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ABSTRACT
The Number of Zeros of a Polynomial in a Disk as a Consequence of Coefficient

Inequalities with Multiple Reversals

by

Derek Bryant

In this thesis, we explore the effect of restricting the coefficients of polynomials on
the bounds for the number of zeros in a given region. The results presented herein
build on a body of work, culminating in the generalization of bounds among three
classes of polynomials. The hypotheses of monotonicity on each class of polynomials
were further subdivided into sections concerning r reversals among the moduli, real

parts, and both real and imaginary parts of the coefficients.
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1 INTRODUCTION

Both the theoretical and applied branches of the mathematical community benefit
greatly from research in the field of zeros of polynomials. In particular, the problem
of counting zeros has been the subject of study for many mathematicians, and its dif-
ficulty has led to the creation of several other fields. In practice, a common technique
is to apply restrictions on the coefficients to lessen the difficulty of finding zeros to
a manageable degree. Like several fields of mathematics, this field owes much of its
early history to Gauss, with his body of work leading to Gauss becoming known by
contemporaries as ‘Analysis Incarnate’ (see page 440 of [3].)

While Gauss’ and Cauchy’s work developed in the early 19th century [8], it was
not until the early 20th century that a Japanese mathematician by the name of
Soichi Kakeya developed a result simultaneously with the Swedish mathematician
Gustaf Hjalmar Enestrém [13] that placed a bound on the location of the zeros of
a polynomial having real, positive, and monotonically increasing coefficients. The
Enestrom-Kakeya Theorem, as it came to be known, concerns the location of zeros
of a polynomial with monotonically increasing real coefficients. This theorem is the
first we explore, but first we will state a few definitions.

For z € C, if z = a+ib with a,b € R, the modulus of z is denoted |z| and is defined
as |z| = v/a? + b2. Further, we denote the argument of z as arg(z), and it represents
the angle between the positive real axis to the line joining the point z to the origin.
In addition, we denote the real part of z as Re(z) = a and the imaginary part of z
as Im(z) = b. Finally, we say a function f : G — C, where G is an open connected

subset of C, is analytic if f is continuously differentiable on G.

8



Theorem 1.1. (Enestrém-Kakaya) [16] For polynomial p(2) = >°7 a;27, if the

coefficients satisfy 0 < ap < a3 < -+ < @y, then all the zeros of p lie in |z| < 1.

Like many, Aziz and Mohammad [2] worked with the locations of zeros of an
analytic function f(2) = > 72 a;2/, where Re(a;) = a; and Im(a;) = ;. They
imposed the condition 0 < ag < ta; < --- < thay, > tF*lap > -+, along with a
similar condition on the f3;’s [2]. Shields denoted this restriction on the coefficients
as a “flip at k,” where the monotonicity of the coefficients changes from increasing to
decreasing [17]. In Chapter 2, we impose a generalization of this reversal condition on
the coefficients of polynomials in order to count the number of zeros in a prescribed
region.

As did Shields [17], we now put forth the idea of counting zeros of a polynomial
which Titchmarsh’s Number of Zeros Theorem used to obtain a bound on the number

of zeros in a certain region.

Theorem 1.2. (Titchmarsh’s Number of Zeros Theorem) [1§]
Let f be analyticin |z| < R. Let |f(2)| < M in the disk |z| < R and suppose f(0) # 0.

Then for 0 < ¢ < 1, the number of zeros of f(z) in the disk |z| < JR is less than

1 o M
log1/6 " [£(0)]

A proof of Theorem 1.2 is given by Shields on pages 9-10 of [17]. This theorem
forms the basis of our research, since we are always able to relate back to Titchmarsh’s
result to obtain the number of zeros in a given region. Given a specific hypothesis on
these coefficients, our work is to seek a specific value of M so that we obtain a better

bound on the number of zeros of the polynomials with given coefficients. Note that
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our proofs will rely on Theorem 1.2, but they also rely on the Maximum Modulus

Theorem.

Theorem 1.3. Maximum Modulus Theorem (page 165 of [18]) If G is a region
and f : G — C is an analytic function such that there is a point a € G with

|f(a)| > |f(2)] for all z € G, then f is constant.

Before we begin, there should be a discussion on what others have researched
concerning the number of zeros of a polynomial using Titchmarsh-type results. Re-
search in the field of mathematics concerning the counting of the number of zeros in
a specific region is still very much active, with papers being published as recently as
2013 [9].

Mohammad used a special case of Theorem 1.2 by putting a restriction on the
coefficients of a polynomial similar to that of Theorem 1.1 in order to prove the

following:

Theorem 1.4. [14] Let p(z) = Y " ja;2’ be such that 0 < a+0 < a; < -+ < a,.

Then the number of zeros in |z| < % does not exceed

1 an,
1+ —1 — .
" log2 Og(ao)

Dewan weakened the hypothesis of Theorem 1.4 in her dissertation work, and

proved the following two results for polynomials with complex coefficents:

Theorem 1.5. [7] Let p(z) = >_7_a;27 be such that |arg(a;) — 8] < o < 7/2 for all
1 < j < n and some real a and (3, and 0 < |ag| < |a1] < -+ <ay|. Then the number

of zeros of p in |z| < 1 does not exceed

1 log |an|(cosa—|—sinoz+1)+28ina2?;g|aj|
log 2 laol '
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Theorem 1.6. [7] Let p(2) = >_7_a;2’ where Re(a;) = a; and Tm(a;) = 3 for all

jand 0 < 9 < ag < -+ < a,_1 < ay, then the number of zeros of p in |z| < % does

not exceed

1 an+ >0 o5
1+ log 20185 .
log 2 o

Theorems 1.5 and 1.6 were generalized by Pukhta, who found the number of zeros
in |z| < 0, for some 0 < § < 1 [15]. The next theorem, due to Pukhta, concerns a

monotonicity condition on the moduli of the coefficients.

Theorem 1.7. [15] Let p(z) = > a;2’ be such that |arg(a;) — 8| < a < 7/2 for
all 1 < j < n and some real a and , and 0 < |ag| < |a1] < --+ < |a,|. Then the
number of zeros of p in |z| < 4§, 0 < § < 1, does not exceed

1 log |an|(cosa—|—sina—|—1)—1—281110[237;3 |aj|.
log1/6 |aol

Pukhta also proved a result involving a monotonicity condition on only the real
part of the coefficients [15]. As noted by Shields [17], there was a slight typographical
error in the statement of the result as it appeared in print, though the proof was

correct. The correct statement of the theorem is as follows:

Theorem 1.8. [15] Let p(z) = >_7_;a;2’ be such that |arg(a;) — 8] < a < 7/2 for
all 1 <7 <n and some real a and 5, and 0 < apg < a1 < --- < . Then the number
of zeros of p in |z] < 4, 0 < 6 < 1, does not exceed

I CRRIC)
log1/5 o] |

Aziz and Zargar [1] together introduced the idea of imposing an inequality on

both the even and odd indices for the coefficients of a polynomial separately. Cao
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and Gardner [4] impose conditions on the real parts of the coefficients and gave a
result restriction the location of the zeros of a polynomial. In the same paper, Cao
and Gardner gave a hypothesis with restriction on the real and imaginary parts of
the coefficients, splitting them into even and odd indices.

We will reproduce the three major results of [17] in their entirety here, leaving it
up to the reader to look up those cited in future sections. Note that these results on
moduli restrictions are cases of those we will explore throughout this thesis; we are

using the hypotheses in these results and generalizing them.

