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ABSTRACT
The 2-Domination Number of a Caterpillar

by
Presley Ugochukwu Chukwukere

A set D of vertices in a graph G is a 2-dominating set of GG if every vertex in V' — D
has at least two neighbors in D. The 2-domination number of a graph G, denoted by
Y2(G), is the minimum cardinality of a 2-dominating set of G. In this thesis, we discuss
the 2-domination number of a special family of trees, called caterpillars. A caterpillar
is a graph denoted by Py(x1, xs, ..., zx), where x; is the number of leaves attached to
the i*" vertex of the path P,. First, we present the 2-domination number of some
classes of caterpillars. Second, we consider several types of complete caterpillars.
Finally, we consider classification of caterpillars with respect to their spine length

and 2-domination number.
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1 INTRODUCTION

First we need to define some terminology and notation for the purpose of this
thesis. Let G be a finite, simple, and undirected graph with vertex set V' = V(G)
and edge set £ = E(G). The order of G, denoted |V(G)| = n, is the number of
vertices in G. The size of G, denoted |E(G)| = m, is the number of edges in G.
For any two vertices z,y € V(G), x and y are adjacent if the edge zy € E(G). The
open neighborhood of v in V' is the set N(v) = {u € V : wv € E} and the closed
neighborhood of v € V' is the set N[v] = N(v)U{v}. The open neighborhood of a set
D C V is the set N(D) = UyepN(v), and the closed neighborhood of a set D is the
set N[D] = N(D)U D. The degree of v is the cardinality of the open neighborhood
of v, or degi(v) = |N(v)|. A vertex with exactly one neighbor is called a leaf and its
neighbor is a support vertex. A support vertex with two or more leaf neighbors is
called a strong support vertex [2]. The independence number of G, denoted B(G),
is the cardinality of the largest independent set of vertices in G. A path Py is a
graph of order k and size k — 1 with vertices denoted vy, vs, ..., v and edges v;v;41
fori = 1,2,...,k — 1. A subgraph H of a graph G is a graph contained in G, i.e.,
V(H) C V(G), E(H) C B(G).

A dominating set of a graph G is a nonempty subset D of the vertex set V' such
that for each u € V' — D, there exists a v € D adjacent to u. Equivalently, a subset
D of V' is a dominating set if for each v € V', [N[v] N D| > 1 [4]. A dominating set
having the smallest cardinality among all dominating sets in a given graph is called
a minimum dominating set. The cardinality of a minimum dominating set in graph

G is called the domination number of G and is denoted (G).
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In [9], Fink and Jacobson introduced the concept of k-domination, of which 2-
domination is a special case. It was shown in [9] that the dominating property of a
minimum dominating set can be destroyed by removing at most two edges or ver-
tices from the graph. In most cases, the removal of only one edge or vertex from
a graph will leave some vertices undominated by what had been a minimum domi-
nating set. For example, in Figure 1, a minimum dominating set D of graph G is
D = {v,c,u,d}. Figure 2 shows that the removal of vertex v in G; will leave vertices

a and b undominated in GGy by what had been a minimum dominating set in Gj.

Figure 2: Graph G5 = G; — v: removal of vertex v

As a result of this, the 2-domination number was introduced in [9] and mentioned
in [3, 12]. For a graph G, if D is a subset of V and uw € V' — D is adjacent to at least
two members of D, we say that u is 2-dominated by D. If every vertex in V' — D is 2-
dominated by D, then D is called a 2-dominating set. Among all 2-dominating sets of
the graph G, if D has the smallest cardinality then D is a minimum 2-dominating set

11



and its cardinality is the 2-domination number of G, denoted 72(G). An example of
2-domination is given in Figure 3. D = {a,b,¢,d, e, f,g,h,i,j,u,t} is a 2-dominating

set of minimum cardinality, so 7(G3) = 12.
q u r t v p
/I\ . /\ ‘/\ A
a p ¢ e f 9 h i J

Figure 3: 2-domination of graph Gj

With this in mind, the removal of only one vertex or edge from a graph will leave
the vertices still dominated.

