢ = 1 and the zeros of P(q).

Proof of Lemma 6.4. By Theorem 6.1, P(q)*(1—¢) = 0 if and only if either P(q) = 0,
or P(q) # 0implies P(q) 'qP(q)—1 = 0. Notice that P(q) 'qP(q)—1 = 0 is equvalent
to P(q) 'qP(q) = 1 and, if P(q) # 0, this implies that ¢ = 1. So the only zeros of

P(q) (1 —q) are ¢ = 1 and the zeros of P(q). O

Similar to Theorem 2.1, there exists a similar property for quaternionic variables.

That is [3]:

Lemma 6.5. Let q1,qo € H where ¢ = a1+ 1i+71)+01k and qa = ao+Boi+y2)+02k,

L1, q1) =20" <20, and |q1| < |gz|. Then

Iz — q1] < (|g2] — |q1]) cos O + (|gz| + |qu|) sin 6.

6.3 Locations of Zeros for Quaternionic Polynomials

We will now consider applying our p, k, p and g parameters to a quaternionic
polynomial with quaternionic coefficients. We first look at the monotonicity condition

applied to the real and imaginary parts of the coefficients. Hence we have:

Theorem 6.6. Let P(q) = ao + qay + --- + ¢"a, be a polynomial of degree n with

quaternionic coefficients. That is ay = oy + Bt + Y + 0ck, for £ =0,1,2,... ,n and
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a(ﬂﬁﬂv’YE)(SZ are T@(Il,qu,0<pR§1, 0</0[§1;O<PJ§ 1;O<pK§1 and

kRZ]-7k]Z]-;kJZ]-;kK217
prOQ < g1 < -0 < kroy,

prBo < Bo+1 < -+ < kif,,
pive < Yo+1 < < ki,

PrOQ < 0g41 < o < kg,

Q n
M, = Z lag — ap—1| and M, = Z lag — ap_1].
=1

{=p+1

Then all zeros of P lie in

1
lq| < m (|a0| + My + |op|(kr — 1) + kray, + [ By|(kr — 1)
—|—]€1ﬁp + |’)/p|</{}J — 1) -+ kJ’)/p + |5p‘(k'K — 1) -+ k?Kép — pROéQ
+(1 = pr)lagl — p1Bq + (1 — pr)|Bal — prve + (1 = ps)lval

o + (1= prlligl + 1, )
Proof of Theorem 6.6. Define f by the equation
P(g)*(1—q) = ao+qlar —ao) +¢*(az — ar) + -+ +¢"(an — an_1) — ¢"ay,
= f(Q) - qn+1an-

By Lemma 6.4, the only zeros of P(q) * (1 — ¢) are ¢ = 1 and the zeros of P(q). So,

for |g| = 1, we have

1f(@] = lao+qlar —ao) + ¢*(a2 — a1) + -+ + ¢"(an — an-1))|

< lao| + |qllar — ao| + |g*|as — ar] + -+ + |¢|*|ags1 — ag
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+---+ |Q|p|ap - ap—l' ++ |Q|n|an - an—1|
= lao| + |ay — ao| + |ag —ar| + -+ + |agy1 — agl + -+ +[a, — ap

vt fan — ap |

Q P n
= lao| + Z lag — ap-1| + Z lag — ap—1| + Z lap — ap_q
=1 (=Q+1 t=p+1
p
= lao| + M,y + Z lag — ag_1| + M,
=Q+1
where
Q n
My =" lar— a1 and My, = >~ [ag— a4,
t=1 t=p+1
Thus
P
1f(2)] < laol + M, + Z lag — ar_1| + M,

=Q
= Jao| + M,

+ Z \/(Oée —ap-1)?+ (Be— Be—1)? 4+ (e — ve=1)? + (0 — 00-1)% + M,
=Q+1

p
laol + My + D (lawe — aem| + |Be = Beal + [ve = 1| + 160 — de1])
(=Q+1

IN

+M,

= |a0| + Mq + |ap - ap—1| + |ﬁp - ﬁp—1| + h/p - 7p—1| + |5p - 5p—1|
p—1
+ > (low = aecal + 18 = Beal + |1 — veer| + 166 — 6¢-1])
1=Q+2
+lagy — agl + 8o — Bal + o1 — val + 10g11 — dgl + M,

= |ao| + My + |oy, — kray, + kray — 1| + B8y — kiBy + k1B — Byl

"H'Yp — kv + ki — 'Ypfly + ’(Sp - kK5p + kK(sp - 6p71‘
p—1
+ Z (Jee = apr| +|Be = Be-1l + [ve — ve-1| + 8¢ — 6¢-11)
(=Q+2
+agy1 — prag + prag — agl + [Boy1 — p1Bo + p1Bo — Bgl
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IN

+vo11 — pivg + pive — Yol + 1011 — pPrdq + prdq — dg| + M,
’CLO‘ + M, + ‘Oép - kR@p’ + ’kRO‘p - CV;ufl| + Wp - klﬁp‘ + ‘klﬂp - Bpfl‘
+|7p - kJ'Vp’ + |k7J’7p - 7p—1| + ‘5p - kK5p| + |k7K5p — 5p—1’
p—1

+ ) (o — ama| + 18 = Beoal + [ve — ve—1| + 16 — de1])

(=Q+2
+lagir — prag| + |prag — agl + [Be+1 — p1Bal + [p1Be — Bal
+vg+1 — paval + 1pve — Yol + 10911 — prdgl + |prdq — dg| + M,
lao| + M, + ‘ale — kg| + (kRO‘p - O‘p—l) + |ﬁp||1 - k"I‘ + (klﬁp - 510—1)

+|7p|’1 - kJ’ + (kJ’Vp - ’7p71> + ’5PH1 - kK‘ + (kKép - 5p71)

p—1 p—1 p—1
+ Z (e — 1) + Z (Be = Be—1) + Z (e = 7e-1)
(=Q+2 (=Q+2 (=Q+2

p—1

+ Y (60— 0e-1) + (g1 — prag) + lor — Llagl + (Bgs1 — piBo)
1=Q+2

+|p1Q— 1[Bal + (vo+1 — ps1@) + lps — Ulvel + (dg+1 — prdg)

+lpx — 1”‘562‘ + M,

|ao| + My + |apl|[1 — kp| + (kroy — ap—1) + [Bpl|L — ki| + (k1 By — Bp-1)

1wl = ksl + (ksvp = Y1) + [0p][1 — k| + (Fxdp — 0p-1) + p1

—agi1 + Bp1 = Bor1 + Y1 — Y1 + 01 — 011 + (g1 — prOQ)

+lpr — Ulag| + (Bo+1 — p1Be) + |pr — 1[Ba| + (vo+1 — P170)

+lps = Ukl + (0g+1 — prdq) + [px — 1|dq| + M,

|ao| + My + |ap|(kr — 1) + kray, + [Bp| (k1 — 1) + ki By + [pl(ky — 1)

+kyvp + |6p| (ki — 1) + kxdp — prag + (1 — pr)lag| — p1Bq

+(1 = p1)lBa| — prvo + (1 = pi)lvgl — prdq + (1 — px)|dg| + M,.
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1 n
We can notice ¢" f <—> = E q"“(ay — ag_y) where a_; = 0 has the same bound
q
(=0

on |g| as f. Namely

qaf G) ’ < lao| + My + |oy|(kr — 1) + kroy, + |Bp|(kr — 1) +
1By + Fiplks — 1) ks + 18] (e — 1) + by — praro + (1 — pr)lavo] — prfio + (1
p0lal — prig+ (1= p) vl = prcda+ (1 — pic)|da| + 1My | for Jg] = 1. Since " f (3)
vi(;)

1) + k1B + [l (kg — 1) + kv + |0p] (ke — 1) + kxdp — prag + (1 — pr)lag| — p1Bq +

is analytic in |¢| < 1 we have <ao|+ My~ |op|(kr — 1)+ kray, + | Byl (kr —

(L= p0)lBal = psve + (1= ps)val — prdq + (1 — px)|dq| + M, for [¢] < 1 by Theorem

6.3. Thus

1 1
\f (5)\ — o (Ja - My gl = 1)+ e 1501 = 1)+
+pl (kg = 1) + ks + |6p] (kg — 1) + kxdp — prag + (1 — pr)|ag|
—p1Bq + (1 — p1)|Bal — prvg + (1 — ps)lvel — prdq + (1 — px)|dg|

a1,

1
for |¢| < 1. Replacing ¢ with — we have
q

f (@] = lq" <\ao| + My + |ep|(kr — 1) + kroy + Byl (k1 — 1) + k1B,
+|7p|(kJ - 1) + kJ% + |5p|<kK - 1) + kK(Sp — PROQ T (1 - /)R)|O‘Q’
—p1Bq + (1 = p1)lBol — psvg + (1 = ps)lvgl — prdq + (1 — px)|dg

a1,

for |g| > 1. Since

1P(q)«(1—q)| = [f(q) —¢"an]

> g™ an] — | £(q)]
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> g™ an| — \Q|"(lao! + My + || (kr — 1) + kray, + [Bp|(kr — 1)
‘Hffﬁp + ”Vp’(kJ - 1) + kJ% + ’6p|(kK - 1) + kK(sp — PROQ
+(1 = pr)lag| — prBq + (1 — p1)|Bol — pove + (1 — ps)lygl

b+ (1— pro)ldgl + Mp),
then

1

q > m("“' M, + oyl (ks — 1) + knay + Bk — 1)
‘Hﬁﬁp + "Yp’(kJ - 1) + kJ'Yp + ’5p|(kK - 1) + dep — PROQ
+(1 = pr)log| — piBo + (1 — p1)|Bol — pove + (1 — ps) ol

—prdg + (1 — pr)|dg| + Mp)

then |P(q)* (1 —¢q)| > 0 and P(q) * (1 — gq) # 0. Since the only zeros of P(q)* (1 —q)

are ¢ = 1 and the zeros of P, for

1

ol > m(\aor M, + Jagl (ki — 1)+ kray + 1By (k1 — 1)
—H{;Iﬁp + |7p|(kJ - 1) + kﬂ/p + |5p|(kK - 1) + kK(Sp — PROQ
+(1 = pr)lagl — piBo + (1 — pr)|Ba| — povo + (1 — ps) ol

—pidq + (1= px)ldol + Mp)
we have P(q) # 0. That is, all the zeros of P lie in

1

lql < m (|a0| + M, + |O‘p|(kR - 1)+ kray + Wp’(kl —1)
—|—]€1ﬁp + |’Yp|</{}J — 1) -+ kJ’)/p + |5p‘(kK — 1) -+ k?K(Sp — pROéQ
+(1 = pr)lag| — p1Bq + (1 = pr)|Bal — psve + (1 = ps)lgl
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~picba + (1= pr)lial + 1, ).
O