Theorem 1.9. [9] Let P(z) =} 7 a;2’ where for some ¢ > 0 and some 0 < k < n,

0 < |ag| < |ar|t* < ag|t? < -+ < ap|t" > |apsr [ 7T > oo > |ap o[t > Jan|t"

and |arg(a;) — 8| < a < § for 1 < j < n for some a, 3 € R. Then for 0 < ¢ < 1, the

number of zeros of P(z) in the disk |z| < dt is less than

l | M
0g —»
log1/6 ® |aol
where
M = Jaglt(1 — cosa — sina) + 2|a|t" cos o
n—1
4@ |t (1 + sin o — cos a) + QSinaZ a7

=0

Theorem 1.10. [10] Let P(z) = >_7_;a;2’ where for some ¢ > 0 and some nonneg-

ative integers k and /,
0 # Jag| < |ao|t* < |ag|t' < -+ < agk| % > |agpio| 777 > - - ‘Cl2tn/2j‘t2tn/2J

|ay| < agt?] < |ast?] < -+ < age1t* 72 > Jage1t*| > -+ - |agnr1yjay 1t
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Then for 0 < 6 < 1, the number of zeros of P(z) in the disk |z| < 6t is less than

l o M
log 1/5 2 Jao|’

where

M = (Jao|t® + a1 |t? + |an_1[t"" + |a,[t"")(1 — cosa — sin a)

n
42 cos ol |ag|t** T2 4 |age_1 [>T + 2sina Z |a [t/ 2.
=0

Theorem 1.11. [11] Let P(z) = ag + »_;_, a;2’ where |ag| # 0 and for some ¢ > 0

and some k with y < k <n,
Jap| " <o < apog |7 < agl > Jaga [ > > Jap [ 1771 > [ag| £

and |arg(a;) — ] < a < 7§ for 1 < j <nfor p < j < n and for some real o and 3.

Then for 0 < 6 < 1, the number of zeros of P(z) in the disk |z| < 6t is less than

b e M
log 1/6° Jao|’

where

M = 2laglt + |a,|t"t' (1 — cosa — sin @) + 2]ay [t cosa

+ap|t" (1 — sina — cos ) + QSinaZ |a; [t
J=n

Notice that in Theorem 1.9, Theorem 1.10, and Theorem 1.11, there is only one
reversal, with such a reversal occurring at k, k and s, and k respectively. Chattopad-
hyay, Das, Jain, and Konwar introduced the concept of multiple reversals [6]. In
particular, observe Theorem 2 from [6], which introduced the concept upon which

this thesis builds, here reproduced nearly exactly as it appeared in print.
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Theorem 1.12. (Theorem 2 from [6]) Let p(z) = > " ;a,2’, be a polynomial of

degree n. If Re(a;) = o, Im(a;) = B;, for j = 0,1,2,...,n and for certain non-

negative integers ki, ko, ..., kp; 71, 72,...,74 and for certain ¢ > 0

ap < onpt' << g tM > gt > > gt < agattT <L

Bo < Bitt < ool K Bttt > By it T > > Bttt < Bttt <L

with inequalities getting reversed at p indices ki, ks, ..., k, in the first inequality
P

and «,t" being the last term in the first inequality, and similarly, inequalities getting

reversed at p indices r1,79,...,7, in the second inequality and ,t" being the last

term in the second inequality), then all the zeros of p(z) lie in

Rl S |Z’ S R27
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where

£*]ao] t*lao| _ t*|a|
1 min ML L M
My 1
Ry = max —2,— ,
la,| t
Ml - tM{

M{ = — CY()‘F( p+10& tn‘f’z a tku}
tk“}

=< Bo+ (1P, t”+Z +an| £,
My = —apt™ '+ (=1)PMa,t + (2 +1) Z —1) %y, £
u=1
p kyy1—1
—I—(t2 . 1)2{ u+1 Z Q" m 1}
u=0 m=ky,+1 .
_ﬁotnfl ( 1)p+1ﬁ t+ t2 Z 6rstn re—1
s=1
q rsy1—1
+(t2 o 1)2 {(_1)s+1 Z ﬁfutn_v_l} + |a0|tn—|—17
s=0 v=rg+1
]{ZO =To = 0,

kpy1 — 1411 = n.

It is Theorem 1.12 that provided the motivation for this thesis, allowing us to
apply the idea of multiple reversals to each of the theorems explored by Shields in
[17]. Namely, applying such an idea to Theorem 1.9 gave rise to our Theorem 2.1,
making Theorem 1.9 a corollary.

In Chapter 3, we extend the hypotheses to count the number of zeros of a polyno-
mial by considering the moduli, real, as well as real and imaginary restrictions of the
even and odd indexed coefficients, given some numbers of reversals on the different
coefficients.

In Chapter 4, we study a class of polynomials with a gap between the leading

coefficient and the following nonzero coefficient, denoting the class of all such poly-
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nomials as P, ,, where each polynomial is of the form P(z) = ay+ Z?:u a;z/. During
their study of Bernstein-type inequalities, Chan and Malik [5], introduced this class
of polynomials. It should be noted that P, ; = P,, the class of all polynomials of

degree n.
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2 A MONOTONICITY CONDITION ON ALL OF THE COEFFICIENTS WITH

A NUMBER OF REVERSALS

In this chapter, we investigate the effect of placing a monotonicity condition on
all the coefficients, assuming 1 < r < n reversals among the coefficients. In Section
2.1, we impose the condition on the moduli of the coefficients, in the manner of
Dewan for locations of zeros [7]. In Section 2.2, we split the coefficients into the real
and imaginary parts, placing a monotonicity restriction on only the real part, in the
manner of Pukhta’s generalization of Theorem 1.6 [15]. In Section 2.3, we consider

the monotonicity restriction on both the real and imaginary parts of the coefficients.

2.1 Restrictions on the Moduli of the Coefficients Given r Reversals

In this section, we impose the condition on the moduli of the coefficients, assuming
r reversals. These polynomials are related to results like Theorem 1.7 with mono-
tonicity flips at each k;, where 1 < j < r. Note that we consider only those coefficients
in the sector |arg(a;)—f| < a < 5 for 1 < j < n for some a, 8 € R. The visualization
of this is displayed in Figure 1, with each a; represented by a yellow dot, and o and
[ are as shown. Please note that this is only an example of one arrangement of the

a and [ values.
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Figure 1: View of a specific sector.

Theorem 2.1. Let P(z) = >_7_;a;2’ where for some ¢ > 0 and some 0 < k; < ky <

s < kyp <o,
0 < lao| < lar|t" < ag|t* <o+ < ag, [#5 > Jag | 7T >0 > Jagy [ < -

and |arg(a;) — | < a < § for 1 < j < nfor some a,f € Rwithr e N1 <r <n

the number of reversals. Then for 0 < ¢ < 1, the number of zeros of P(z) in the disk

18



|z| < 6t is less than

1 | M,
—_— O —_—
log1/6 ° Jao|’
where
M, = |ao|t(1 —cosa —sina) + 2005042(—1)h+1 |ag, | "
h=1
n—1
+an |t (1 + sina + (—1)" cos @) + 2sina Z |a;[t7

=0

Notice that when » = 1 in Theorem 2.1, it reduces to Theorem 1.9, a main result

in [9]. Further, with ¢ = 1 in Theorem 2.1, we obtain:
Corollary 2.1. Let P(z) = Z?:o a;z? with 0 < kg < kg <--- <k, <n,
0 <laol < las| < lagf <--- <lag, | = |ary 2] = -+ = Jag,| < -+

and |arg(a;) — | < a < § for 1 < j < nfor some a,f € Rwithr e N1 <r <n
the number of reversals. Then for 0 < § < 1, the number of zeros of P(z) in the disk

|z| < 6t is less than

1 | M,
0 —_—
log 15 fao|
where .
M, = lap|(1 —cosa —sina) + 2005@2(—1)h+1 |ag, |
h=1
n—1

+|an|(1 4+ sina + (—1)" cos @) + QSinaZ |aj|.
=0

For r = 2 and if each q; is real and positive (that is, & = 0) then Corollary 2.1

reduces to the following:
Corollary 2.2. Let P(z) = >_"_ja;27 with 0 <k <ky <n,

0 <laol < las| < lagf <--- <aw, | = |ary 2| = -+ = Ja, | < agya] <--- < an)
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and |arg(a;) — ] < a=0for 1 < j <n for some § € R. Then for 0 < § < 1, the

number of zeros of P(z) in the disk |z| < 4t is less than

|ary | — |any | + |an]
— 1 2 .
log 1/0 Og( o]

Example 2.1. Consider the polynomial P(z) = 1 + 50z + 452% 4+ 1000z°. Since we

have ag = 1, ag, = 50, and ay, = 45, there are two reversals. Note that P(z) = 0 when

z ~ —0.0202024 and 2z ~ 0.0123988£0.222138:. With § = 0.021, Corollary 2.2 implies

that the number of zeros in |z| < § = 0.021 is less than log(1/10.021) log 2(5074?“000) ~

1.97, which implies that P has at most one zero in |z| < 0.021, and P has exactly one
zero in this region. Therefore, this example shows that Corollary 2.2 is sharp (that

is, best possible) for certain examples.