A caterpillar is a tree with the property that the removal of its leaves and incident
edges results in a path, which we call the spine of the caterpillar. We say a caterpillar
is complete if every vertex on the spine of the caterpillar has at least one leaf.

In this thesis, we study the 2-domination of a caterpillar. In Section 2, we will
give a literature survey over some related work which is relevant to this thesis. In
Section 3, we will discuss 2-domination of paths and by considering several simple
cases of caterpillars with the number of leaves attached to the spine of the caterpillar.
We will also consider upper bounds for all complete and general caterpillars. It is
actually simple to figure out the 2-domination number of some classes of caterpillars,
but making a generalization is a little more difficult. Thus we close with an open

problem.
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2 LITERATURE SURVEY

In this section, we review some background results to this thesis. These results
present the motivation and origin of 2-domination. First, we review the basic results
regarding this type of domination and then proceed with a simple observation of Fink

and Jacobson.

2.1 2-domination

The concept of domination in graphs was known earlier, but Ore [13] was the
first to use the term domination, who noticed that for every graph G, the relation
v(G) < B(G) holds. Since the origin of Ore’s initial introduction of domination, a
large amount of work has been done with dominating sets and the domination number.
The reader is referred to [5, 6, 11]. In [9], 2-domination is motivated by the following
theorem which says that the dominating property of a minimum dominating set can

be destroyed by the removal of only one or two edges (or vertices) from the graph G.

Theorem 2.1. [9, 11] If D is a minimum dominating set in a non-empty graph G,

then at least one vertex in 'V — D is dominated by at most two members of D.

As mentioned earlier, given any minimum dominating set D of G, one can remove
two edges from G such that D is no longer a dominating set of G. As a result of this
process, in [9], a greater degree of assurance is introduced via 2-domination so that
the removal of at most two edges or vertices from the graph G will still retain the
dominating property.

In [9, 11], a vertex v € V — D is k-dominated if it is dominated by at least k vertices

in D, that is |[N(v) N D| > k. If every vertex in V — D is k-dominated, then D is
13



called a k-dominating set. The minimum cardinality of a k-dominating set is called

the k-domination number of G, denoted 4 (G).

Proposition 2.2. [9, 11] A k-dominating set D is minimal if and only if for every
vertex v € D, either, (1) |N(v) N D| < k or (2) there exists a vertez w € V — D such

that |[N(v) N D| =k and u € N(v).

It was also noted in [9] that every k-dominating set is a dominating set and thus,
for every graph G we have v(G) < 4,(G) for each k£ > 1. Furthermore, if 1 < 5 <k,
then every k-dominating set in G is also a j-dominating set and hence v;(G) < v4(G).
In [9], a lower bound for ~, involving only the number of vertices and the number of
edges was obtained. This leads to an extremal result for the 2-domination number of

a tree.
Theorem 2.3. [9, 11] If G has n vertices and m edges, then v.(G) > n — (m/k).

The subdivision of an edge e with endpoints {u, v} yields a graph containing one

new vertex w and with an edge set replacing e by two new edges, uw and wv.

Definition 2.4. [14] A subdivision of a graph G = (V, E) is a graph where each edge

15 subdivided exactly once in G.

The path P, can be subdivided into another path P,, by subdividing each edge
of P, exactly once, that is, subdiv(P,) = P,, where m = 2n — 1 is odd. For example,
if n = 3, then m = 2(3) — 1 = 5. Thus, 77 = P; is the subdivision graph of T = P;,
i.e., subdiv(P3) = Ps as seen in Figure 4.

The edges uw and wv have been subdivided into four edges, ux, rw, wy, and yv.

14



T .

Figure 4: T is the subdivision of T'

A tree is an undirected graph in which any two vertices are connected by exactly one
simple path. Alternatively, a tree can be defined as a connected graph without a cycle
subgraph. A caterpillar is a special type of tree. Theorem 2.3 yields the following

bounds on the 2-domination number of a tree T" of order n.