Notice when v, = §, = 0 for all 0 < ¢ < n then Theorem 6.6 reduces to Theorem
2.2. With additional parameters previously discussed in this thesis, then Theorem 6.6
reduces to Theorem 1.4. With similar parameters we will now find an inner bound

containing no zeros:

Theorem 6.7. If P(q) = ag+qai+- - -+qQaQ+- +qPay,+---+q"a, is a polynomial
of degree n with quaternionic coefficients. That is ay = oy + Pei + Vej + 6ok for
¢ =0,1,2,...,n and real oy, Be, Ve, 00, where ¢ < p, 0 < pr < 1, 0 < p; < 1,

0<ps<1,0<px <1, kp=>1,kr =21, k; =21, kg > 1, satisfying
PrROQ < a1 < -+ < kray,

prBo < Bot1 < - < ki
P1VQ S V41 < < ki
PrOQ < 0041 < - < kgl

Then P(q) does not vanish in
i < win {1 laol / (34, + lagl(1 = o) — pmaq + 50l(1 ~ p1) = i

+vel(1 = ps) = prvg + 10l (1 = px) — prdq + krap + |ap|(kr — 1)

1By + 1Byl (ks — 1)+ Ky + 16|k — 1) + M, + |an|) }

Q n
where M, = Z lag — ag—1| and M, = Z lap — ag_1].
(=1 {=p+1
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Proof of Theorem 6.7. Consider the reciprocal polynomial

n 1 n n—1 n—Q n—p
Sla)=a"=P{ ) =d"a+q" Tart kg ag oo+ q" a4 i+ an
Let

H(qg) = S(q)*(1—q)
= —¢"Mag+q" (a0 —a1) + ¢"Har —ag) + - + qan(aQ —ags1) + -

+qn_p(ap - ap—i-l) +oeeet qz(an—2 —ap-1) +qlan_1 — ay) + ay.

By Lemma 6.4, the only zeros of P(q)* (1 —q) are ¢ = 1 and the zeros of P(q). Thus

we have
|H(q)] > |q""|ao| — (|ql”|ao —ar| + |g|" ar — ao| + - + || ?|ag — ag+1]
+ -+ g P apoy — ap| + -+ g |an—2 — an_1| + |4l|an—1 — ax|
+|an|)
g aol - (|q|”|ao P |q|"—Q(<aQ —aga)?
%
+(Bg — 5Q+1)2 + (vo — ’YQ+1)2 + (g — 5Q+1)2) T
1
n— 1 2 2 2 2 2
+|q’ P (O‘p—l - O‘p) + (ﬁp—l - Bp) + (PYp—l - ’Yp) + (510—1 - 5p)
+oo g an—2 — ano1] + lgl|an—1 — an] + !%!)
> g™ ao| — (!q|"\ao —ay] + |q¢[" May — az| + -+ + q|"C)ag — ag4]

+g"?|Bg = Bat1l + |a"Clve — Yol + lal"%|0q — dgsa| + -+
+lg" Py — ap| 4+ g P Bor — Byl + la" P p—1 —
+lg[" P01 — 6| + -+ gl an—2 — an—1] + |gl|an—1 — an| + |a”|>
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v

ool = (Il = +Ja s — sl -

+g[""?lag — prag + prag — agiil + ||| Bo — p1Ba + p1Bo — Bo+1
+a"Cho — porg + Prve — Yol + 1al"Cloq — prdo + prdg — dg il
+oo g P a1 — kpay + ko, — oy

Hal" P Bpr = kiBy + i By — Bol + " o = ks + ks —
+g|" P60, 1 — kxdy + ki, — Oy + - - - 4 ||| an_g — an_1|

Hallons —anl + o]

lg|" " ao| - (Iqlnlao —ay| + |g|" Hay = ag| + -+ + |g|" Cag — prag|
+q|"Clprag — agul + la" 1B — piBal + lal"%lprBe — Botil
+al"?Ig — prrel + 1a" g — vouil + lal"%1dq — prdgl
+a"Clprdo — gl + -+ 4 gl P a1 — kroy)|

+la" P kray — ap| + [P By — KiBy| + g TP KBy — Byl
+|q|n_p+1|7p—1 — kvl + |q‘n_p+l|kJ7p — Yl + |q|n_p+1’6p—1 — kx|
I by 6+ P2 e + el — ol +[on])
lg|" " |ao| — (Vqln\ao —ay| + |g|" May — ag| + -+ + 1g["Clagl[1 — pgl
+[g|"Clagr — pragl + gl ?1BolIl — pil + la|™?|Bo+1 — p1Bo)
Hal" ?elll = pal + a1 %o — povel + lal"?loollt — pk

Hal" 1011 — prdol + - + la" P kray, —

Fla" P apllkr — 1 + [P k1B — Bpa| + la]" P Byl [kr — 1]

+al" P kv — por| + Ll P vl ks — 1] + || P kxS — Gyt
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Hal" PGl lkac = 1 + -+ + [alan—2 — anaa| + lallan—1 — an| + !%!)

= lq|"*ao| — (]q|”\a0 —ar| + |q|" Mar — az| + -+ + | Cagl(1 — pr)
+g" " ?(ags1 — prag) + |al""?1Bal(1 = pr) + |a|" "% (Bo+1 — prBo)
+Hal" ?Iel(1 = ps) + la"( - )+ al"“16q| (1 — pK)

q 7Q PJ q YQ+1 — PIVQ q Q PK
+q""?(bg+1 — prdg) + -+ + la|" P (kroy — i)
+q" P o | (kr — 1) + || P (k18p — Bp—1) + la|" 77 Bpl (ks — 1)
+la" P kv — vp-1) + lal" P vl (ks — 1) + || P (kg6 — 0p1)

+|q|n_p+1|5p’(kl< - 1) +oeee |Q|2|an—2 - an—1| + |q||an_1 - an| + |a”|)a

sinceO<pR§1,0<p1§1,0<pJ§1,0<pK§1,k321,k121,/{;J21,kK21,

prag < agyr < - < kpay, prfg < Bor <o < EkrBp, pavo < Yo < - < kR,

and prdg < 0g+1 < -+ < kgdy,. Thus

|H(q)] > [q|""|ao| — (|Q|"|ao —ay| + |g" May — ag + - + 1" Cagl(1 — pr)
+lg" % (ags — prag) + lal" Bl (1 — pr) + lqI"~° (Bosr — p1Be)
+a" %hel(1 = ps) + a1 — 1) + lal™ 1ol (1 — pk)
+g" % (bg1 — prdg) + -+ + g (kray — ap-1)
Fg" P ap| (kg — 1) + 1" P (k18 — Bp1) + la" P Byl (kr — 1)
Hal" P Ky = p-1) + P Pl (kg = 1) + g P (kxedy — Gp1)

Ha" PG| (ke = 1) + -+ + lalPlan—2 — ana| + lgllan — an| + Van')

a;r —a o 1—
= tar [l (jao e ¢ K20 ol
lq] lq]

QaQ+1 — PROQ |5Q|(1 - pl) BQ—H - PI@Q |7Q|(1 — pJ)
o T o 7 o " Q
lq| 4] g 4]
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_ do|(1 — 0041 — PKO
Yo+~ prve | 19l(1—px) | dgu = prde

* |q|@ " |q|@ |q|@
+kRap —op | oyllkr—1)  kiBp = Bp1 | Bpl(kr — 1)
[ [ gl [
kivp — -1 | | wl(ks —1) | kgdp—0dp-1  [0p|(kx — 1)
|q[p~! |q[p~! |q[P~? |q[P~1
T |an—2 —7%71\ n |@n-1 ta”‘ N |an|>}
|q|"—2 g™ |q|"

1
Now for |g| > 1 so that T < 1, for 0 </ < n we have
q|"”

HG) =l lllool = (Joo =l + o1 = aa] -+ fagl(1 = pa)
+(ags1 — pra@) + [Bol(1 — pr) + (Bor1 — p18q) + [val(1 — p1)
+(vg+1 — pavQ) + 100l(1 — pr) + (6g11 — prdq) + -+ + (kray — 1)
+ap|(kr — 1) + (k1B — Bp—1) + |Bpl (k1 — 1) + (ksyp — Yp-1)

+’6p|(k5K - 1) Tt |an—2 - an_1| + |an_1 — an| + |an])]

Q
e [rq|rao| - (Z a6 — ar1] + agl(1  pr) — prag + |8al(1 = p1)
/=1
—p1Bq + [ol(1 = ps) = pivg + 00l(1 — px) — prdg + kroy

+ap|(kr — 1) + k1B + Byl (kr — 1) + kyvp + [0y (kx — 1)

+ Z |CL4 - az_1| + |an|>:|

l=p+1
— [rq||ao| _ (Mq T ol (1 pr) — prac + 1Bol(L = pr) — prfo
gl = p3) = P + 19al(L = pic) — picdo + oy + gl (ke — 1)

ki + 1Bol(k — 1) &k + 18|k — 1) + M, + w)],
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where M, = EQ: lag — ap—1| and M, = z": lay — ap—1|. Now
=1 t=p+1
1H(g)| ZMWWWM—@@+Mﬂbwﬂ—ww+wwﬂﬂm—m%
+vl(1 = ps) — prvg +19I(1 — pr) — prdq + kray, + |ap|(kr — 1)
Fhaly 4 6,105 = 1)+ 4 3] = 1)+ Myt o] )]

> 0
if
1
lal > Tao| My + |ag|(1 = pr) — prag + |Bo|(1 — pr) — pi1Bq
+Hel(1 = ps) = prvg + 19l (1 = px) — prdq + kroy + [ap|(kr — 1)
+k1Bp + |Bpl (kr — 1) + kyyp + |0p] (b — 1) + M), + |an|).
Thus all zeros of H(q) whose modulus is greater than 1 lie in

1
M|SEHO%+MMPWM—M%+WMP#M—M%

+vol(1 = ps) = pivg + 190l(1 — px) — prdq + kroy + |ap|(kr — 1)

Fhaly 4 105 = 1)+ 2y 4 5] = 1)+ My + o] ).
Hence all zeros of H(q) and hence of S(q) lie in
gl < max {1, \ao\/ (Mq + |agl(1 = pr) — prag + Bl (1 = p1) — piBq

+1vol(L = ps) — povg + 100](1 — pr) — prdg + kroy, + |oy| (kg — 1)

<%@ﬁWMh—D+h%+%Ww4H%@+m0}

Therefore all the zeros of P(q) lie in

o = min {1 laol / (3, + el(1 = pr) ~ pmaq + 1501(1 = pr) ~ i
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+vol(X = ps) = pivg + 100l(1 = px) — prdg + kroy + |y | (kg — 1)

ki Bkt — 1)+ R + 16,k — 1) + M, + ranr) }

Thus the polynomial P(q) does not vanish in

< win {1 laol / (3, + o]t = o)~ pmq + 50l(1 = pr) ~ i
+el(1 = ps) — prvg + 10gl(1 = pr) — prdq + kroy, + |ay|(kr — 1)

ka4 8]kt — 1)+ ke + 16,k — 1) + M, + |an|) }
]

Similarly, when v, = §, for all 0 < ¢ < n, then Theorem 6.7 reduces to Theorem
2.5. Which further reduces to Theorem 1.13. Since we considered monotonicity on

the parts we will now consider monotonicity on the moduli:

Theorem 6.8. If P(q) = ag+qa; + -+ q%ag + -+ ¢"a, + - - - + ¢"a, is a polyno-

maal of degree n with quaternionic coefficients satisfying, for a nonzero quaternion b,
™
L(ap,b) <a< 3 for some a and £ = Q,Q + 1,...,p. Assume

plagl < lagu] < -+ < klayl.
Then all zeros P(q) lie in

1 . - .
ol < m(w+Mq+p|aQ|<sma—cosa—1>+|aQ|+2 > Jadsina - [a
n {=Q+1

+k|ay|(sinaw + cosa+ 1) + Mp)

Q n
where M, = Z lag — ag—1| and M, = Z lap — ap—1].