Example 2.2. Consider the polynomial P(z) = 1+ 50z + 4522 4+ 1000023. Since we
have ag = 1,a;, = 50, and ay, = 45, there are two reversals. Note that P(z) = 0
when z ~ —0.0189603 and z ~ 0.00723016 + 0.0722627:. With 6 = 0.0726235,

Corollary 2.2 implies that the number of zeros in |z|] < § = 0.073 is less than

1

2(50—45+10000)
Toa(1/0.073) 108 1

~ 3.784, which implies that P has at most three zeros
in |z] < 0.073, and P has exactly three zeros in this region. In this example it has

been shown that in particular cases our results can be used to locate zeros.

Before we begin the proof of Theorem 2.1, we need a lemma previously shown by
Govil and Rahman as well as a statement of the Maximum Modulus Theorem.
Lemma 2.1. [12] Let z, 2’ € C with |z| > |Z/|. Suppose that |arg(z*) — 8| < a < 7/2
for z* € {z,2'} and for some real a and /. Then

|z — 2| < (|z] = |7']) cosa + (|z] + |2']) sin .

20



Proof of Theorem 2.1. Consider

F(z) = (t—2)P(z) = (t—z)Zajzj

— 27 J+1 J J+1
= E (a;tz) —a;z E ajtz’ — g a;z

7=0
= aot + Z atz) — Z a; 12") — anz"+1
7j=1
= a0t+z ajt —aj_1)2’] — a2

7j=1

For |z| =t we have:

n
[F) < laolt+ ) lajt — aja |t/ + Jay[t™+

] 1
ko
< |a0!t+2\ P (ajt —a )|+ D 1(=1) (a5t — a;1)|E +
j=k1+1
+ Z ) (a;t — aj_1) [t + |an |t
Jj= kr+1
r—1 knt1
= |a0]t+2\ (ljt—CL] 1 |tj Z( Z (ajt—aj_1)|t]>
h=1 \j=kp+1
+ Z —a;_1) [ + |an |t = S
j=kr+1

Then by Lemma 2.1 with 2z = a;t and 2’ = a;_; when

1<j<k
ko+1<j<ks
ka+1<j<ks

k-+1<j7<n ifriseven
k1 +1<j5<k, ifrisodd

21



and with z = a;_; and 2’ = @/t when

Fi+1<j <k
ks +1<j <k
ks +1<j<kg

k1 4+1<j <k, if riseven
k-+1<j7<n if risodd,

we have for r € N with 2 <r <n,

S < aolt + Z {1(=1)°(lajt| = |aj-1]) cos @ + (Jaj_1| + |a;t]) sina} ¢/
r—1 kh+1
—i—Z ( Z {I(=1)"(lajt| — |aj_1]) cosa + (laj_1| + |a;t|) sina} t3>
h=1 ] kh+1
+ Z {(=1)"(lajt| = |aj_1]) cosa + (laj_1| + |ast]) sina} t + |a, [t
Jj=kr+1
= Jaolt + |a,t"" + Z )2(la; |7t — Jaj_1[t) cos a
j=1
r—1 kht1
2 ( > D ol - \aj1|tf‘>cosa>
h=1 \j=kn+1
k1
+ Z ) (Jag [t = |aj_a|t!) cosa + Y (laj_1|t! + |a; [T sin
Jj=kr+1 j=1
r—1 kn41 n
+Z< > (lajlt? + |ajytﬂ+1)sma> + Y (lagoalt + |a [ sina
h=1 \j=kp+1 Jj=kr+1
= 9

Remark 2.1. Note the summations including a sin a term may be collected as

S = (laj1|t + |a;["*")sina.

j=1

22



Then we have

S = (laolt + |a1|t?) sina + (|ay [t? + |ag|t?) sin o + (|ag|t? + |as|t!) sin «
oA (Japa |t + an— 1 [t") sina + (|ap_1 [t + |a,|[t"™) sin
= laoltsina + (Ja1|t? + |a1[t?) sina + (Jag|t® + |az|t?) sina + (Jas|t* + |as|t*) sina

oA (Japg [t + |ap_1]t") sina + |a, [t" T sina
n—1

apltsina + 2sin « a;: |t/ + |a,|t" sin a.
J
j:l

Remark 2.2. Now consider

k1
Co = Z(—l)o(mj\tj“ — Jaj_1|t?) cos o = (|ag, [t" T = Jao|t") cos e,
=1

since it is clearly a telescoping sum. By the same logic, for 1 < h < r — 1, each

kn41
Cy = Z (=1)"(|a;|t"*" = |aj_1|t?) cos e = (=1)" (|ag, ., [t" " = |ag, |t F1) cos a.
j=kn+1

Finally, we have

Co= Y (=1 (lg[t"™" = |aj_a|t)) cos o = (=1)" (lan|t™*" — |ag, [t*7T) cos .
j=kr+1

Adding each of these r + 1 sums together gives

r—1
C=Co+ Y Ch+C,
h=1
so that we have
C = (|akl|t’“Jrl — |ag|t") cos
+ (—=1)" (Jag, [t T+ - |a | cos a
(17 ol — e e
+ (=1)° (Jax 4|tk4Jr1 [t 71) cosar + -+ -
(=1)" (|an|t"*! = |tk 1) cos .

Observe that the |ao|t and |a, [t terms have nothing to pair with, but each

other term appears twice in the sum. Further, terms with odd indices have positive
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sign, whereas terms with even indices have negative sign. Then we have that

C = (—1)"|an|t"* cos a + 2 cos a (Z(—l)h+1|akh|tkh+l> — |agt cos .
h=1

Then using Remarks 2.1 and 2.2, we may rewrite S’ as

S" = Jaglt +C+ S + |a,|[t"™
= Jaglt + (=1)"|an|tF" T cos v + 2 cos o —1)" g, [P | — Jao|t cos
h
h=1
n—1
+|aolt sina 4 2 sin o Z(|aj|tj+1) + |a, [t sin o + |a, [t
=1
= |aolt(1 — cosa — sina) + 2COSO¢Z(—1)h+1 |ag, | 5
h=1
n—1
4+ an[t" (1 +sina 4 (—1)" cos ) + 2sina Z |a |t/
=0
— M,

Now F(z) is analytic in |z| < ¢ and |F(2)| < M, for |z| = t. So by Theorem 1.2
and the Maximum Modulus Theorem, the number of zeros of F' (and hence of P) in

|z| < 6t is less than or equal to

1 | M.,
(0] .
log1/6 " Ja

The theorem follows. O

2.2 Restrictions on the Real Part of the Coeflicients Given r Reversals

In this section, we force a restriction of the monotonicity only on the real part of
the coefficients, along with a ¢ condition and reversals at each ky, ko, ..., k.. With our
number of zeros result in mind, we again seek a different M, value. First, we show

Theorem 2.2:
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Theorem 2.2. Let P(z) = 3 7 a;2’ where Rea; = aj and Ima; = B for 0 < j <n.