Corollary 2.5. [9, 11] If T is a tree with n > 2 vertices, then ~5(T) > "2

Corollary 2.6. [9, 11] If T is a tree with n > 2 vertices, then vo(T) = ”T“ if and only

if T is a subdivision graph of a tree T".

An important theorem involving the number of vertices that are of degree one was

shown in [9].

Theorem 2.7. [7, 8] For a tree T, v(T) < ™. where ( refers to the number of

vertices that are of degree one and n is number vertices of T.

The vertices of degree one are included in any 2-dominating set D.
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3 RESULTS

3.1 2-domination of Paths

The path graph P, is a tree with two end vertices of degree 1, and the other n —2
vertices of degree 2. Examples are given in Figure 5.

1 2 3
P e ® ®

n =3, {1,3} is a 2-dominating set and 7, (P;) = 2.
1 2 3 4

P, e ° e °

n =4, {1,3,4} is a 2-dominating set and vo(Py) = 3.

1 2 3 4 5)

P e ® ® ® ®
n =75, {1,3,5} is a 2-dominating set and vo(FP5) = 3
1 2 3 4 5 6
P e ® ® ® ® ©

n =6, {1,3,5,6} is a 2 - dominating set and vo(FPs) = 4.
Figure 5: Examples of 2-domination of paths

From the above examples, we have a pattern for odd and even vertices for any
path graph, P,. When n is even, the 2-domination number of a path graph P, is

n+2

given by v2(P,) = "3=. When n is odd, the 2-domination number of a path graph P,

is given by vo(P,) = "T“ From the patterns above, we have the following theorem.
Theorem 3.1. For a path P,, the 2-domination number is given by ~vo(P,) = (”T“w

Proof. Let V' be the vertex set and D be a minimum 2-dominating set of P,. For n

odd, the path P, is a subdivision graph of PnTH . Thus, by Corollary 2.6, y2(P,) = "T“
16



For n even, we show that 1o(P,) = 2. First, we show that v,(P,) > 2. By
Corollary 2.5 and 2.6, 72(P,) > ™=, which implies that o(P,) > %52

Next, we show that vo(P,) < "T” Consider a 2-dominating set of a path P,, where
D = {v1,v3, ..., vp_1,0,}. Every vertex u € V — D — {v,} is at least 2-dominated by
two vertices of D. Since v, € D, then v5(P,) < |D| = %2+1 = “}2. Hence, combining
the results, we have vo(P,) = [%H]. O

2

3.2 Caterpillar

Recall, a caterpillar is a graph which can be obtained from the path on k vertices
by appending ; pendant vertices to the the i*® vertex of the path, P,. The caterpillar

with parameters k, x1, ..., ry, where xq, x; # 0, will be denoted Py(x1, s, ..., %) as in

1].

!

Figure 6: A caterpillar P,(6, 1,4, 3)

Note, this is a tree with the property that the removal of its leaves and incident
edges results in a path Py called the spine of the caterpillar. Let ¢ denote the number
of leaves, i.e., { = Zle x;. We say a caterpillar is complete if every vertex on the

spine of the caterpillar is adjacent to at least one leaf.

17



3.3 Preliminary Results

Let Py(xq,x9,...,2) be a caterpillar. We first consider the case of caterpillars

where x; # 1 for 1 <i < k. An example is given in Figure 7.
./I\. * ./.\. ; 2 e

Figure 7: A caterpillar P(3,0,2,0,0,0,4)

Note, the 2-domination number of the above caterpillar is
Y2(Pr(3,0,2,0,0,0,4)) = £+3. First, we dissect our caterpillar into complete caterpil-
lars and paths of maximal length. We denote the complete caterpillars with x; > 1 as
C; and the paths as Py,. From the above example in Figure 7, C, = P;(3), Cy = P1(2),

03:P1(4), klz]_ and k?2:3

Proposition 3.2. For a caterpillar, Py, (x1,...,zx), where x; # 1 for 1 < i < k, then
Yo (Pas (@1, oy 2p)) < €4 300 [R5