(=1 l=p+1
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Proof of Theorem 6.8. Let P(z) = ag+ qa; +---+q%ag + - + ¢°a, + - -+ q"a, be
a polynomial of degree n with quaternionic coefficients. Without loss of generality

assume [ = 0. Consider

P()x(1—¢q) = ao+qlay —ao) + -+ ¢¥(ags — ag)
+eeet qp(ap - apfl) +oee qn(a’n - an71> - qn+1an
= f(q) - qn+1an

By Lemma 6.4, the only zeros of P(q) % (1 — ¢) are ¢ = 1 and the zeros of P(q). So,

for |q| =1,
1f(@) < lag+qlar —ag) + -+ + ¢° M (agi — ag) + - -
+qp(ap - ap—l) + A+ q"(an — an-1)|
< laol + lgllar — aol + -+ - + || |agsr — agl + - -
+|Q|p|ap - ap—1| + o+ gl |an — an-|
= lao| + |a1 —ao| + -+ + [agi1 —ag| + -+ + |a, — ap
+-+an — an_1|
Q p—1
= laol + Y lac — ara| +lagi —agl + Y lar — ara| +|a, — ap
=1 =Q+2
+ Z |CL@ — ag_1|
{=p+1
p—1
= laol + M, + lagsr — agl + D lar— ara| + lap — ap_1| + M,
0=Q+2
Q n
where M, = Z lag — ap—1| and M, = Z |ag — ag—1|. Thus
=1 (=p+1
p—1
1F(@)] < laol + My + |agsr — pag + pag — agl + > lar— ars
=Q+2
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+lap — kap + kap — apa| + M,
p—1
< aol + My + lagis — pag| + pag — agl + > lar—ar
(=Q+2
+lap — kay| + [kap — ap-1| + M,.

So by Lemma 6.5,

£ (@)l

<

|ao| + My + (lag+1| — [pag|) cosa + (Jag+1| + |pag|) sina + |ag|(1 — p)
p—1 p—1
+ ) (lar = laeal)cosa+ Y (lael + ari|) sine + |a,|(k — 1)
=Q+2 (=Q+2
+(lkay| — lap-1]) cosa + ([kay| + |ap-1]) sin o + M,

lao| + M, + |ag+1] cosa — plag| cos o + |ag1] sin a + plag| sin a

p—1 p—1 p—1
+lag|(1 —p) + Z |ag| cos o — Z |ag—1] cosa + Z |ag| sin «
=Q+2 =Q+2 =Q+2
p—1
+ Z lag—1|sina + |a,|(k — 1) + k|ay| cos o — |a,—1| cos a + k|a,| sin o
(=Q+2
+la,—1|sina + M,

lao| + M, + |ag+1] cosa — plag| cos a + |ag41| sina + plag| sin a
p—2

+lag|(1 = p) + |ap—1| cosa + Z lag| cos v — |ag41] cos a
(=Q+2
p—2 p—2
- Z lag| cos o + |ap—1] sina + Z lag| sin o + |ag1| sin o
=Q+2 (=Q+2

p—2
+ Z lag| sina + |a,|(k — 1) + kla,| cos a — |a,—1| cos o + kla,| sina
(=Q+2
+lap—1|sina + M,

lag| + M, + plag|(sina — cos v — 1) + 2|agy1|sina + |ag]
p—2
+2|a,—1|sina + 2 Z lag| sin v — |a,| + Ela,|(sina + cosa + 1) + M,
=Q+2
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p—1
= |ao| + M, + plag|(sina — cos @) + |ag| +2 > |ag|sina — |a|

(=Q+1
+k|ap|(sina + cosa + 1) + M,
Hence also,
1 S
25 (2)] < bl +30,+ ocines —coma = ) gl +2 5 fatins b
q (=Q+1
+klap|(sina + cosa + 1) + M,
for |¢g| = 1. By Theorem 6.3
1 S
v (5)‘ < Jaol + My + plagl(sina — cosa = 1) + Jag| +2 Y ag|sina —|a,|
(=Q+1

+klap|(sina + cosa + 1) + M,

also holds inside the unit circle |g| < 1 as well. Thus

1 1 . -
‘f (—)‘ < —(|a0|+Mq+p|aQ|(81na—cosa—1)+]aQ|+2 E |ae| sin o
q lq|" 1=Q+1

—|ay,| + Elay,|(sin o + cosar + 1) + Mp)

1
for |¢| < 1. Replacing ¢ with — we have
q

p—1
lq|™ <|a0\ + M, + plag|(sina — cosar — 1) + |ag| + 2 Z lag| sina — |ay|
(=Q+1

| f(q)]

IN

+klap|(sina + cosa + 1) + Mp)

for |¢| > 1. Thus we have

[P(q)«(1—q)| = [f(g) —¢"an]

> g an| — | f(q)]
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v

‘qrwlwan’__’qyz(’ao|+.A4é-%;ﬂaQ]@ﬁncx——COSCM—-1)—%\GQ\

p—1
+2 Z lag| sin o — |a,| + klap|(sina + cosa + 1) + Mp>
=Q+1

= " lllonl = (Jal + My + plagltsine ~ cosa— 1) + gl
p—1
+2 Z lag| sina — |ap| + k|a,|(sina 4+ cosa + 1) + Mpﬂ .
=Q+1

So if

1 —
lq| > —<|a0|+Mq+p|aQ|(sina—cosa—1)+|aQ|+2 Z lag| sina — |ay|

|| =Q+1
+k|ay|(sin o + cosa + 1) + Mp),
then
p—1
0 # |qI” {|q||an| - <\a0| + M, + plagl|(sina — cosa — 1) + |ag| + 2 Z |ae| sin o
(=Q+1

—la,| + k|ay|(sina + cosar + 1) + Mp)} :
Therefore all zeros of P(q) lie in

1 . —
lg] < m(|a0| + M, + plag|(sina — cosa — 1) + |ag| + 2 Z lag| sina — |a,|
n (=Q+1

+k|ay|(sina + cosa+ 1) + Mp).
[

Notice when v, = d, = 0 for all 0 < ¢ < n, then Theorem 6.8 reduces to Theorem
2.8. We can also define an inner bound of a quaternionic polynomial with quaternionic

coeflicients as:
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Theorem 6.9. If P(q) = ag + qa; + --- + q%ag + - -- + a’a, + --- + a"a, is a poly-
nomual of degree n with quaternionic coefficients satisfying, for a nonzero quaternion

b, £(ag,b) < a<

b 3

or some a and { = Q,Q + 1,...,p. Assume
f ) ) 7p
plag| < lagsi| < -+ < klay.

Then P(q) does not vanish in

p—1

lgf < min {1, ]a0|/(Mq + lag| + plag|(sina — cosa — 1) + 2 Z |ag| sin «
1=Q+1

+|a,| + klap|(sina + cosa+ 1) + M, + |an|> },

Q n
where M, = Z lag — ag—1| and M, = Z lap — ag_1].
(=1 {=p+1

Proof of Theorem 6.9. Consider the reciprocal polynomial

1
S(q) =q"*P (5) = ¢"ao+ ¢" tai + -+ qan_1 + an.
Let
H(q) = S(q)*(1-q)

= —¢""ag+q"(ap—ar1) +¢" Hay —ag) + - + qn_Q(aQ —agQ+1)

+ 4+ qn—p(ap - a'p+1) +oe At Q(an—l - an) + an.

By Lemma 6.4, the only zeros of P(q)* (1 —¢q) are ¢ = 1 and the zeros of P(q). This

gives

[H(q)| > |al"aol — (|q|"|ao —ar] +|g"Mar = as| + - + |g]"YNag — ag+]
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v

o P s = ap) 4 gl — anl + Ianl)

0™ ao| — (’qmao ]+ g — s 4

+|q|”_Q|aQ — pag + pag — aga| + - + lg" P a,_1 — ka, + ka, — a,
+ o+ qlan—1 — an] + ]an]>

01" ao| — (’qm@o ]+ lg" Mo — s 4

+q[""®lag — pagl + aI"Clpag — agia| + - + gl ap-1 — kay)

g™+ kay — ay) + -+ [allan_ — an] + |an|).

By our hypotheses,

|H(q)| >

Now for |g| > 1, so that

|H(q)]

gl ao| — (|q|"|ao ]+ "My — as] 4
g agl(1 — pag) + lal™@lagar — pagl + - - + lal"™Pla,|(k — 1)

+lq|"Plkay — apya| + -+ gllan—1 — an| + ’a”’)

a; — a aol(l — a — pa
‘Q|n[|q‘|a0‘—(|CL0—CL1|+M+"'+|Q|(Q p)+|Q+1 Qp Q|
lq] lq] lq]
|ka, —ap| | |ap|(k —1) |q]|an—1 — ay| Ianlﬂ
4+ + + + .4 + .
|q|? |q|P g1 |q|"

< 1, for 0 < ¢ < n we have

|q|"—*

v

|q|”[|q||ao| _ (\ao ]+ o — as] 4
Hagl(1 = p) + ages — pag|+ - -+ [kay — a

Flapl(k = 1) 4 - + Janos — an] + \an\)]

Q
e [rquao\ - (Z a6 — s ] + laol(1 = p) + agss — pag|
/=1
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p—1

+Z|ag—ag 1|+|k:ap—ap 1|+|6Lp| —1 Z|ag—ag1
1=Q+2 t=p+1

Hal )|

So by Lemma 6.5,

H)| > |qr"[\qnao| - (Mq T lagl(1 = p) + (lagsi] — lpagl) cosa

p—1

+(agn| + lpagl) sina+ 3 (Jarl lac1]) cosa
=Q+2

p—1
+ Z (lae] + |ar—1|) sina + |ap|(k — 1) + (|kay| — |ap-1]) cos a
=Q+2

T (Jkay| + ay_1]) i + M, + mr)]