Suppose that for some £ > 0 and some 0 < k; < kg < --- <k, <n,
0<ap<anth <ont? <o <ot > g g tFT > >t <

with r € N, 1 < r < n the number of reversals. Then for 0 < § < 1, the number of

zeros of P(z) in the disk |z| < dt is less than

1 | M,
O —
log1/5 % Jag|’

where
My = (ool = a0}t +2 3 (=1) a9+ (Janl + (<1)an)t™* 423 [G7+.

Note that for r = 1, we have a result of Gardner and Shields, which appeared in

[9]. Now for ¢t = 1 in Theorem 2.2, we obtain:

Corollary 2.3. Let P(z) = >_7_a;2/ where Rea; = o and Tma; = f; for 0 < j <

n. Suppose that for some 0 < ky < ky < --- < k. < n,
O<ap<ar<ag < - < Qg 2 Qpgr =0 2 Qg < oo

with » € N, 1 < r < n the number of reversals. Then for 0 < § < 1, the number of

zeros of P(z) in the disk |z| < dt is less than

1 | M,
—_— O _—
log1/5 2 Jag|’

where
M, = (laol = o) +2) (=1 ey, + (law| + (1)) + 2> |85
=1 §=0
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Further, let 7 =2 and 8; = 0 for all 0 < 57 <n in Corollary 2.3 to obtain:

Corollary 2.4. Let P(z) = > 7 ja;2) where Rea; = «; and Ima; = f; for

0 < j < n. Suppose that for some 0 < k; < ky < n, we have
O<ay<ar<ay< - <ap Zap =20 <<

Then for 0 < 0 < 1, the number of zeros of P(z) in the disk |z| < 6t is less than

1 | M,
O —
log 176 Jao|’

where

M, = (Jao| — ap) + 2(aw, — a,) + (Jan| + an).

Proof of Theorem 2.2. As in the proof of Theorem 2.1,
F(z) = (t—2)P(2) §
= (laol +ilBol) + Y _[(a; +8;)t = (aj_1 +iB;-1)]2
—(an + iﬁn)2n+i:1 .

= (laol +[Bo]) + Z(ijt — )7+ Z(ﬁjt — Bj-1)%
j=1 Jj=1
—(an +160) Znt1-

For |z| =t we have

IF()] < (ol + Bt + ) lagt — g |

j=1

3 185t — Bialt + (el + B
j=1
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= (o] + |Bo|)t + Z((—l)o(%’t — o))t

k2
+ Y (=DMt —a )t + -
j=k1+1
n n—1
+ > (=D (gt — ag )+ )| B[E

n—1
HBalt™ + 1Bolt + > 188 + (ol + |Balenia
7j=1

= |aolt + Z((—l)o(%’t —a; 1))

ko
+ > (=Dt —a; )t + -
j=ki1+1
+ > (=D (ot — a2 B[+ ot
j:kr+1 JZO
= S

Note now that each summation involving a has its terms cancel and pair as in
Remark 2.2 in Theorem 2.1. Then we have

S = |ao|t + (—1)7‘antn+1 +2 (Z(_l)j+lakjtkj+1) — gt

J=1

+2 3 |81 + lanftasa

j=0
= (Jao| = o)t + 2D (=1 gt 4 (Jo| + (1) )" 42 |37
j=1 Jj=0
= M,.
The result now follows as in the proof of Theorem 2.1. O

Note that Theorem 2.2 does not impose any condition on the imaginary parts of
the coefficients. However, if we have a monotonicity condition on the imaginary part

as well, we can further refine it, as we do in the next section.
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2.3 Restrictions on the Real and Imaginary Parts of the Coefficients Given 7, p

Reversals

In this section, we consider results stemming from the placement of restrictions
on both the real and imaginary parts of the coefficients. The real and imaginary
parts have reversals at k; and [,,, respectively, where 1 < j <7 and 1 <m < p. Note
that r is the number of reversals among the real parts of the coefficients and p is the
number of reversals among the imaginary parts of the coefficients. To begin, observe

Theorem 2.3:

Theorem 2.3. Let P(z) = >"_;a;2’ where Rea; = o and Ima; = 3 for 0 < j < n.

Suppose that for some t > 0 and some 0 < k; < ky < --- <k, <n,
0<ag <ot <apt? < - < g th > gt > >ttt <
and for some 0 < /0] </l <--- </, <mn,
0 < fo < frt! < Bot® <o < Bt > B thT > > Bt <

with » € N;1 < r < n the number of reversals for the real part of a; and with
p € NJ1 < p < n the number of reversals for the imaginary part of a;. Then for

0 < § < 1, the number of zeros of P(z) in the disk |z| < §t is less than

1
log 176 % Tag| ’

where
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r

My = (lao] — a0+ |Bo| — Bo)t + 2 (Z(_l)j+1akjtkj+l

i=1

P
+2 (Z(—l)ﬁlﬂzjt@“) + (Jom| + (=1)" 0w + [Ba] + (=1)°Ba)t" .

j=1

Proof of Theorem 2.3. As in the proof of Theorem 2.2,

F(z) = (t—2)P(z) i i
(Jool +ilBol + D (it — aj1)2! +i > (Bt — 1)

i=1 j=1
- (an + iﬂn)zn—l-l

For |z| =t we have

[FE < (laol + 18]t + ) last = aja|#

j=1
+ 1Bt = Bt + (o] + Bl )™
7j=1
ko
= (lao| + [l t+z ) (it — )+ > (1) (ot — aj_a))¥
j=k1+1
+ Z ) (ot — 1) t]—l—z )" (Bt — Bj—1))t!
Jj=kr+1
+ Z ﬁ] 1 tj + Z 6] 1))
Jj=b+1 j=Llo+1
+(|an| + |Bn|)tn+1
= S

Note now that each summation involving a has its terms cancel and pair as in
Remark 2.2 in Theorem 2.1, with the same being said for each summation involving

[. Then we have
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S = (lao| + 1Bt + (1) ant"™" +2 (Z(—l)j+1akjtkj+l> — apt

j=1
p

H1P B 42 (Z<—1>j“ﬁ@t“1> — Bot + (Jaa] + [t

j=1

= (|| — o + 80| — Bo)t +2 (Z(—l)j+1akjtkj+l> — apt

=1
p ‘ ’
- (Z(—lwlﬁeﬁ‘f”) + (ad + (-1 + ]+ (-1P8)
j=1

= M-

The result now follows as in the proof of Theorem 2.1. n

When r = p = 1, Theorem 2.3 reduces to Theorem 2 in [9]. With ¢ = 1 in

Theorem 2.3, we have the following:

Corollary 2.5. Let P(2) = > ;a;2/ where Rea; = o and Ima; = f; for 0 < j <

n. Suppose that for some 0 < ky < ko < --- < k, < n,
O<ap<oap<ay<---<ap 2041 > > Qg < -0
and for some 0 < /1 </l <--- </, <n,
0<Po<Pri<fas <Py>Bun>>Pu<

with 7 € N,1 < r < n the number of reversals for the real part of a; and with
p € N;1 < p < n the number of reversals for the imaginary part of a;. Then for

0 < 0 < 1, the number of zeros of P(z) in the disk |z| < 6t is less than

1
log1/5 ° ao| ~
where
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Mirpy = (lao| = a0+ [Bo| — o) +2 (Z(—l)j+104kj>

i=1

+2 (Z(—l)ﬂlﬁzj) + (lam| + (=1)"n + [Ba] + (=1)°Bn).