Proof. Let D be a minimum 2-dominating set. Let k; be the order of the path Py,
where Py, is the set of vertices with z; = 0 on the spine for ¢ = 1, ..., r. Since the leaves
are in D, we only need to 2-dominate each of the paths Pg,. Thus, D is the union of

the leaves and a 2-dominating set for each path Py,. Hence, |D| < ¢+ [EH]. O

Thus, from Figure 7, we have

ki+1 ko +1
72<P7<3,0,2,0,0,o,4)):(3+2+4>+[ = %[ = w

-5

={+ 3.

18



This is an example where equality holds, but below is another example where

equality fails.

Do e o
Figure 8: A caterpillar P(3,0,0,3,0,0,3).

From Figure 8, C; = P;(3), Cy = P1(3), C5 = Py(3), k1 = 2 and ky = 2. Thus,

Bi41] [ha+1
72(P7(3a070,3,0,0,3))<(3+3+3)+[ ! w+[ 2 w

2 2
Py 2+1 . 2+1
2 2

< /{+4.

3.4 Complete Caterpillars

Recall, a caterpillar, Py(x1, s, ..., z1), is complete if the z; > 0 for 1 < i < k.
Note, since each leaf has degree one, each leaf must be in a 2-dominating set. First,
let us consider the case of complete caterpillars with z; > 1 for 1 < i < k. An

example of a complete caterpillar with z; > 1 for 1 < i < k is given in Figure 8.

e e e e

Figure 9: A complete caterpillar P5(2,3,2,2,3).

Proposition 3.3. For a complete caterpillar, Py(xq,xs,...,zx), where x; > 1 for 1 <

i <k, then yo(Py(x1,x2,...,2%)) = L.
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Proof. Let D be a minimum 2-dominating set of Py(x1, s, ..., ), where xp > 1 for
1<i<k.

First, we show that |D| < ¢. Suppose D is the set of leaves. Then each vertex on the
spine, say v;, has x; > 1 neighbors in D. So, D is a 2-dominating set. Thus |D| < /.
Next we show that |D| > ¢. Suppose to the contrary that |D| < ¢. Then, at least one
leaf v ¢ D. That is, v has only one neighbor. So, D is not a 2-dominating set. Thus,

|D| > ¢. Hence, |D| = ¢ and we are done. O

The next class of caterpillars that we consider will be complete caterpillars where
x; = 1 for 1 <1 < k, that is, having only one leaf attached to each vertex on the

spine of the caterpillar. Examples are given in Figure 9.

4 5) 6
P3(17171) : I I I
1 2 3

D ={1,2,3,5}, %(P3(1,1,1)) =
5 6

Pi(1,1,1,1) : I I

1 2

D = {17273747678}7 72<P4<17 1’ 17 1)) = 0.

w O—@ Hk
-~ @—@

Figure 10: Complete caterpillars where x; = 1.

Observe that the 2-domination number of the above caterpillars is the sum of the
number of leaves and the domination number of path.
We need the following lemma to prove our result.

Lemma 3.4. [10] For k > 3, v(P;) = [%].
20



Now, we are ready to prove Proposition 3.5.

Proposition 3.5. For a complete caterpillar, Py(xq,x2,...,xg), where x; = 1 for 1 <

i <k, then yo(Py(ay, 22, ..., xp)) = 0+ [5].

Proof. Let D be a minimum 2-dominating set. Since the leaves are of degree one,
each leaf must be in D. The set of leaves dominate each vertex on the path exactly
once. Thus, a minimum dominating set of the path P, unioned with the set of leaves
¢ is a minimum 2-dominating set of the caterpillar. Hence, |D| = ¢+ [£] and we are

done. O

Theorem 3.6. For a caterpillar, Py(xy, 2, ...,xx), where x; > 1 for 1 < i <k, we have

Yo(Pi(ar, o, oy 2i)) < 4+ y(By) = L+ [5].