- \q|“[|q||ao| _ (Mq +aol(L = p) + lagea cosa — plag| cosa

p—1 p—1
+lag+1] sina + plag| sina + Z |lag| cos a — Z |ag_1] cos a
=Q+2 0=Q+2

p—1 p—1
+ Z |la| sin o + Z lag—1|sina + |a,|(k — 1) + k|a,| cos a
(=Q+2 (=Q+2

—|ap—1| cos a + k|a,| sina + |a,—1| sina + M, + |an|>}

_ |q|"[|q||ao| - (Mq 1 lagl(L = p) + ags] cosa — plag] cosa

p—2
+lagi1|sin o+ plag|sin o + |a,_1| cos a + Z lag| cos v — |ag41| cosa
(=Q+2
p—2 p—2
— Z lag| cos o + |ap_1]sina + Z lag| sina + |ag41] sina
0=Q+2 (=Q+2
p—2
+ Z lag| sin o+ |a,|(k — 1) + kla,| cos a — |a,—_1] cos a + k|a,| sin «
(=Q+2

+|a,—1|sin o + M, + |an|>}
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= |q|" {\q|\a0| — (Mq + lag| + plag|(sina — cosav — 1) + 2|ag1| sin

p—2
+2|a,—1|sina + 2 Z lag| sin o + |a,| + klay|(sina + cosa + 1) + M,

1=Q+2
)
p—1

= g/ {\q|\a0| — (Mq + |ag| + plag|(sina — cosar — 1) + 2 Z |a| sin av
(=Q+1

+la,| + kla,|(sina + cos e + 1) + M, + |an|>]

> 0
if
1 . SHE
lg| > Taol M, + |ag| + plag|(sina — cosa — 1) + 2 Z |a| sin o
B =Q+1

+la,| + Elay|(sina + cosav + 1) + M, + |an|) :
Thus all zeros of H(q) whose modulus is greater than 1 lie in

1 =
lq] < m(quL|aQ|—|—p|aQ|(sinoz—cosoz—1)+2 Z |ae| sin a

(=Q+1
+|a,| + kla,|(sina + cosae + 1) + M, + |an|).
Then all zeros of H(q) and hence of S(g) lie in
p—1
lg| < max{l |a0|/(Mq + lag| + plag|(sina — cosav — 1) + 2 Z |a| sin «
=Q+1
+la,| + kla,|(sina + cos e + 1) + M, + |an|) }
Therefore all the zeros of P(q) lie in
p—1
lgf > min {1 |a0|/(M + lag| + plag|(sina — cosav — 1) + 2 Z |a| sin o
(=Q+1
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+l|a,| + k|ay|(sina 4+ cosae + 1) + M, + |an\) }

Thus the polynomial P(q) does not vanish in

p—1

lgf < min {1, |a0|/(Mq + lag| + plag|(sina — cosav — 1) + 2 Z |ag| sin «
{=Q+1

+|a,| + kla,|(sina + cosae + 1) + M, + |an|) }
[

Note, when v, = 6§, = 0 for all 0 < ¢ < n, then Theorem 6.9 reduces to Theorem
2.11. We can also note all theorems discussed in this chapter may be applied to
quaternionic lacunary polynomials with quaternionic coefficients and we will have

Q
the same bounds except M, = Z |ap — ap_1]. If we consider a dual gap quaternionic

{=m
Q m’
polynomial then we will have the new M, = Z lag — as—1| as well as M, = Z lay —
{=m E:p

ag,l\ + |an — an,1|.

6.4 Locations for Quaternionic Polynomials with a Reversal

In Section 6.3, we found bounds for polynomials with a strictly increasing mono-
tonicity on the real parts and the imaginary parts of the coefficients, as well as on the
moduli of the coefficients. In this section, we will include a reversal into the monotone
behavior of the coefficients. When applied to the real part and imaginary parts of

the coefficients we get:

Theorem 6.10. If P(q) = Zqzag is a polynomial of degree n with quaternionic
=0
coeﬁﬁcients, that is a, = Oég+ﬁgi+’7[j+(5g]€, where fOT’ real PR1y PRas Plys Plas PJys Py PKys
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Prsys KRy k1, kg, and ki where 0 < pgr, < 1,0 < pp, <1,0<p, <1,0<p, <1,0<
Py S 170<PJ2 S 1a0<pK1 S 170<,0K2 S 17kRZ ]-)kf 2 ]-7kJ Z 17 kK Z 17 and

Q <n < p satisfying
pri0g < agi <o < a1 S kRay > Qgyn =0 > pry0y

pLbBo < Bot1 <+ < Byt Skilby = By = 2 prbp
PrYQ Vo1 S SVt Sk 2 k1 2= 2 Py
P 0Q < 0gr1 < v S0yt S kgdy = 0pg1 = 0 2 POy

Then all zeros of P(q) lie in

gl < |a—1n| (|ao| + M, — priag + lag|(1 — pr,) + 2|y | (kg — 1) + 2kgay,
+lap|(1 = pr,) — PRy — p1, Bo + [Bol(1 — pr,) + 2[8,|(kr — 1)
+2k1 By + 8ol (1 = p1,) = pBp — prvq + el (1 = py) + 2| (ks — 1)
2k % + [l (1 = pr) = Py — Pr,0G + 100|(1 = pry) + 2[00, (kx — 1)
+2k g0y 4 10p|(1 — pr,) — PryOp + Mp>.

n

Proof of Theorem 6.10. Consider the polynomial P(q) = Zqéag where 0 < pg, <
=1
1,L0<pr, <1,0<p, <1,0<p, <1,0<p;, £1,0<ps, £1,0< pr, £1,0<

Pr, <1 kp>1,kr > 1,k; > 1, and kg > 1 satistying
PrRi0Q S agyr < - Ly S kpay > a1 > 00 2> PRy,

prBo < Boy1 < < Byt S kiBy = By = 0 = prBp

PrYQ S Vo1 S S Y1 Sk Z Yok 2000 2 P Yp
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Pr10Q < 0041 < - <0y S kgdy > 0pp1 = - 2> pr,y0p.

Now define f(q) as

P(Q) * (1 - Q) = ap+ Q(a1 - ao) +oee qn(an - an—1) - qn+1an

= f(Q) - qn+1an-

By Lemma 6.4, the only zeros of P(q) * (1 — ¢) are ¢ = 1 and the zeros of P(q). So,

for |g[ =1,

1f(@Q)] = lao+qlar —ao) + -+ ¢"(a, — an_1)|
< aol + |qllar — ao| + - -+ 1¢|"|an — an_1]
= Jao| + a1 — ao| + -+ + lagy1 — agl + -+ + |ay — ay_1| + g1 — ay

+-ap —apr| + -+ |an — ap_]
Q
= laol + ) _lac — ara| + lagsr — agl + -+ + |ay — aya| + lani1 — ay
(=1

+-ap —apa| + Z lag — ap_1|

{=p+1
= lao| + My + |ag+1 — ag| + -+ + |ay — ag—1| + |ays1 — apf + -+

+|6Lp — ap_1| + Mp

Q n
where M, = Z lag — ap—1| and M, = Z |ag — ag—1|. Thus
/=1 {=p+1

@] < laol + M,

D=

+ ((@QH —aq)? + (Bor1 — Ba)* + (o1 — 70)° + (541 — 5@)2) + e

N|=

+ ((an —ay-1)? 4 (By = By=1)* + (9 — Y1) + (6, — 5,7_1>2)

N

+ ((%H —a,)? + (Bysr — Bn)* + (1 — ) + (61 — 5,7)2> 4o
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IN

IN

1
2

+ ((% —ap 1)’ 4+ (B = Bp1)’ + (o — Y1) + (6, — 5p—1)2) + M,
|ao| + My + |agsr — aql + -+ + [ay — aya| + Jag —ag| + -+
Hlaty = apal +1Bgnr = Bl 4+ 18y = Bya |+ Byer = Byl -
+1Bp = Bpal + o =0l + -+ I = Wl e =l £
Hp =21l + B = gl 4 10, = Byal + [dyes — Gy + -
+|0p — 0p—1| + M,

|ao| + My + |ag+1 — pri0q + pri0G — | + -+

+|ay, — kroy, + kpay, — ag1| + oy — kpoy, + kpay, — o) + - - -
+lay = PRy + PRy — | + [Boir — prBo + p1Bo — Bal + -+
+1 By = kiBy + kiBy — By—al + |By1 — kilBy + kilBy — Byl + -

1By = by + P By = Boal + a1 — prve + Prve — 0l + -+
v = ko + kavy — V-1l + e — ko + kv —ml + -

1 = Pr e + P2 — Vo1l + [0g+1 — PK.OQ + PR O — Ol + -+
+|0y — kb + ki oy — 81| + |01 — kx oy + ki dy — 6y + -+

+0p = Pr20p + Pr2Op — Op1| + M,

|ao + My + [ag+1 — priaql + |priag — Q| + -+ - + oy — kray|
+lkray — aya| + |onr — kray| + [kray — ay| + -+ + oy, = prooy|
+pr,0p — p 1| + |Boir — o1 Bl + lpnBo — Bl + -+ + By — k1B,
+|k1ﬁn - Bn—ll + ‘677+1 - klﬂnl + ‘klﬁn - 617| +o+ ’ﬁp - ,012@;|

HpnBp — Bp—1| + |vg+1 — pnvol +lpnvg — ol + -+ v — kil

107



ks = -1l + e = Koyl + ko =l =+ + [ = Pl
Fpr = Y1l + 10g+1 = pri 0ol + |pr,0q — S| + - + |0y — ki y|
+Hkrby — dy—1| + [On41 — krOp| + |kxdy — 0y + -+ - + |0, — i, 0p)
+lprr0p — Op1| + M,

|ao| + My + (g1 — priaq) + |ag|(1 = pr,) + -+ + |oy|(kr — 1)
+(kroy — ay—1) + (kroyy — ) + |ay|(kr — 1) + -+ + e[ (1 — pr,)
+(ap-1 = pryy) + (Bor1 — prBo) + [Bal(1 — pr) + -+ + |8yl (kr — 1)
+(k1By — By-1) + (Bysa — ki1By) + [Byl(kr — 1) + - +|By[(1 = pr,)
+(Bp-1 = PBp) + (Vo1 — pnve) + al(L = pa) + -+ + |k — 1)
+ (ks = 1-1) + [Vl (kg = 1) + [yl (ks = 1) + -+ [ (1 = )
+(Vp-1 = PRY) + (6g+1 — pridq) + 10g|(1 — picy) + -+ + [0y (kx — 1)
+(krdy — 0p—1) + (kxdy — 1) + [0y (ke — 1) + -+ + [0p[(1 — pr,)

+(5p71 - /)Kzép) + M,

by our hypotheses. Thus we have

|ao| + My — pr,aq + |agl(1 — pr,) + 2|ay|(kr — 1) + 2kray

(1 = pry) — prRoy — p1, B + [Bol(1 — pr,) + 2(8,|(kr — 1)