In this chapter, we investigated the effect of placing a monotonicity condition on
all the coefficients, assuming 1 < r < n reversals among the coeflicients. In Section
2.1, we imposed the condition on the moduli of the coefficients, in the manner of
Dewan for locations of zeros [7]. In Section 2.2, we split the coefficients into the real
and imaginary parts, placing a monotonicity restriction on only the real part, in the
manner of Pukhta’s generalization of Theorem 1.6 [15]. In Section 2.3, we considered

the monotonicity restriction on both the real and imaginary parts of the coefficients.
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3 A MONOTONICITY CONDITION ON THE COEFFICIENTS OF EVEN
POWERS AND COEFFICIENTS OF ODD POWERS OF THE VARIABLE

WITH A NUMBER OF REVERSALS

In this chapter, we explore similar types of restrictions of the coefficients of the
polynomial as before, but in addition we impose the monotonicity condition on the
even and odd indexed coefficients separately, as did Cao and Gardner [4] for the
locations of zeros. There are several possibilities for corollaries in this chapter, so

most are omitted with a note that they can all be obtained through standard algebra.

3.1 Restrictions on the Moduli of the Coefficients Given ry, 7, Reversals

In this section, we consider the moduli of the coefficients with reversals considered
separately for both the even and odd indices. As usual, we seek an M value so that
we may use Theorem 1.2. As a notational choice, we use a superscript e to denote

even coefficients and a superscript o to denote those coefficients that are odd.

Theorem 3.1. Let P(z) = > a;2/ where for some ¢ > 0, for some 0 = 2k§ <

2k <o < 2kf < 2kf . = 2|n/2] we have

r

0 < |ao] < t*as| < tYay| < - < M |agke

> t2k§+1’a2kf+l| EREE

> t2k§|a2kg| < t2k§+1|a2kg+1| <. < t2k§|a2k§| >
(with inequalities reversed at indices 2k{,2k5, ..., 2k¢ and 21"/ |ay),, /o) is the last
term in the inequality), and for some 1 = 2k§ —1 < 2k) —1 < --- < 2k —1 <
2k? 1 —1=2[(n+1)/2] — 1 we have

|a1| < lag| < tYas| < -+ <M |agre_| > M |agkg | > -
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> 157 |agpg | < t2kg|a2kg+1| < <M agyg | > -
(with inequalities reversed at indices 2k¢ — 1,2k — 1,...,2k7, — 1 and
2L D/2=2) gy 11y 21| s the last term in the inequality). Also suppose |arg(a;) —
Bl <a<m/2for 1 <j<nand some real &« and B. Then for 0 < § < 1 the number

of zeros of P(z) in the disk |z| < 6t is less than

it ™ ()

where

M = (lag|t? + |a1]t*)(1 —sina — cos @) + (|an_1|t" T + |a,[t""*)(1 — sin a)
+(—=1)" |agn/2) 1202142 cos - (—1) IQQL(Ml)/gJ,l\tQL("H)/QJH cos a

T1
: 42 VL RS2
+2sin a E la;|t!™ 4+ 2 cos a g (—=1) |a2kj|t i

§=0 j=1
T2
+1 ko+1
+2cos Z(—I)J |asgo—1 [t
j=1
When r; = ry = 1, Theorem 3.1 reduces to Theorem 1.10, which is a main result

in [10]. Let ¢ = 1 to obtain the following:
Corollary 3.1. Let P(z) = >_"_;a;2’ where for some 0 = 2k§ < 2kf < --- < 2k, <
2ks 1 = 2|[n/2] we have

r

0 < Jao| < t*|ag] < tag| < -+ <t agee| > M agge | > -+
> 122 agps | < 7 agpgyq| < -0 < M |agyg| > - -
(with inequalities reversed at indices 2k{, 2k, ..., 2k¢ and 21"/ |ay,, o/ is the last
term in the inequality), and for some 1 = 2k§ —1 < 2k{ —1 < --- < 2k —1 <
2ky 1 —1=2[(n+1)/2] — 1 we have

|a1| < lag| < tYas| < -+ <M |agre_| > M |agkg | > -+
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> 152 agg 1| < % |agigar] < - < P agga] > -

(with inequalities reversed at indices 2k7 — 1,2k — 1,...,2k7 — 1 and
2L HD/2=2| gy (1) j2)-1] s the last term in the inequality). Also suppose |arg(a;) —
Bl <a < 7w/2for 1 <j <n and some real 5. Then for 0 < § < 1 the number of

zeros of P(z) in the disk |z| < 4t is less than

it (o)

where

M = (Jao| + |a1])(1 = sina — cos @) + (|an—1| + |an])(1 — sin @)
+(—=1)" |a2W2J]cosoz—|—( )TQ‘CLQL(n+1)/2J_1|COSO[

r2
+2sin a Z |la;j| + 2 cos a Z 9+1|a2k§ + Z(—l)jﬂ\agk;_ﬂ
=1

Further, consider the case when the coefficients are real and positive, we may take

a = 0 in Corollary 3.1 to obtain:

Corollary 3.2. Let P(z) = Z?:o a;z7 have real positive coefficients where for some

0 =2k < 2k < --- < 2k; < 2kf ., =2|n/2] we have
0<ap < tay <tlay <o - < tMagye > P ageyy > -
> Mgy <M age g <o < tPMagye > -

(with inequalities reversed at indices 2k{,2k5, ..., 2k¢ and 21"/ |ay,, o/ is the last
term in the inequality), and for some 1 = 2k§ —1 < 2kf —1 < --- < 2k —1 <

2ky .1 —1=2[(n+1)/2] — 1 we have

a1 < tPaz < tlay <o < PF Pagge g > P Maggeyy > -
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o__ P o__
> 2k 2a2kg—1 < t2k2a2kg+1 <<t 2a2k§—1 >

(with inequalities reversed at indices 2k{ — 1,2k§ — 1,...,2k2 — 1 and
2Lt D/2=2) gy 1) 1] s the last term in the inequality). Then for 0 < ¢ < 1

the number of zeros of P(z) in the disk |z| < dt is less than

7 <M>

where

M = (ap—1+a,) + (=)™ Clan/zj + (=1)"2a2 (n+1)/2)-1

1

Z ] Clzke + Z azk;—1]

J=1

+2

Example 3.1. Consider the polynomial P(z) = 1 + 1z + 222 + 223 + 121 + 125 +
10002° 4 227. Since we have ag = 1, ageo—1 = 1, ake = 2, kg1 = 2, agpg = 1, G =
1,a,_1 = 1000, and a,, = 2, we may let t =1, r; = 2, and ro = 2 in Corollary 3.2 to
see that M = (1000 + 2) + 1000 + 2 +2((2 — 1) + (2 — 1)) = 2008. Then the number

of zeros of P(z) in the disk |z| < 0.336 is less than log 22 ~ 6.98. Since the

lo gl/O 336

roots of P are z &= —499.999, z ~ —0.26664 +0.151029¢, z ~ —0.0144517 +0.307263¢,
and z =~ 0.280592 4+ 0.183883:, it is obvious that the bound is sharp for this example,

since six of the roots of P lie within |z| < 0.336.

Proof of Theorem 3.1. Consider

G(z) = (#*—2HP(z) = apt® + a1’z + Z(ajt2 —aj 9)2) —ay_12" —a,2"t2
=2
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For |z| = t, we have

n
Jaolt® + |as |t + > Jajt* — aja|t? + |an_[t"T" + [ay|t"+?