Proof. Let V be the vertex set and D be a minimum 2-dominating set of Py(x1, 22, ..., k),
where x; > 1 for all positive integers . Since the leaves are of degree one, then each
leaf must be in D. Since z; > 1 for all 4, a 1-dominating set of the spine P; is sufficient

to 2-dominate the caterpillar. O]

Our next result of interest gives both a descriptive and a constructive family of
caterpillars denoted T .

Let T be a family of caterpillars Py, (z1, ..., 7)) satisfying the following conditions:
e r1 =x,=1and
o ifx; >1 thenuax; ;=1 fori=2,....k—1.

Complete caterpillars satisfying the above conditions for the family of caterpillars,

T, can be written in the form Cy — vy — Cy — vy — C3 —v3 — ... — v,_1 — C,., where

21



Cj = P,;(1,1,...,1), v is the vertex on the spine with more than one leaf and |C}| is
the length of Py, with x; = 1 for 1 <4 < k;. An example of a caterpillar satisfying

the given conditions is given in Figure 10.

LN T AN

Figure 11: A complete caterpillar Ps(1,2,1,1,3,1).

In Figure 11, the complete caterpillar Pg(1,2,1,1,3,1) is of the form C; — v; —
Cy—v9—C3 where |Cy]| =1, |Cy| =2, |C3] = 1, and r = 3. Note that x; = 2 = 1 and
every x; > 1 is followed by x;,; = 1. The 2-domination number, v = (42 = (+ (g]
Note, there are some cases when equality fails as well, i.e., 1o(T) < £ + (%W What
matters is the how much the vertex v; with z; > 1 for 1 < 57 < r is “helping” both

sides. An example where equality fails is given in Figure 12.

Figure 12: A complete caterpillar P;;(1,1,1,2,1,1,1,2,1,1,1).

In Figure 12, 7o = (+3 < {+ [%W = {+4. We can dissect the complete caterpillar
into C; = Py, (1,1,...,1) and v; which is the vertex on the spine with z; > 1 for
1 < j < k. We have the following upper bounds since equality fails in some families

of caterpillars 7.
Proposition 3.7. For a complete caterpillar in T,

neie[%] )

22



Proof. Let D be a minimum 2-dominating set and k; be the length of the spine with
x;=1for1 <k; <r, 1<j<r. Since all leaves ¢ are of degree one, the leaves are in
D,so |D| > ¢=73""_, z;. Next, we dominate the spine of each of the sub-caterpillars

kj with z; = 1 and thus, v = [D| < £+ 377 [%”—‘ O

Proposition 3.8. For a complete caterpillar in T,
— —[k; —2 ky — 1 ky — 1
</ ; ! - | 2
w_+;|v]|+g =l s ©

Proof. Let D be a minimum 2-dominating. Let k; be the length of the spine with

r; = 1 and v; the vertex with z; > 1 for 1 < ¢ < r. First, all the leaves are in D
and, which 2-dominates each of the interior vertices v; with z; > 1 for 1 < ¢ < r.

Thus, we are dominating a path of length smaller than k; and &, by 1 and by 2 in

the middle. Hence, |D| < ¢+ Z;;i lv;| + Z;;; Pjgﬂ + [BL] 4+ [, O

We consider some cases to show that sometimes (1) is better than (2) and vice
versa. We have the following:
Case 1: v = Upper Bound (1) = Upper Bound (2).

Let us consider the caterpillar P;(1,2,1,1,1,3,1) where v = ¢ + 3 as seen in Figure

Figure 13: A complete caterpillar P;(1,2,1,1,1,3,1).

13.

23



For Upper Bound (1):

T k‘ )
WAPﬂLQJﬂLlﬁLU)§€4_§:{§W

= f5] 5]+
=l el s

=/(+ 3.

For Upper Bound (2):
— ATk —2 oy — 1 by — 1
e ) [
2 2 [k —2]  [ki—1 ks — 1
:e+;|vjy+;[ . %[ . %{ . w

—era+ [ [ [

=(+24+1+0+0

=/(+3.