+2k1 By + 1Byl (L = p1,) = prBp — Py + 170l (1 — py) + 20| (ks — 1)
+2k s + (1 = p1) = piYe — Pri0q + |00l (1 — prey) + 2(0y | (kre — 1)

+2kK§7I + |5p‘<1 - pKz) - ngép + Mp'

1 n
We can notice ¢" f (—> = Z " “ay — ay—1) where a_; = 0 has the same bound on
q

=0

108



lgl =1 as f(q). Namely

1
f (5)\ < Jaol + M, — pryaig + laol(L = pry) + 2la| (b — 1) + 2knay

+low|(L = pry) — proow — pr B + [Bal(1 — pr,) +2(8,[(kr — 1)
+2krBy + 8ol (1 = p1,) = pr.Bp — Py + l(1 = p1)

+2|| (ks = 1) + 2k + [%[(1 = p) — prvp — P10

+0Ql(1 = pxy) + 210y (ki — 1) + 2k 0y + [0,|(1 — pry) — Prs0p

+M,

is analytic in |¢| < 1 where we consider this function to have the vaule a, — a,_1 at

q = 0 we have

1
f (5)\ < Jaol + M, — pryag + lagl(1 — pry) + 2lag| (ke — 1) + 2kar,

+low(1 = pry) = PR — p1. B + Bl (L — pr,) + 2[6y|(kr — 1)
+2k18y + |Bpl(1 = p1) — prBp — PvQ + [0l (1 = p1)

+2[ (ks = 1) + 2k57 + | 0l(1 = pn) — P — Pri0g

+0ol(1 = px) + 2(0y[(kx — 1) + 2k by + [0,|(1 — pry) — pr, 0y

+M,
for |¢| <1 by Theorem 6.3. Thus

1 1
‘f (5)\ < W("”" M, — pryag + lagl(1 = pry) + 2l |k — 1) + 2k,

—Hapl(l - pRz) — PRy Gp — phﬂQ + ’662’(1 - ph) + 2‘677|(k1 - 1)

+2k1 8y + |Bpl(1 = pr,) — pr.Bp — PrvQ + [al(1 = o)

+2|’y77|(k=] - 1) + 2kJ777 + |7p|(1 - sz) — PrVp — pKléQ
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+Hool(1 — pry) + 2|0, (kx — 1) + 2k 6y + [0,/(1 — prey) — Pradyp

a1,

1
for |¢| < 1. Replacing ¢ with — we have
q

F@1 < 1ol (laol + My~ pric -+ agl(1 = pa) + 2l ke = 1)
+2kgay, + |ap|(1 — pr,) — PR,y — pr,Bo
+1Bol|(1 — pr) +2(8y (k1 — 1) + 2k 8, + | Bp| (1 — p1)
—pbBp — PnYQ + ol(1 = pay) + 2|l (ks — 1) + 2k,
Hl(X = pr) = e — Pridq + 0QI(1 — pre) + 2/6,|(kx — 1)

+2kK677 + |5p’(1 - ng) - ngdp + Mp)
for |g| > 1. We have

1P(q)«(1—q)| = [f(g) —¢"an]

> "M |an| — [ f(q)]

> 1 o] - |q|"(|ao| + M, — pryq + lagl (1 - pr,)
+2|ag[(kr — 1) + 2kpay, + |ap|(1 = pr,) — PR,y — pr,Bg
H18al(1 = pr) + 218yl (kr — 1)+ 2kaBy + 18,1 — o) — o1y
—pnQ + ol(1 = pay) + 2l (ks — 1) + 2k + [ (1 = p)
—PrYp — P, 0Q + |0g|(1 — pr,) + 2|0, |(kx — 1) + 2kk 0,
HOI(L = pic) = prcy + 1,

= 1 lallen] = (1aol + 34, = prsaq + (L = )

+2|O'/77|(kR - 1) + 2]{73&,7 + |ap|(1 - pRz) — PRy Op — phﬁ@
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+Bol(1 = pr,) + 2|8y (kr — 1) + 2k By + |Bpl (1 = pr,) — pr.Bp
—pnvQ + 1vel(L = pr) + 2|k — 1)
+2k 9 + [0l (1= pn) = prp — Pridq + 100l (1 — px,)

R e = 1)+ 2, + 8,101~ pr) — gy + 01, )
So if

lg| > ﬁ (|a0| + M, — pr,ag + |lag|(1 — pr,) + 2|ay|(kr — 1) + 2kgay,
(L = pry) = prow — prBa + [Bal(1 — pr) + 2(8y[(kr — 1)
+2k1 By + 1Bl (L = p1,) — prBp — Py + 170l (1 = pay) + 20yl (ks — 1)
+2k5% + l(L = pr) = P2y — Pridq + |00[(1 — pry) + 2(0y[ (ke — 1)

+2kK5n + ‘6p‘<1 - pKQ) - pKQ(Sp + Mp)
then

0 2 16"l |l = (Jaol + 3, = prciq + lal(L = pr) + 2 1) + 2hne,
+ew|(1 = pr,) — prRoy — P B + [Bel(1 — pr,) + 2[8,[(kr — 1)
+2k1 8y + 18p|(1 = pr) — prBp — P Yo + [0l (1 = pay) + 2|l (ks — 1)
2k + 1l(1 = 1) — P — PriOq + |00l (1 — pry) + 20, (ke — 1)

2, + 5101~ pi) — prody + 4, ) |
Therefore all zeros of P(q) lie in

1
i = o (lol + My = pma -+ agl(1 = pm) + 2l = 1)+ 2brcr

+|apl(1 - pR2) — PRy, Gp — phﬁQ + |ﬂQ|(1 - le) + 2|677|(k1 - 1)

+2k18, + |Bpl(1 = pr) — prBp — o + [ol(1 — pay) + 2|yl (ks — 1)
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+2k 17 + [p|(1 = pr) = PV — PO + 19| (1 — pxy) + 2[0,|(kx — 1)

+2kK6n + ‘5;0’(1 - pKQ) - ng(Sp + Mp) :
0

When ~, = d, = 0, for all 0 < ¢ < n then Theorem 6.10 reduces to Theorem 2.2.
Notice when pr, = pr, = p1r, = pr, = ps = P, = Pry = P, = kr = k1 = kj = ki =

1 then we get the following corollary:

Corollary 6.11. If P(q) = quag s a polynomial of degree n with quaternionic
=0
coefficients, that is ap = o + Bet + veJ + Ok, where Q < n < p satisfying

QS aQu1 S S Q1 S 2 Qg 200t 2 Gy

Bo<Bor < <Bra<By>Pp > 20
’YQSIVQ—HS"'SVU—IS'W]Z’%,_HZ---ZWP

6 < b1 S <Oy <6y = 0y > 26,

Then all zeros of P(q) lie in

1
lq| < m <|a0\ + M, — (ag + Bo + 19 + 0¢) + 2(ay, + By + veta+ 6,)

—(ap+6p+vp+5p)+Mp).

By applying the same parameters to a quaternionic polynomial with quaternionic

coefficient we get the inner bound:

n

Theorem 6.12. If P(q) = quag 15 a polynomial of degree n with quaternionic
=0
coeﬁﬁcients, that is Ay = Oée+5ﬂ+7€j+5ek; where fOT real PR15 PRy Plys Pl PJys Pz PKy s
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Prys KRy k1, kg, and ki where 0 < pr, < 1,0 < pg, < 1,0 < pr, < 1,0 < p, <1,

0<p.]1 S170<pj2S170<pK1§170<pK2S17kR217k1217kJ217 kKZ]-

and @ < n < p satisfying
PRiQ S a1 < v Sy S kray > ag =00 2 pRyay

pnBo < Boy < < By S kify 2> By = 2 ol
PiYQ S Vo+1 < S Y1 Sk 2 Yl =0 2 P Yp

P00 < g1 <o K 0po1 K kgy > 0p1 > -0 > Pry0p.

Then P(q) does not vanish in

) < win {1 laol /(3 + gl = pr) = prsaq + [3el(1 = o) = pr i
+el(1 = pa) = prvg + 10Q|(1 = px,y) — pr,0q + 2kray, + 2|ay|(kr — 1)
+2k; By + 2|8y [(kr — 1) + 2k, + 2|yl (ks — 1) + 2k 0y, + 2|6, |(kx — 1)
—Pry0p + || (1 = pry) — prBp + [Bpl(1 = pry) — Py + [l (1 = p)

_pKQ(SP + |5p|<1 — PK,) + M, + |an’>~

Proof of Theorem 6.12. Consider the reciprocal polynomial

S(q) = ¢"*P G)

e qna() —|— qn_lal + . _|_ qn_QaQ + . + qn_nan + . _|_ qn_pap + ... + qan_l

+ay,.
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= —ad"" +¢"(ag — a1) +a" a1 —ag) + -+ " %(ag — agy1) + -
+qn_na77 +o qn—p(ap - ap+1) + -+ qz(aan - anfl) + Q(anfl - an)

“+a,,.

By Lemma 6.4, the only zeros of P(q)* (1 —q) are ¢ = 1 and the zeros of P(q). Thus

we have

|H(g)] > |q["|ao| — <|QI"|ao —ar| + [g" ar — ao| + -+ + |q|" ?|ag — ag+1]

o g P apor — ap| 4+ - g |an—2 — anaa] + |gllan—1 — an]

+|an|)

ol = (Jd"lao = al + g or = aa] + -+ 147 (0 — agur)

1
2

+(Bq + Ba+1)? + (v — Y0+1)* + (0g — 5Q+1)2> + e

1
2

+’C_I|n_n+1 ((04171 - an)z + (57771 - Bn)Q + (77771 - 777)2 + (57771 - (577)2>

1
2

g ((an ) + (By = s+ (g — osa)? + (6, — @m?)

+oe o gt ((ap—l —)* + (Bp1 = Bp)? + (o1 — )?