G(2)] <
j=2
= |a0|t2 + |CL1|t3 + |an_1|t"+1 + |an|t"+2
2k§ 2k —1
+ Z |Cljt2 — aj,gltj + Z ‘Clth - aj,g\tj
i e;en J o_dd
2k§ 2k§—1
+ Z |Cth2 — aj_gltj + Z |Cth2 - aj_2|tj +
J=2k7+2 J=2k{+1
j even j odd
2|n/2] 2[(n+1)/2]-1
+ Z |CL]t — G5 2|t] Z |Cljt2 - aj_2|tj
J=2k7 +2 J=2k2,+1
i even 7 odd

= S
Then by Lemma 2.1,

S < aglt? + |ayt® + |an_1 [t"T + |a, [t
2k

+ Z {(=1)°(la;[t* = laj-2]) cos & + (|a;|t* + |a;—2|) sin @) }#/

i even
2k9—1

+ Z{ )2(la;|t? — |a;_a|) cos o + (Ja;[t% + |a;_s|) sin o)}/

]odd
2k
+ Z {(=D)'(Jaj|t* = |aj—a|) cosa + (Ja;|t* + |aj_s|) sin o)}t/
J=2k{42
jeven
2kg—1
+ Z {(—=D)'(Jaj|t* = |aj—2|) cosa + (Ja;[t* + |aj_o|) sin o)}t/ +
j=2k9+1
]odd
2|n/2] '
+ Z {(=1)"(Jaj|[t* = |aj_2|) cosa + (Ja;[t* + |aj_o|) sin o) }#/
=2k, +2
jeven
2[(n+1)/2)—1

+ ) D (aglt? = |ajs]) cosa + (lag]t* + |a;2]) sin @) }?
J=2k2,+1
7 odd

= S
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So then we have that

S < aglt? + |an|t? + |an_1 [t + |a, [t

2k¢ 2k¢
+ Z a7 = |a; st cosa+ Y ([t + |aj_o[t?) sina
i even j]ejzn
2k 2k§
+ Z ) (|a;| 72 — Jaj_o|t?) cosa + Z (Ja;[t7% + |aj_o|t!) sina + - - -
J=2k{+2 J=2k5+2
J even j even
2|n/2] 2[n/2]
+ Z ) (|as[t72 — |aj_o|t?) cosa + Z (Jaj[t72 + |a;_o|t) sin
J=2kE +2 =2k, +2
7 even 7 even
2k —1 2ko—1
+ Z )2(|a; |72 — Jaj_o|t?) cosa + Z (Jaj[t"** + a; 2|t ) sin
i odd j]o:dgd
2kg—1 2kg—1
+ Z ) (lag| 712 — Jaj_o|t?) cosa + Z (Jaj|t/ 2 + |aj_o|t!) sina + - -
j=2k+1 =2k +1
J Odd 7 odd
2[(n+1)/2]-1 2[(n+1)/2] -1
+ Z (=1)"(Ja; [t — |a;_o|t?) cos a + Z (|aj|t/ 2 + |aj_o|t!) sin a
J=2k2,+1 J=2k2,+1
Jodd j odd
— S//.

Then by Remarks 1 and 2 in the proof of Theorem 2.1, we have that

S" = Jao|t? + lar|t® + |an_1[t"T + |an[t"T + (|agke [P — |ag|t?) cos a
1
+(|age it |a2k§|t2k§+2) cosa+ -
+(=1)" (Jagpn oy |22 2 — |aoe, |t%117%) cos a + (Jagge_1 [P — |aq|t?) cos
—l—(! A2k — 1|t2k(1Url — \a2k371|t2k5“) cosa+ - --
+( ) (|a2|_(n+1)/2j—1|t2L(n+1)/2J+1 . |a2k32_1|t2k72+1)
—2

+ao|t? sin o + |a, [t sin o + | a1 |t? sin @ + |, [t sin o + 2sin a ”z: |a; [t

=2

= (|ao|t? + |a1[t®)(1 — sina — cos @) 4 (|an—1|t" ™| + |an|t"T?)(1 — sin )
+(=1)" 1|a2L Jo) |22 cos a +( 1)"2|ag|(ns1)2) 1 [E2HT/ 2 cos o

T2
+2sin a Z |la;[t7™2 + 2 cos a Z J+1|a2k]e_|tk§+2 + Z(—l)]+1|a2k?_1|tk?“
=1
= M.

The theorem follows as in the proof of Theorem 2.1. O
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3.2 Restrictions on the Real Part of the Coefficients Given rq, 5 Reversals

In this section, we put the restriction on the real part of the coefficients only as

in Chapter 2, adding also the even and odd restriction on the coefficients.

Theorem 3.2. Let P(z) = Y " a;2’ where Re(a;) = aj, Im(a;) = f; for 0 < j <n.

Suppose that for some ¢ > 0, and some 0 = 2k§ < 2kf < --- < 2k;, < 2k; | =

2|n/2], we have
0 <ap < tlay <tlag <o < tMagy > i agrey > -
> Moy < M agey <o < PFagg > -

(with inequalities reversed at indices 2kf,2ks, ..., 2k and t2ln/2] Q2(n/2) 1s the last
term in the inequality), and for some 1 = 2k§ —1 < 2kf —1 < --- < 2k7 —1 <

2k ., —1=2|(n+1)/2] — 1 we have

ro+1
ap < tag <tlag < <M Page g > PFagyg > -
> M 2agg 1 < Paggy < <M Ragg g >
(with inequalities reversed at indices 2k{ — 1,2k§ — 1,...,2k2 — 1 and

2L D/2=20) 1y 9 -1 s the last term in the inequality). Then for 0 < § < 1

the number of zeros of P(z) in the disk |z| < dt is less than

™ (o)

where

M = (lao| + 2|60 — a0)t® + (Joz| = a1 + 2|61 + (Jom—1| + |Bua )™
+(|Oén| + |6n|)tn+2 + (_1)r1a2Ln/2Jt2Ln/2J+2 + (_1>r2a2t(n+1)/2j_thL(n+1)/2j+1

r1 r2 n
2 (S s 2 (S e ) <2 (Sl
i=1 J=1 =
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When ry = r9 = 1, Theorem 3.2 reduces to Gardener and Shields Theorem 2.3 in

[10] Now for ¢t = 1 in Theorem 3.2,

Corollary 3.3. Let P(2) = > " a;2/ where Re(a;) = a;, Im(a;) = §; for 0 < j < n.

Suppose that for some 0 = 2k§ < 2k < --- < 2k < 2k | = 2|n/2], we have

r

O<ap<ag<ag <--- < agge 2> Qoggrr = 70 2 Qops < Qg <o < Qogg > -

(with inequalities reversed at indices 2k{,2k5, ..., 2k¢ and ¢21"/2ay, /o) is the last
term in the inequality), and for some 1 = 2k§ —1 < 2k{ —1 < --- < 2k} —1 <

2k? 1 —1=2[(n+1)/2] — 1 we have

ap Sag <oy < S Qopo—1 2 Qogggr 2 vt 2 Qg1 S Qopgrr S S Qigggp > e
(with inequalities reversed at indices 2k7 — 1,2k — 1,...,2k7, — 1 and

t2|‘(n+1)/2J720[2L(n+1)/2j_]_ is the last term in the inequality). Then for 0 < § < 1

the number of zeros of P(z) in the disk |z| < dt is less than

it ™ ()

where

M = (Jag| +2|Bo] — ao) + (Jaao| — a1 +2|81]) + (Jo—1]| + |Bn-1])
+([an| + 18al) + (=1)" @2ny2) + (=1)2Qa|m1)72)-1

T1 T2 n
+2 (Z(—l)j+1a2k5> + 2 <Z(—1)j+1042k;—1> +2 (Z |Bj’> :
j=1 j=1 =2
Further, for 0 < 7 < n let each 3; = 0 and let , = ry = 2 in Corollary 3.3 to

obtain:
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Corollary 3.4. Let P(z) = > " ja;2/ where Re(a;) = a;, Im(a;) = f; = 0 for

0 < j < n. Suppose that for some 0 = 2k§ < 2k{ < 2k§ < 2k§ = 2|n/2], we have
O<ap<ay<ay < <agee > Qopggr 2000 2 Qopg < Qagg1 < -0 < Qg2
and for some 1 =2k§ —1 < 2k —1 < 2k§ —1 <2k —1=2|(n+1)/2] —1 we have
ap Sag <oy < S Qoo 2 Qogoql 2t 2 Qagg—1 S Qakg 1 S Q2((nt1)/2)—1-

Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z] < dt is less than

it (o)

where

M = (Jag] — ao) + (Jaz| — 1) + [an-1]
| + Qapns2) + Q2| (ni1)/2)-1
+2( e — aope) + 2(aope 1 — Qorg_1).