Case 2: vy < Upper Bound (2) < Upper Bound (1).
Let us consider the caterpillar Po(1,1,1,1,2,1,1,1,1,2,1,1,1,1,2,1,1,1,1) where

v = { 4 6 as seen in Figure 14.

ST AT AN TITT AT

Figure 14: A caterpillar Po(1,1,1,1,2,1,1,1,1,2,1,1,1,1,2,1,1,1,1).
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For Upper Bound (1):

nser S [g]
=g+ 5 ]+ 5]+ 5]
=e+[g] + 3]+ [3] + ]3]

=(+8.

For Upper Bound (2):

=(+3+1+1+1
=(+7.

Case 3: o < Upper Bound (1) < Upper Bound (2).
Let us consider the caterpillar Py5(1,1,3,1,3,1,1,1,3,1,3,1,2,1,1) where v = ¢ +5

as seen in Figure 15.

ANTANTITANTANT AN T

Figure 15: A complete caterpillar Pj5(1,1,3,1,3,1,1,1,3,1,3,1,2,1,1).
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For Upper Bound (1):
gy
o515 5
oo BBl Bl BBl
=0+14+1+1+1+1+1

={+6.

For Upper Bound (2):

-1

’m<£+§i@A+§:k§

s [ar] ]
7]

|
e B
|

w

Jj=

=eoso [ R [ [
42;%?;11
- [B 5] 5L

=0+54+0+1+0+0+1+1

=(+38.

Observation: In Case 1, we found that the Upper Bound (1) equals Upper Bound
(2) and both equal v, = ¢ + [£].
In Case 2, the Upper Bound (2) is better than the Upper Bound (1). This is an

example where equality fails. That is v, < ¢ + (%W
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In Case 3, the Upper Bound (1) is better than the Upper Bound (2). This is an
example where equality fails. Hence, v, < ¢ + %-‘
From the cases above, we found out that in general neither of the upper bounds are

better than the other. Thus, both serve as a useful upper bound.

3.5 Upper Bounds for all Complete Caterpillars

In this section, we construct a congruence class of caterpillars in 7 for which we
conjecture that equality holds in Theorem 3.6. That is vo = ¢ + (%W
We let Cj = Py, (1,1,...,1). Let us consider the following congruence classes for 7
Class 1: Let |C;| = 0(mod 3) for 1 < j <.
For Pr(1,1,1,24,1,1,1), %2(Pr(1,1,1,24,1,1,1)) = £+ 2 < £ + [£]. So, equality fails
with z, > 1.
Class 2: Let |C;]| = 1(mod 3) for 1 < j <r.
For Ps(1,22,1), 72(Ps(1,22,1)) =0+ 1 =0+ [2].
For P5(1,22, 1,24, 1), 72(P5(1, 22, 1,24, 1)) = 0+ 2 = + [2].
For P;(1, 29,1, 24,1, 26,1), vo(Pr(1, 29,1, 24,1, 26,1)) =L+ 2 < { + (%1 So, equality
holds when k = 3,5, but fails when k& = 7 where x; > 1 for i = 2,4, 6.
Class 3: Let |C}| = 2(mod 3) for 1 < j <.
For P5(1,1,25,1,1), %(P5(1,1,23,1,1)) =+ 2 = ( + [3].
For Ps(1,1,23,1,1, 26,1, 1),
Yo(Ps(1, 1, 25,1, 1,26,1,1)) = 0+ 3 = £+ [£].
For P;1(1,1,23,1,1,26,1,1, 29,1, 1),
Yo(Pii(1,1,23,1,1, 26,1, 1,29,1,1)) =€+ 4 =0+ [1].
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For P (1,1,1,1,1,26,1,1,1,1,1),
72(P11(17 1, 17 ]-7 171:6’ 17 ]-7 17 17 1)) = £+4 = €+ ’_%-I

Thus, equality holds in the cases above.