N|=

FOpmr = 0)) e laPlas = aua] s =l + o]

= q|"*!faol — <|Q|"|@0 —ay| + |g" Hay — ag| + - + 1g["Cag — agl
+Hal" (8o + Banl + la"®le — vl + " ®log — dgua| + - -
+|q|n—n+1|an_1 — ay| + |q|n—n+1|5n_1 — Byl + |q‘n—?7+1|%7_1 — Y|
Hg" T8y 1 = 8y + la" ey — | + 1g" By = Byl

Hal" v = el g0y = Ol -+ g o1 — oy
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+|Q|n_p+1|6p—1 — Byl + |Q|n_p+1|7p—1 — Yl + |Q|n_p+1|5p—1 - 5p| +e
HaPlan-s = taa| + ldllan-s = a0l + e

ol = (Il =l +laP s —aaf -+

+|Q|n_Q|aQ — PR,QQ F PROQ — Q41|

+q|"?|Bg — pr.Bq + pr.Bq + Bo+1l

+al" o — pnre + Prve — Yol

+g|""?|0q — p.idq + pridg — dgi| + -+

Hﬁ”ni%lyarzfl — kroy, + kray — )|

+g|" "M By—1 — kiBy + 1By — By

a1 — kg + ks —

—Hq|n7”+1]§n,1 — ki 0y + ki, — 0y

+q|" "y — kray, + kray — oy |

+q|" "By — kiBy 4 krBy — Byl

+al" vy = ks + kg — vl

+g|" "0y — ki + kxdy — G| + -

Ha" P oyt — PRy + PRI — O

+lq|" P Bomr — prbBy + PR.By — Byl

+al" P e = P F P — Wl

+’q|n7p+1’5p71 — Pry0p + PEy0p — Op| + - + |q|2’an72 — Gn—1

Fallan s — an] + |an|)
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> ol ool =l ol + ol or — aal +--
+al" Clag — pragl + lal" Clpr,aq — aguil + la" e — pr Bl
+la" o B — Boril + la" g — pnval + a1 Clonre — Yo+l
+la"®16q — pridol + "ok, 0q — Sg4al + -
Fg[" T a1 — kro| + [q" T kray, — ag| + |g" T By — ki,
"k By = Byl 4+ g™ a1 = Eal 4 LT R, —
+|q|nin+1|§n—1 — kxcdy| + |q‘nin+1|kK6?7 — 6| + |q|" ey — kray]
+a|" Mk roy — ana| + |g|" By — kiByl + gl " k1 By — Byl
+1al" v = kol + 1al" ks — el + gm0y — ki dy]
+lg|" "kxdy — Gyl + - + |q|n_p+1|O‘p—1 — PRy
+al" P pryap — | + 11" P Bt — pr Byl + la" P Ry By — Byl
" P e = pa el + lal P ome — Yol + " T 61 — Py 0l
Hl™ Pty = 4+ laPlona = anca| + ldllancs = ol + o]
— ol = (Il — ]+ s = o+
+a|"Clag|(1 = pr,) + a1 ? (g — priag) + lal"~|Bel(1 = p1,)
+a"?(Bos1 — pr.Be) + lal" el (1 = pu) + al"C (Y41 — PnQ)
Hal"C1oo|(1 = pry) + g™ % (Gg i1 — pri0g) + -+
" (kray — ag-1) + gl ay| (kg = 1) + |g" T (k1B — By-1)
Hg" By (kr — 1) + g (kv — Y1) + gl gl (ks — 1)

Ha" T (ke dy — 0g—1) + la|" 0y (ke — 1) + g™ oy | (ke — 1)
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+ag|" " (kroy, — ay) + q|" " (kray, — agyr) + g "Byl (kr — 1)
+la[" " (k1By = Byr1) + lal™ "l (ks — 1) + 1a" (ks — Y1)

Fg" 0| (ke — 1) 4 g (kxdy = Gpn) + -+ g P (1 — procy)
+g|" P ol (1 = pry) + g™ P (Bp—1 — prBp) + lal" "B (1 — pry)
Hal" P (1 = pnve) Fal" Pl (1= o) + gl (61 — pray)

+Hal" P01 = pr) + -+ lallan-2 — an-al + lallan-1 — an| + Ianl),

by our hypotheses. Thus

n lay — as] lag|(1 — pr,)
H@)| > |a [rquao\ - (|ao —af 4 ol JelC o)
L0Qn — Prmag 1Bol(1 —prn) N Bo+1 — pnbo n ol —pg,)
|q|? |q|@ |q|? |q|@
Jlen —Pnie 0| (1 — px,) n 0Q+1 — Pr,9Q L.
|q|? |q|? |
+k‘ROé77—Oén_1 |Oén|(l€R— 1) klﬁﬁ_ﬁn—l |ﬁn|(l€[— 1)
|q|7! |q|7! q|7! |q|7!
+kJ777 — Tn-1 ‘%‘(kJ -1) kxdy — 01 |5n‘<k’K —1)
g7~ g7t g1 |q["!
ay|(kr — 1) | kray —ay | kroy —apa | [Byl(kr — 1)
g1 |q| |q|" ik
+k‘15n — Bt A ml(kr—=1)  kyvmg — e 0| (kx — 1)
|q|" [k |q|" |q|
kK oy — Opi1 L %1 T PR lap|(1 = pry) | Bp—1 — P15y
g |q|P~! lq|P! |1
i |5p|(1 - IOR2) Vp—1 — P Vp |’Vp|<1 - sz) 5p—1 - /)Kzép
|q[P—* |qlP~t |q|P~* |q|P~!
+|5p|(1_pKz) NI |an—2_an—1| |an—1 _an| |an|)}
|q|P—1 |2 g1 |q|™

1
Now for |g| > 1, so that T <1, for 0 < /¢ < n, we have
q"”

Hg)| > |q|”[|q||ao|—(\ao—aﬂ+|al_a2|+..-+|aQ|<1_pRl>
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+(ag+1 — priaq) + |Bol(1 — pr) + (Bo+1 — pnBe) + [vel(1 — pay)
+(Yo+1 = pnQ) + 10QI(1 — pry) + (dg+1 — priOQ) + -+

+(kroyy, — ay_1) + ay|(kr — 1) + (ki By — By—1) + |By|(kr — 1)
(ks — m-1) + Il (ks = 1) + (kxdy — 0y-1) + || (kg — 1)
+(kroyy, — ay) + (kroy — aper) + Byl (kr — 1) + (k1 By — By1)
+vl(ks = 1) + (kv — Y1) + 09 (ki — 1) + (kb — 6psn) + -+
+(ap-1 = pro %) + (1 = pry) + (Bp-1 — prBp) + [Bpl(1 — pr,)

+ (V-1 = ) + 1l (1 = pay) + (Op-1 = prca0p) + 10p|(1 = pic,) + -+

+|an—2 - CLn—1| + |an—1 - CLn| + |an|):|

Q

i lallool = (3l = au-11+ lagl(1 = ) = prsag + 1del(1 = pn)
/=1

—p1Bo + [el(X = pn) = pnrg +190l(1 = pr,) — pPridg + kroy,

+an|(kr — 1) + krBy + |8yl (kr — 1) + kyyy + |l (ks — 1) + kg,

+|0,|(kx — 1) + oy | (kg — 1) + ko, + kroy, + |8y (k1 — 1) + k13,

kv + ko + 1l (ks — 1) + 16, (kx — 1) + kxdy — proctp

+|O‘p|(1 — PRy) — p1Bp + |ﬁp|(1 - PRz) — P1Yp T+ |Vp|(1 - PJz) - PKz(sp

ol = pr) + 3 |ag—ag_1|+|an\)}

t=p+1
" llaol = (1 + bl = ) — a0 + 130l(1 = pn) = pu
+vel(1 = prn) = pryg + 160|(1 — pry) — pry 0 + 2kray, + 2|ay|(kr — 1)
+2k; By + 2|8y (kr — 1) + 2k sy, + 2|y | (kg — 1) + 2k 5y + 2|0, | (kx — 1)

—PRyOlp + ’ap‘(l — PRy) — Py + ’Bp’(l — PRy) — PIsYp T+ ”Yp’ﬂ —p5)
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—w@ﬂ@@wm+m+mﬂ,

Q n
where M, = g lag — ap—1| and M, = E |ag — a;—1|. Notice
=1 l=p+1

[H(q)| = q" [|Q||ao| - (Mq + lag|(1 = pr,) = priag + |Bel(1 — p1) — pr. B
+Ql(L = ps) = prvg + 10gl(1 = px,) — pr,0q + 2kpay, + 2|ay|(kr — 1)
+2k1 B8, + 2|8y |(kr — 1) + 2k + 2| (ks — 1) + 2kk Sy + 2|6, |(kx — 1)
—Prop + 0| (1 = pR,) = PRy + |5l (1 = pr,) = P e + 17l (1 = p1)
e+ 5101 pr) + My + o] )]
> 0
if

i > (M + ol = pm) — pmag + [3el(1 = pn) — pn
+vel(1 = pn) = prvg + 10g|(1 = py) — pK,0q + 2kray, + 2|ay[(kr — 1)
2k B, + 218, (kr — 1) + 2k 7y + 20| (kg — 1) + 2k, + 216, | (ki — 1)
—PRraCp + (L = pry) = prBy + [Bpl(1 = pry) = Py + [l (1 = p)

—wm+mm—w»w@ﬂm)

Thus all zeros of H(q) whose modulus is greater than 1 lie in

1
lq] < Tao| (Mq + lag|(1 = pr,) — priaq + 1Bel(1 — pr) — pr, B

+’7Q’(1 - pJ1) — P1HQ + |6Q’(1 - pK1) - pK15Q + QkRaﬂ + 2’O‘n’(kR - 1)

+2k}]ﬁn + 2|B77|(]€[ — 1) + 2]{?]’}/77 + 2|’Yn|<k}J — 1) + 2]{?}((577 + 2|5n|(kK — 1)

—PRyOp + |ap|(1 — PRy) — PPy + |ﬁp|(1 — PRy) — PIYp T |’7p|(1 —P1,)
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—M%+@W—MJM@HM)

Hence all zeros of H(q) and hence of S(g) lie in

i < max{Llaal /(3 + al(1 = o) = pr.iq + 1el(1 = pr) = pr i
+Ql(L = ps) = prvg + 100l(1 — pxy) — pr,0q + 2kray, + 2|ay|(kr — 1)
+2k1 By + 2|8y [(kr — 1) + 2k + 2|y (ks — 1) + 2kk 0y, + 2|0, |(kx — 1)
PRy + |ap|(1 = pry) = P18y + 8ol (1 = pro) — Py + [l (1 = p)

by L ) + My o] ) |
Therefore all zeros of P(q) lie in
o = min {1l / (M4, + agl(1 = pa) = prciq + 13el(1 = p1) ~ e
+el(X = pn) = pnve +10(1 = pry) — pri0q + 2kran + 2|y |(kr — 1)
+2k; By + 2|8y (kr — 1) + 2k v, + 2|y, | (ks — 1) 4+ 2kk 0y, + 2|0, (kx — 1)
—Pry0p + [ (1 = pry) = prBp + [Bpl(1 = pro) = Py + [l (1 = p)
ey + 5101~ pr) + My + ool )
Thus the polynomial P(q) does not vanish in
o) < min {1 laol / (3, + gl(1 = o) = prsaq + [3el(1 = pr) = pr i
+vel(L = pa) — prve +161(1 — pry) — pPridq + 2kray + 2|ay|(kr — 1)
+2k;8, + Q‘ﬁn‘(k[ - 1)+ 2k v, + 2’%7’(/&7 —1)+ 2k 0, + 2’(577‘(/61( - 1)
— PRy + 0| (1 = pry) = prBp + |Bpl(1 = pro) = P e + [7l(1 = p)