Proof of Theorem 3.2. Consider
G(z) = (£ =2°)P(2) = apt® + a1t’z + Z(ath — aj_g)zj —ay_ 12" —a, "2
=2
For |z| = t, we have

G(z) < (ool + 1Bt + (laal + [B1)E* + D |ast® — ajo|t!

=2
+ > (1B + 1852t + (lan-a| + [Baa ™
=2

+(|on| + |Bal)e" 2
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= (loo| + 18o])t* + (2| + 1B + (Jana] + [Baa D" + (lova| + |Bal )"

2|n/2] ' 2[(n+1)/2] '
+ Y ot —aalt + D oyt — aylt]
J e;en jjoded
2|n/2] 217
+ ) (B +1Bi2lt) + > (18187 + 1852t
J e?/en jjo:dgd
= (lao| + [Bo))t* + (Jaz| + [B11)E + (o] + [Baca D" + (| + [Ba] )"
2k 2k9—1
+ Z it — ;o) + Y (1) (et — ot
J even j]o:d3d
2k$ 2kg—1
+ D DM =gt + Y (= DMagt™ —ayat) + -
j=2k§+2 J=2k?+1
j even 7 odd
2[3] 2|24 )1
+ > at =y at) £ Y (1)t - ayat)
J=2kz +2 J=2k7, +1
J even j odd
2n/2] 2\n/2] 2| 2L | 2| 241 ]
+ Z |ﬁ]|t2 + Z ’BJ 2|t] + Z ‘5J’t2 + Z |ﬁ] 2W
J even 7 even odd odd

= (ool + 182 + (ol + BDE 1 (etu] + 8D + (] + 1802
+Haggt?12 — agt?) 4 (agre 1t — o t3)
+(ost™ — a2k§t2k§+2) + (ovapg— 1 T — auigpg 7MEHY) ++1' '
+(_]‘)T (OZQ\_ Jt2L7J+2 t2k +2) + (_1) (OZQL"JAJ 1t L J+ 2k22t2k7'2+1)

n+l
+[ 6ol + | Ba]t* — |Ba| 2 J’t% e | By | [P

= (laol +216o] = a0)t® + (Jaz| = a1 + 2|1 )t + (Joruoa] + [ Baca 1"
H([an] + 1B 4 (= 1) Qg 22 4 (1) 2 g1y )t DA

T1 2 n
+2 (Z(—l)jﬂa%gt%;H) +2 (Z(—l)j+la2k;—1t2k§+l> +2 (Z |ﬁj‘tj+2>
j=1 j=1 j=2
= M.
The theorem follows as in the proof of Theorem 2.1. O]
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3.3 Restrictions on the Real and Imaginary Parts of the Coefficients

Given 71,719,173, 74 Reversals

In this section, we place restrictions on the real and imaginary part of the coeffi-
cients as we did in Section 2.3 , yet we also impose the restriction of even and odd
indices on the coefficients. This gives four restrictions in the hypotheses: on even
indexed and real coefficients, on even indexed and imaginary coefficients, on odd in-
dexed and real coefficients, as well as on odd indexed and imaginary coefficients. Due
to the restrictions, this section produces several corollaries. We do not list them all,
but again we note how we can easily obtain the remaining corollaries with standard

algebra.

Theorem 3.3. Let P(z) = > a;2’ where Re(a;) = ay, Im(a;) = §; for 0 < j < n.
Suppose that for some ¢ > 0, and some 0 = 2k§" < 2k{" < -+ < 2k77 < 2k2, 1 =

2|n/2] and some 0 = 2k§' < 2k{" < --- < 2k < 2k¢, | = 2|n/2], we have

0<ap<tay<tlay << t%?a%? > t%?HO@kfrH >

> tzkgra%gr < t2k§”+1a2k?+1 <...< t2’f§ra2k3er > ...
and
0<Bo<tB<t'py < < t%?ﬁ%? > t%iiﬂﬂzkﬁﬂ >
> t%giﬁ%gi < t%giﬂﬁzkgiﬂ << t%giﬁ%gi >
(with inequalities reversed at indices 2k, 2k, . . ., 2k¢ and t2"Hay, o) or 1212 By, o)

is the last term in the inequality,) and for some 1 = 2k — 1 < 2k —1 < -+ <
2k —1 <2k —1=2|(n+1)/2) —Tand some 1 =2ky —1 <2ky -1 <--- <
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2k% —1 < 2k%,, —1=2|(n+1)/2] — 1 we have
ap < tPaz <tlasg<--- < t%?r_2062kfr—1 > t%?ra%?’"—i-l >

or __ or or __
> M Pagpgr ) <M agpgriy < <SP Pager > -

and
By <5 S4By <o SN 2By > M By >
> tngi_Qﬁszifl < tzkgiﬁzké”ﬁrl <0 =2 t%gi_zﬁ%?*l Z
(with inequalities reversed at indices 2k7 — 1,2k — 1,...,2k7 — 1 and

U220 gy gy or PHFD/2IZ28,) (e is the last term in the inequal-

ity). Then for 0 < § < 1 the number of zeros of P(z) in the disk |z] < dt is less

it ™ ()

than

where

M = (Jag| — ao + |Bo| = Bo)t* + (Jau| — e + |Br] — B1)E* + (Jen—1| + |B—a )"+
(] + B2 + (= 1) gyt 22 4 (= 1) g gy j2)—a T
(1) Bapjay AR 4 (= 1) By oyt DA
T2

1
+2 (Z(_l)jﬂazkjrt%jer) +2 (Z(_l)jﬂa%gr—ﬁ%grﬂ)

j=1 =
3 . T4 ' 5
+2 (Z(_l)]+lﬁ2k§it2k;l+2> i ’ (Z(_l)]+1ﬁ2k§i1t2kj +1> .
j=1 =
Proof of Theorem 3.3. Consider
=2
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For |z| = t, we have

G(z)

<

(lowo| + B0 + (| + B DE + D Jast® — aja|t?

Jj=2

+ > (185187 + 1852t + (lan-a| + [ Baa ™+

=2

+(|an| + |ﬁn|)tn+2

(lowo] + 180])t? + (lar| + [B1DE + (|an—1] + |Buaa )" + (Jow| + |8a )t

2|n/2)

2| (n+1)/2]

+ Z |O[jt2 — Oéj_2|tj + Z |O[jt2 — Ozj_2|tj

J even

2|n/2]

J=3
7 odd
2[5 )

+ O BIE + Bi=lt) + D (181 + Bi—2lt?)

J even

(lro] +180[)#* + (lon| + 1B1)t° + (lana] + [Ba—a )" + (] + |Ba] 2"

2k<T
r2

J even
2k67‘

+ > (-
J=2k{"+2
jeven

2[3]
D INC
j=2k$T 42

J even
Zkei

r2C

7 even
2k.ei

DN

j= 2k”+2
J even

2[3]

2
j= 2k”+2
J even

=3
7 odd

2k9T—1

tj+2 j72tj) + Z (—1)O<Oéjtj+2 — ozj,gtj)
j=3
j odd
2kgT—1
(it —ajat’) + Y (1) (gt —ayat!) + -+
=2k 41
j odd
2|2 -1
et — ayot?) + Z (=) (a7 — aj_ot?)
J=2k2+1
7 odd
2k9—1
(BT = Biat!) + > (=1)°(BitT — Biat!)
jjo:cf)d
2kgi—1
(B = Bt + > (DB = Bat!) + -+
J=2k1+1
7 odd
2|2kl |1
)BT = Biat?) + Y (—1)(B = Biat!)
J=2k2+1
j odd
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= (lao| + [Bo)t* + (leu| + B}t + (|ewn—1]| + Iﬁn—l\)t"“ + (Jan| + |Ba )"
oM a0t2) + (copgr—1 1T — oy t?)