ISP AN S AN P AT TR

Figure 16: A complete caterpillar Pi4(1,1,2,1,1,2,1,1,2,1,1,2,1,1).

In Figure 16, 7o(Pia(1,1,23,1,1,26,1,1,29,1,1,212,1,1)) = £ +5 = { + [¥],
where x; > 1 for i = 3,6,9,12.
We also have other classes of 7 where equality fails when C; = Py (1,1,...,1) for
1<j<k.
Class 4: Let |C}| # |Cj41](mod 3) for 1 < j <.
For Py(1,22,1,1) = Py(1,1,23,1), ya(Ps(1,22,1,1)) = L+ 2=+ [1].
For Ps(1,1,1,24,1,1) = Ps(1,1,23,1,1,1),
Yo(Ps(1,1,1,24,1,1)) = £+ 2 =L+ [§].
For Pi3(1,29,1,1,25,1,1,1,29,1,1,1,1),
Yo(Prs(1, 20,1, 1, 25,1,1,1,39,1,1,1,1)) =0+ 5 =0 + [L].
For 1 < j <r, equality holds when |C;| # |Cj41|(mod 3) in the examples above but
fails for Pys(1,2,1,1,2,1,2,1,1,2,1,2,1,1,2,1,2,1,1,2,1,2,1,1,2,1).

We calculate
’72<P26(]-7 27 1; 1a 2a ]-7 27 17 ]-a 27 17 27 1a ]-7 27 17 2’ 17 17 27 1’ 27 ]'7 17 2’ 1)) =1{ + 8

26
¢ =
<o+ |3

=0+9.
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Let 7} be the family of caterpillars in T satisfying the additional condition:
e |C;]=2(mod 3) for 1 <j <r.

Conjecture 3.9. Let T be a caterpillar, Pi(xy1,xa, ..., xx), with £ leaves. If T € T, then

(1) = L+ [5].

3.6  Upper Bounds for all General Caterpillars

In this section, we obtain an upper bound for the 2-domination number of general

caterpillars. We begin by dissecting a caterpillar C' into subgraphs of the following

types

® Pk
o P(1,1,1,1,...,1)
o Pi(xy,....,xp), x; > 1.

Denote the first type subgraph by Py, the second type by Cy, and the third type by

CC,,. An example is given in Figure 17.

ISRV ANV A NS PAIR D!

Figure 17: The caterpillar Pyg(1,1,1,0,0,0,2,2,0,0,0,1,1,2,0,1,1,1).

In Figure 17, the above caterpillar can be dissected into C; = P3(1,1,1), Cy =

Pg(l,]_), 03 = Pg(l,]_,]_), Pk:1 = Pg, Pk2 = Pg, Pk3 = Pl, OCl = P2(2,2), and
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CCy = Py(2). Thus,

72(P18(]-7 ]-7 170707072727070a 07 17 17 27 O’ 17 17 1)) - g—i— 8

3

</l+ Z’Y(Cj) - Z’Yz(ij)-

J=1

Theorem 3.10. For a complete caterpillar, Py(xq,z3,...,x), dissected as above we

have, vo < 0 + Z;:1 Y(Cj) + 22:1 72(ij)'

Proof. Let D be a minimum 2-dominating set. First, all the leaves are in D. Next, we
dissect the caterpillar into Cis, P,;js and C'Cjs. Then, dominate each of the spines of

C; and 2-dominate each of the paths ;. Hence, [D| < 0+37v(Ci)+32;72(Fy,). U

3.7 Caterpillars of Small Length

Our aim in this section is to determine the 2-domination number of caterpillars
with small length. Let us consider a caterpillar, Py(xy,...,2zx) for 1 < k < 5. The
following tables below give the 2-domination number of the caterpillars with a spine
of small length. In the tables below we consider the caterpillars up to isomorphism
and order them lexicographically in z;. Also, we always choose the isomorphism class
so that x; > x,. Furthermore, when we don’t specify the value of x;, we have x; > 1

for 1 < <k.
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<x17x2> ‘ V2

(1L,1) [ £+1
(1'1, ) £+1
($1,.§L’2> €

Table 1: Caterpillars of length 2
P3(IE1,$2,$3) 2
(1,0,1) | £+1
(LLL,1) | £+1
(1 T, ) f + 1
(21,0,1) | £+1
(xl,l,l) (+1
(Il,].,l’g) (41
(l’l,l’g, ) l +1
(1'1,1'2,1'3) 12