—MM+WW—MJM%H%O}
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Notice when v, = d, = 0 for all 0 < ¢ < n, then Theorem 6.12 reduces to Theorem
2.5 and with additional parameters will reduce down to the inner bound of Theorem
1.10. Notice when PRy = PRy = P = PIy = Py = PJa = PK1 = PKy = kr=Fkr=k; =

kx = 1 then we get the following corollary:

Corollary 6.13. If P(q) = Zqéag 18 a polynomial of degree n with quaternionic
=0
coefficients, that is ay = oy + Bgt + Yej + 0ok, where QQ < n < p satisfying

agSagp S-Sy Sy 2o 2 2

ﬁQSBQJrlS"'SﬁnflgﬁnZﬁnJﬂZ"'Zﬁp
Q<Y < S ma S HZ W 2 2%
0Q S 041 <+ S 0p1 <0y = 0y =0 2 0y

Then the polynomial P(q) does not vanish in

ol < min{ 1 jal / (M~ (o -+ B + 10+ d0) + 2a + By + 7+ 3)

_(O‘p + By + 7+ 510) + M, + ‘an‘) }

Now that we have found the bounds on the parts of the quaternionic coefficients,

we will now consider the modulus of the coefficients:

Theorem 6.14. Let P(q) = ag+qay +---+q%gq +---+¢°a, + -+ q"a, is a poly-
nomial of degree n with quaternionic coefficients satisfying, for a nonzero quaternion

b, L(ap,b) < a < = for somea and { =Q,Q+1,...,p. If

to| 3

P1|aQ| < |aQ+1| <. < |an—1| < k‘|a7,| > |an+1| > 2 P2|ap|
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then all zeros of P(q) lie in

1 .
lg| < m(|ao| + M, + |ag| + p1lagl|(sina — cosa — 1)
n

n—1
+2 Z lae| sin o — 2|a,| + 2k|a,|(sina + cosa + 1)
(=Q+1

p—1
+2 Z lag| sin o + |a,| + p2la,|(sina — cosar — 1) + M,,)
l=n+1

Q n
where M, = Z lag — ag—1| and M, = Z lap — ag_1].

/=1 {=p+1

Proof of Theorem 6.14. Let P(z) = ag + qa; + --- + q%ag + - -+ + ¢?a, + - + ¢"ay

be a polynomial of degree n with quaternionic coefficients. Without loss of generality

assume [ = 0. Consider

Plg)*(1—q) = ao+qlar—ao) +--- + % (agar — aq)

+oet qp(a’p - apfl) +oee qn(an - an71> - qn+1an

= f(q) - qn—Han‘

By Lemma 6.4, the only zeros of P(q) * (1 — ¢) are ¢ = 1 and the zeros of P(q). So,

for |q =1,

(9]

< ao +qlar — ag) + -+ ¢% (a1 — ag) + -+

+qp(ap - ap71> + e+ qn(an - an71>|

IN

lao| + |qllar — ao| + -+ + |q|*Tags1 — agl + - -
‘Hq,n’an - %4! + ’quHl’anJrl - an’ + o+ ’CI‘p’ap - apfl‘ + e
+|q|n|an _an—1|

= Jaol + |ar — aol + -+ lagsr — agl + -+ + lay — ag-a| + a1 — ay
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+"'+|ap—ap—1|+"'+|an_an—l|

Q n—1
= Jaol+ Y lar — aer| + lag — agl+ > lar — ar1| + lay — @y
=1 (=Q+2
p—1 n
Hap —ay|+ Y o —aca| +lay —ap |+ Y e — ar |
l=n+2 {=p+1
n—1
= laol + My + lag1 — agl+ D lar — ara| +|ay — ay1| + |agsr — ay
=Q+2
p—1
+ > lar—ara| + lay, — ap | + M,
l=n+2

Q n
where M, = Z lag — ap—1| and M, = Z |ag — ag_1|. Thus

/=1 {=p+1
n—1
1F(@)] < laol + My + lagss — agl + Y lae — aea| + lay — ayoa| + |ays — ay
(=Q+2
p—1
+ ) lae—aea| +lap, — apa| + M,
l=n+2
n—1
= lao| + M, + lags1 — prag + prag — agl+ > lar— ari|
=Q+2
p—1
+lay — kay, + ka, — ay_1| + |ayy1 — ka, + kay — a,| + Z lag — ap—1
l=n+2
+lay, — paay + p2a, — ap_ 1| + M,
n—1
< aol + My + lags1 — prag| + lprag — agl + > lag— as|
(=Q+2
p—1
Hay — kay| + |ka, — ay1| + lay — kay| + [kay — ag) + Y lag — ae
l=n+2
+la, — paay| + |p2a, — api| + M,
n—1
= ao| + My + lags1 — prag| + lagl(1 = p1) + > lar — ar]
(=Q+2

+ay|(k = 1) + |kay — ay—1| + [kay — ap1] + |a,|(k — 1)
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p—1
+ Z lap—1 — ag| + ’%Kl — p2) + |ap—1 - :02%‘ + M,.
l=n+2

So by Lemma 6.5 then

[F(@] < laol + My + (lag1| = [praql) cos a + (Jagii| + |pragl) sin

n—1 n—1
+lag|(1 — p1) + Z (lag] = |ae_1|) cos a + Z (|ae| + |ae—1]) sin «
=Q+2 (=Q+2

+|an|(k —1)+ (|kan| - |a77_1|) cosa + (|kay,| + |a77_1|) sin «

(|kag| — layia]) cos o+ ([Kay| + laga]) sina + Jag| (k — 1)

p—1 p—1
+ > (aca] = lagd)cosa+ Y (Jara| + [acl) sin e+ [ay|(1 = po)
l=n+2 l=n+2

+(lap-1] = [p2ap]) cosa + (Jap-1] + [p2ay|) sina + M,

= |ao| + M, + |aQ+1| cos a — prlag| cos o + |agi1|sina + p1|aQ\ sin «v

+ag|(1 —p1) + Z |ae| cos v — Z lag_1| cos v + Z |ae| sin o

0=Q+2 (=Q+2 (=Q+2
n—1
+ Z lap—1|sin o + |a,|(k — 1) + k|a,| cos o — |a,—1] cos a + kla,| sin o
(=Q+2

+|a,—1|sina + l<:|an| cos & — |ay4+1| cos o + kla,| sina + ]an+1| sin «v

+|a,|(k Z lag_1| cosa — Z |ag| cos o + Z lap_1] sin «

l=n+2 L=n+2 {=n+2
p—1
+ Z lag| sin o + |a,|(1 — p2) + |ap—1| cosa — pala,| cos o + |a,—1|sin
l=n+2

+pala,| sina + M,

= |ao| + My + |ag+1| cos o — py|ag| cos a + |agi1| sina + pi]ag]| sin

n—2
+lag|(1 — p1) + |a,—1| cosa + Z lag| cos oo — |ag41] cos a
1=Q+2
n—-2 n—2
- Z lag| cos o + |a,—1| sina + Z |a| sin a
0=Q+2 (=Q+2
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n—2
+lags1|sina + Z lag| sin o + |a,|(k — 1) + k|a,| cosa — |a,—1| cos a
(=Q+2
+klay|sina + |a,—1|sin o + k|a,| cos o — |a,11| cos a + kla,| sin o
p—2
+|an1] sina + |ay|(k — 1) + |a,11] cos o + Z lag| cos a — |a,—1]| cos
l=n+2
p—2 p—2
— Z |ag| cos a + |ay41|sin o + Z lag| sina + |a,—1| sin a
l=n+2 l=n+2
p—2
+ Z lag| sin v + |ap|(1 — p2) + |ap—1]| cos o — pala,| cos a + |a,—1|sin
l=n+2
+pala,|sina + M,
n—1
= |ao| + My + |ag| + p1ag|(sina — cosav — 1) + 2 Z |a| sin av
(=Q+1
p—1
—2|a,| + 2k|a,|(sina + cosa + 1) + 2 Z lag| sin o + |a,|
l=n+1
+palay|(sina — cosa — 1) + M,

Hence also,

1 . SEE
f (5)' < ao| + My + |ag| + p1]ag|(sina — cosar — 1) + 2 Z |ae| sin a
(=Q+1

p—1
—2|ay| + 2k|a,|(sina + cosa + 1) + 2 Z lag| sin o + |a,|
l=n+1
+palap|(sina — cosa — 1) + M,

for |¢g| = 1. By Theorem 6.3
n—1

1
'f (E)' < Jao| + My + |ag| + p1]ag|(sina — cosar — 1) + 2 Z |ag| sin o
(=Q+1

p—1
—2|ay| + 2k|a,|(sino + cosar + 1) + 2 Z lae| sin o + |a,|
{=n+1
+palay,|(sina — cosav — 1) + M,
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1 )
holds inside the unit disk |¢| < 1 as well. If |¢g| > 1, then ——e™** lies inside the unit

lal"
circle for every real o. Thus if follows
n—1
|P(lg]"e™)| < ]q|”(|ao| + M, + |ag| + p1lag|(sina — cosav — 1) + 2 Z |la| sin «v
(=Q+1
p—1
—2|ay| + 2k|a,|(sina + cosa + 1) + 2 Z lag| sina + |a,|
l=n+1

+polay|(sina — cosar — 1) + Mp)

for every |g| > 1 and « real. Thus for every |g| > 1

[Plg)«(1—q) = |-¢"a.+ f(a)l
> gl Man| = 1£(a)]
> MMH%FWW(MM+N@+Md+Pﬂmmm@—ﬂEa—U
n—1
+2 Z lag| sin o — 2|a,| + 2k|a,|(sina 4+ cosa + 1)
(=Q+1

p—1
+2 Z lae| sin o + |a,| + palay|(sina — cosa — 1) + Mp)
l=n+1

= |q" |:|Q||an| - (|a0| + M, + |ag| + p1lag|(sina — cosa — 1)

n—1
+2 Z lag| sin o — 2|a,| + 2k|a,|(sina + cosa + 1)
(=Q+1

p—1
+2 Z lag| sin o + |a,| + palay|(sina — cosa — 1) + Mp)}
{=n+1
> 0

if

1 .
lg| > m(]ad + M, + |ag| + p1lag|(sinaw — cos v — 1)
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n—1
+2 Z |lag| sin o — 2|a,| + 2k|a,|(sina 4+ cosa + 1)
(=Q+1
p—1
+2 Z lag| sin o + |a,| + palay|(sina — cosa — 1) + Mp)
l=n+1

Therefore all zeros of P(q) lie within

1 )
lq] < m(|a0| + M, + |ag| + p1lag|(sinaw — cosav — 1)

n—1
+2 Z lae| sin o — 2|a,| + 2k|a,|(sina + cosa + 1)
(=Q+1
p—1

+2 Z lag| sin o + |a,| + p2lay|(sina — cosar — 1) + Mp>.
l=n+1

]

Notice when v, = 0, = 0 for 0 < ¢ < n then Theorem 6.14 reduces to Theorem

4.7. Now apply these parameters to the moduli of quaternionic coefficients to find

the inner bound:

Theorem 6.15. Let P(q) = ag+qay +---+q%gq+---+¢°a, + -+ q"a, is a poly-
nomial of degree n with quaternionic coefficients satisfying, for a nonzero quaternion
b, £(asb) < a < g for some o and £ = Q,Q + 1,...,p. Suppose for real p1,ps, k

where 0 < p1 <1, 0 < py <1, k > 1 satisfying
pilag| < lags| < -+ < lag—1| < Klay| = |aysr| = - -+ = palay|.

Then P(q) does not vanish in
n—1

lq] < min{1,|ao|/(Mq+|aQ|+p1|aQ\(sina—cosa—1)—l—2 Z |a| sin o
(=Q+1
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p—1
+2k|a,|(sina + cos a + 1) — 2a,| + 2 Z |lag| sin «
{=n+1

+palay|(sina — cosav — 1) + |a,| + M, + |an|> },

Q n
where M, = Z lag — ag—1| and M, = Z lap — ap_1].

=1 {=p+1

Proof of Theorem 6.15. Consider the reciprocal polynomial

1
S(q)=q"*P (g) =q"ay + q"_lal + -+ Qa1 + ay.

H(g) = S(g)*(1—q)
= —¢"Mag+¢"(ao — a1) + ¢" a1 — ag) + - + a""%(ag — ags1)
+e " P N ay = ay) o+ (a1 — an) + ay.
By Lemma 6.4, the only zeros of P(q) x (1 — ¢) are ¢ = 1 and the zeros of P(q).
This gives

[H(o)l = g™ aol — (|Q|”|ao —ai| +|gI" a1 — az| + - + a"?]ag — agi]

el oy s — ol + )
= ool = (1o — ]+l s — s+

+g|" Clag — prag + prag — agi| + -+
+lg|" " ay—1 — kay + kay — ay| + |q|"|ay, — kay, + kay, — apyi] + -

Hl s =y g = ) 4+ el = 0 + o]

IV

lg|"|ao| — (!CJI"Iao —ay| + |g["May — ao| + -+ + [¢|"Clag — prag]
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" Clprag — agia| + - + gl M ay-1 — kay| + q" 7" kay, — a,
+\q]’7|an - kan‘ + ‘quan - anH‘ et ‘q’n_pﬂ‘apfl - P2@p’

+q" P paay — ap| + - - + |gl|an—1 — an| + |an|)'

Thus by our hypotheses,

|H(q)|

Now for

|H(q)]

| ao| — (|Q|n‘a0 —ar|+ |g[" Mar — aa| + -+ |q|"Clag|(1 — p1)
+la[" ®lagsr — pragl + -+ + gl " kay — ap_1] + g ay| (k = 1)
+g|"ag|(k — 1) + |q|"kay — aper| + -+ g P ap—1 — poay|

g apl(L = pa) + - -+ lal ans — au] + ranr)

— 1—
|q|n @(JH%! - (|a0 - al‘ =+ M 4+ 4 M
lq] |q|

_|_|CLQ+1_P1“Q| L |kay —aya| | lagl(k=1)  ay|(k —1)
q|@ |q[7—* |g|7! g
(kay = ayr| L lape1 = poapl = pa) L fanor = anl
|q|" |q[P~? lqlp — 1 |q|"!

)

1
lg] > 1, so that —— < 1, for 0 < ¢ < n we have

|q|"*

lq|" [|Q||ao| - (|@0 —ay| + lay — az| + -+ |ag|(1 — p1) + |ag+1 — prag]
+ ot kay — apa| + lag| (b = 1) + |ag|(k = 1) + [kay, — apa| + -+

a1 = pay] + apl(1 = ps) &+ + lan_1 — an] + |an|>]

Q
o [|q||ao| _ (Z 0 — 1| + lagl(L = p1) + lags1 — prag]
/=1
n—1
+ Z |ag — aga| + [kay — ay1| + 2]ay|(k — 1) + |kay, — ay1]
(=Q+2
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p—1

+ Y laemy — adl + lap-1 — paay| + |ap| (1 — p2) + ZW—GM
l=n+2 {=p+1

)

> |q|"[|q||ao| - (M1 T lagl(1 = p1) + (Jags| — [pragl) cosa
n—1
+(Jags1| + |prag|) sinar + Z (|ae| — Jag—1]) cosa
=Q+2
n—1
+ > (lael + [ara]) sin e+ ([kay| — |ay-1]) cos a+ ([kay| + ay1]) sina
=Q+2
20yl (k = 1) + ([kay| — lagi1]) cos o+ ([kay| + |y ]) sina
p—1 p—1
- Z (lag_1| — |ag|) cos a + Z (lag—1] + |as|) sin
l=n+2 {=n+2

H(lap-1| = |p2ay|) cos a + (Jap1| + |paay|) sina + ap[(1 = p2) + M,

)

— g [|q||ao| - (Mq +laol(L = p1) + lagsi] cosa — prlag] cosa

n-1 n—1
+lag+1|sina+ prlag|sin o + Z lag| cos o — Z lag—1| cos
(=Q+2 (=Q+2
n-1 n-1
+ Z |ae| sin o + Z lag—1|sin o + k|a,| cos o — |a,_1| cosa
1=Q+2 =Q+2
+klay| sin o + |a,—1|sin a + 2|a,|(k — 1) + k|a,| cos o — |a,41| cos o
p—1 p—1
+kla,|sina + |a,41] sin o + Z |ag—1| cosa — Z |lag| cos a
l=n+2 {=n+2
p—1 p—1
+ Z |ag_1|sina + Z |ag| sin o + |a,—1| cos o — pa|a,| cos a
l=n+2 l=n+2

Hapealsin + paleylsin a1 = pa) + My + o] )|

by our hypotheses, Lemma 6.5 and M, = Z lag — ap—1| and M, = Z lap — ap—q
l=p+1
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Hence we have

[H(g)l = lqI" [|Q||a0| - (Mq +lagl(1 = p1) + lagi| cos a = prfag| cos a

n—2
+lag+1|sina + p1|ag|sin o+ |a, 1| cos a + Z lag| cos oo — |ag41] cos a
1=Q+2
n—-2 n—-2
- Z lag| cos o + |a,—1|sina + Z lag| sin o + |ag1] sina
(=Q+2 (=Q+2
n—2
+ Z lae| sina + E|a,| cosa — |a,_1| cos o + k|ay,| sin o + |a,—1 | sina
(=Q+2
+2|a,|(k — 1) + k|a,| cos o — |a,+1| cos o + k|ay| sina + |a,41] sin
p—2 p—2
+|ay41| cos o + Z |lag| cos a — |ay—1] cos o — Z |ae| cos a
l=n+-2 l=n+2
p—2 p—2
+|ay 1] sin o + Z lag| sin o + |a,—1| sina + Z |ae| sin o
l=n+2 {=n+2
+|a,—1] cos a — pala,| cos a + |ap_1]sin o + palay| sina + |a,|(1 — p2)

+M, + |an|>}

= " lallan] = (M4 + laql + plal(sins — cosa 1) + Zlagus] s

j—2
+2|a,_1|sina + 2 Z lae| sin o + 2k|a,|(sin o + cos o + 1) — 2|a,)|
(=Q+2
p—2
+2|a,41|sina + 2 Z |ag| sin v + 2|a,—1 | sin «
l=n+2

+palay|(sina — cosae — 1) + |a,| + M, + |an|>]

n—1

= lqf” {IQ||<10| - (Mq + lagl + prlag(sina — cosa = 1) +2 Y |ag| sina
(=Q+1
p—1
+2k|a,|(sina + cos o + 1) — 2|a,| + 2 Z |ag| sin «
l=n+1

+polap|(sina — cosa — 1) + |a,| + M, + |an|)]
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if
1 —
lgf > — (Mq + lag| + p1lag|(sina — cosav — 1) + 2 Z |a| sin
[ao] =Q+1
p—1
+2kl|ay|(sina + cosa + 1) — 2|a,| + 2 Z |ag| sin o
{=n+1

+palay|(sina — cosae — 1) + |ap| + M, + \an\).
Thus all zeros of H(q) whose modulus is greater than 1 lie in

1 . —~
lq < W(Mq—l—]aQ|+p1]aQ\(81na—cos&—1)+2 Z la| sin «

(=Q+1
p—1
+2kl|a,|(sina + cosa + 1) — 2|a,| + 2 Z |lag| sin o
f=n+1

+palay|(sina — cosav — 1) + |a,| + M, + |an|).

Therefore all zeros of H(q) and hence of S(q) lie in
n—1
lq] < max{l |a0|/(Mq + lag| + p1lag|(sina — cosav — 1) + 2 Z |a,| sin a
(=Q+1

p—1

+2kla,|(sina + cosa + 1) — 2|a,| + 2 Z |ag| sin o

{=n+1
+palay|(sina — cosa — 1) + |a,| + M, + \an\) }
Therefore all zeros of P(q) lie in
n—1
lq] > mm{l \a0]/<Mq + lag| + p1lag|(sina — cosav — 1) + 2 Z |la| sin o
(=Q+1

p—1

+2k|ay|(sina + cosa + 1) — 2|a,| + 2 Z |a| sin o

l=n+1
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+p2lay|(sina — cosa — 1) + |a,| + M, + \an|> }

Thus the polynomial P(gq) does not vanish in

n—1
lgf < min {1, |a0\/(Mq + |ag| + p1]ag|(sina — cosar — 1) + 2 Z |ae| sin o
(=Q+1
p—1
+2k|a,|(sina + cosa + 1) — 2|a;| + 2 Z |a| sin o
{=n+1

+palay|(sina — cosav — 1) + |a,| + M, + |an|) }
O]

Notice when under similar conditions as before Theorem 6.15 reduces to Theorem
4.7 and therefore given the right parameters this will also reduce to Theorem 1.13.
Similar to what we have discussed previously in this thesis, lacunary quaternionic
polynomials with similar parameters applied to the quaternionic coefficients will pro-
duce the similar bound with the exception of M, = i |ag — a;—1|. Similarly for

{=m
quaternionic dual gap polynomials the bound will be similar with the new M, and

m
Mp = Z ’CL@ — CLg_1’ + |CLn — an_1|.
l=p+1

Quaternionic polynomials with quaternionic coefficients are still in the earlier
stages of being studied. This allows us to further what we already know as well
as to continue discovering new ideas within this field. The ability to have a rever-
sal applied to the monotone behavior of the coefficients allows us to manipulate this
turning point. We are able to shift this point of reversal to any value between ¢ and
p. With this ability, larger sets of polynomials may be explored to set bounds on the

locations of zeros. While we are unable to explore the number of zeros for quater-

nionic polynomials at this time, as the quaternionic field continues to be studied we
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may eventually be able use the hypotheses found within this chapter to count the

number of zeros within a bound for these types of polynomial.
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