Table 2: Caterpillars of length 3

P4($1,3U2,$3,I4) V2 P4(11,I2,$3,$4) V2
(1 0 0 1) l + 2 ($170,ZL‘3,ZE4) (+1
(1,0,1,1) | £+ 2 (x1,1,0,1) | £+1

(1 0,x3,1 ) {4+ 2 (xl,l,l,l) (41
(1,1,1,1) (42 (a:l,l,l,x4) (41
(1,1,23,1) | £+2 (x1,1,23,1) | £+ 1
(1 T9,T3, ) {+2 (ZE17IE27071) (+1
(21,0,0,1) | £+2 (x1,29,1,1) | £+ 1
(21,0,0,z4) | £+ 2 (x1,29,1,24) | £+ 1
(21,0,1,1) | £+ 2 (1,29,23,1) | £+ 1
(I1,0,17x4) (41 (21,79,23,24) 14

Table 3: Caterpillars of length 4
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P (xla T2,T3,T4, x5>

V2

(1,0,0,0,1)
(1,0,0,1,1)
(1 0 0 ,Lyg, )
(1,0,1,0,1)
(1,0,1,1,1)
(1 0 .Z'3,1,1)
(1,0,x3,24,1)
(1,1,0,1,1)
(1,1,0,24,1)
(1,1,1,1,1)

1 1 .773,.774,

1)
1)
1 1’2,0 Ty, )
)
1)
1)

A~ N

1 IQ,].,QT4,

(1'1,0 O O I’5>
(21,0,0,24,1)
)
)

(th)]-)O s

C+2
C+2
C+2
(+2
C+2
C+2
C+2
C+2
(+2
(42
C+2
C+2
C+2
(+2
(42
C+2
C+2
C+2
C+2
(42

Ps(x1, 29, 23,24, 25) | 72
(t1,0,1,1,1) | 0 +2
(21,0,1,24,1) | £+ 2
(.CL’l OIg,l,l) £+2
(a:l,O .133,0 ].) €+2
(21,1,0,0,1) | £+2
(r1,1,1,1,1) | £+2
(x1,1,1,1,25) | £+ 1
(:cl,l,xg,() 1) | 0+2
(x1,1,x3,1,x5) | £+ 1
(IL‘l,lL'Q,OO ].) E—{—Q
(r1,22,0,1,1) | £+ 2
(r1,22,0,x4,x5) | £+ 1
(x1,m9,1,1,1) | £+ 1
(21, xg,l,x4,x5) (+1
(l’l a72,a73,0 ].) 14 + 1
(1‘1 1‘2,1‘3,0 CL’5) 14 +1
(r1,x9,23,1,1) | £+ 1
(x1,x9,23,1,25) | £+ 1
(l’l T9,r3,T4, ) l + 1

(1]1,132,1]3,5(]4,5(]5) 14

Table 4: Caterpillars of length 5
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4 CONCLUDING REMARKS

After many cases were discussed and many different caterpillars were examined,
we obtained a general upper bound for the 2-domination number of caterpillars,
Yo(Pi(z1, ..o mp)) < €+ [£]. We discussed different cases of caterpillars with varying
number of leaves on the spine of caterpillars.

In Section 3.5, we conjectured that which equality holds for the family of caterpillars

Te.

4.1 Open Problems
In this thesis, we have that for any caterpillar, vo < £+377_; 7(C5)+3 75 2 (P, )-
e Can we characterize the caterpillar for which the bound is sharp?

e Can we determine the 2-domination number of caterpillars?
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