(042/&6’7f MR t2k5T+2> + (Oézkor—ﬁ ML Quopgr— 1P 4
+H(=1)" (ag gt H — Qg 172) (1) (042L”T+1J—1NHJ+ — Qg M)
+( 2kelt2km’+2 Bot?) + (521@317175%?“ - 51153) .
+( kmtzkﬁﬂ _ ﬁzkgit%SH) 1 (521@;)14115%?“ — Boggs Yy
(—1)7 (Boy 312 = g #255°2) o (1) (By g 1 — g $280)
ao| — o + |Bo] — So)t* + (|O‘1’ —ar+ A - 51)753 + (Jaa] 4 [ Bpa )"
(lown] + 18D + (= 1) gy 122 4 (1) 2 Qg 1) oy a7 I/
(—1)78 By oy /2042 4 (_1)7»45%(%1)/%71tL(n+1)/2J+1

1
2 (Z(— jHOézke’“tler”) +2 (Z Oé2k°’" T +1>
j=1

1t
Q

~—~

+ +

7j=1
3 -
- (Z<_1)j+lﬁzk5it2k§l+2> v (Z(_l)jJrlﬁzk;-’i_thkTJrl)
J=1 =
= M.
The theorem follows as in the proof of Theorem 2.1. =

Note that if ;1 = ro = 1, then Theorem 3.3 reduces to Gardner and Shields
Theorem 2.7 in [10].

In this chapter, we explored similar types of restrictions of the coefficients of the
polynomial as before, but in addition we imposed the monotonicity condition on the
even and odd indexed coefficients separately, as did Cao and Gardner [4] for the

locations of zeros.
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4 A MONOTONICITY CONDITION ON THE COEFFICIENTS OF

POLYNOMIALS WITH A GAP WITH A NUMBER OF REVERSALS

In this chapter, we again consider the same three types of hypotheses on the
coefficients of a polynomial as before: namely those concerning the monotonicity of
the moduli, real parts, as well as real and imaginary parts of the coefficients. Unlike
before, we now consider such restrictions on the class of polynomials denoted P, ,.
Polynomials of this class have a gap between the leading coefficient and the preceding
nonzero coefficient, which has an index of y. These polynomials are typically studied
for their connection with Bernstein-type inequalities [5], and we obtain a number of
new results for this class of polynomials. Symbolically, we say a polynomial P € P, ,

if it is of the form
P(2) = ag+ Z ;2!
J=Hu
with p € N, > 2, z € C, and for k € N, each ay, is a coefficient of the polynomial P

Witha1:a2:~~:au,1:0.

4.1 Restrictions on the Moduli of the Coeflicients Given r Reversals

In this section, we consider the P, , class of polynomials with the same restriction
as in section 2.1. As before, we initially only restrict the real part of the coefficients,

and we are seeking a bound on M, to count the number of zeros using Theorem 1.2.

Theorem 4.1. Let P(z) = ag+ > " a;2’ where for some ¢ > 0 and some 0 < k; <

ko < -+ <k, <n,

Jap| B < - < agy [ 85> Jagy g [#9F >- > fag, | £72 < -
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and |arg(a;) — | < a < for p < j < nfor some o, f € Rwithr € N1 <r <n

the number of reversals with ay # 0 and
1| = lag| = - -+ = |ay—1[ = 0.

Then for 0 < 6 < 1, the number of zeros of P(z) in the disk |z| < 6t is less than

1 | M,
O [
log 176 Jag|’

where

M, = 2laglt + |a,|t" (1 +sina — cos @) + 2sin ( Z |a]]t3+1)

h=p+1
+an [t (1 + sina + (=1)" cos @) + 2 cos a Z(—l)h+1|akh|tkh+1> .
h=1
Proof of Theorem 4.1. Consider
F(z) = (t—=2)P(z)
= (t—2) (ao—l—Za]z])
= ao(t—2) +Za]tzj Za‘zﬁl
j=p
n+1
= ap(t—2z)+ Z ajtzj Z aj_lzj
J pt1
= ao(t — 2) + autz" + Z (ajt —aj_1)2" —a,z"*".
J=p+l

For |z| =t we have

|F(2)] < 2laolt + |a,[t"t" + Z lajt —a; 1t — |a,[t" !
J=p+1
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k1
= 2aolt + |a, [t + D |(=1)°(ast — a1

J=p41
ko
20 D gt =)l -
j=k1+1
+ 3 (1) (a5t — ago0) [0 + gt
]:kr+1

= S

Then by Lemma 2.1 with 2z = a;t and 2’ = a;_; when

1<j<k
ko +1<j<ks
ka+1<j<ks

k-+1<7<n if r is even

kr1+1<j<k, ifrisodd
and with z = a;_; and 2’ = a’t when

Fi+1<j<k
ks +1<7<ky
ks +1<7<ke

k.+1<j57<n if r is odd

kr1+1<j <k, ifriseven

we have for r € N with 2 <r < n,
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k1

S < 2aglt + |a, |ttt + Z {1(=1)°(lajt| = |aj-1]) cos @ + (Jaj_1] + |a;t]) sina} ¢/
Jj=p+1

r—1 kni1

+ ( Z {1(=1)"(lajt| = |a;j_1]) cosa + (laj_1| + |a;t|) sina} t]>
h=1 ] k;h-l—l

+ {(=1)"(lajt| = |aj_1]) cosa + (|aj_1| + |ast]) sina} 7 + |a, [t
Jj=kr+1

k1
= 2|aplt + |a,[t" + Z )°(la; |7t — Ja;_1[t) cosa
Jj=p+1

r—1 kpt1

+z( S P - |1>)
h=1 \j=kp+1

k1

+ Z a; |t/ — |aj_1|tj)cosa+2(|aj_1|t7+|aj|tj+1)sina
J=kr+1 j=1
r—1 kp41 n

+Z ( Z (laj—1 |t + ]aj|t9+1)sinoz> + Z (Jaj_1 |t + |a;|t7™) sin
h=1 \j=kp+1 j=krt1

+ @y, |t

= 9.

So we note that by Remark 1.2 from the proof of Theorem 2.1 that the sum C of

the cos o terms is

T

C = (=1)"]an|t" ™ cosa + 2cos a (Z(—l)h+1|akh|tkh+l> — Ja,|t"* cos a.

h=1
By Remark 1.1, the sum S of the sin « terms is

n—1
= |a,|t"t sina + 2sina ( Z |aj|tj+1> + Ja, [t"*! sin a.
h=p+1

Then
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2laolt + |au |t +C + 8 + |a, [t

2aglt + |au [t + (=1)"|an|t" ™ cosa + 2 cos a (Z(—l)h+1|akh|tkh+l>

h=1
n—1
—la, "t cos a + |a, [t" ! sina + 2sina ( Z la; |7 | + Ja, |t sin
h=p+1
+|an\t"+1
n—1
2laolt + |a,[t* T (1 + sina — cosa) + 2sina ( Z \aj\tj+1>
h=p+1

+an|t"™ (1 + sina + (—1)" cos @) + 2 cos o Z(—l)h+1]akh|tkh+1>
h=1
M,.

The theorem follows as in the proof of Theorem 2.1.

When r = 1, this reduces to Corollary 1.11 in [11]. Further, let ¢ = 1 and let

a = 0, thereby considering only the real, positive parts of the coefficients. We obtain

the following corollary:

Corollary 4.1. Let P(z) =ag+>_7_, a;z7 have real nonnegative coefficients where

for some 0 < k1 < ko < -+- < k, < n,

Then for 0 < 6 < 1, the number of zeros of P(z) in the disk |z| < 6t is less than

where

1 | M,
—_— O —_—
log1/6 & ap’

20



r

M,« = 2@0 + Cbn(l + (—1)T) + 2 ( (—1)h+1(lkh) .

h=1
Example 4.1. Consider the polynomial P(z) = 1+ 122 + 223 + 2* + 10025 + 25.
Note that we may apply Corollary 4.3 with p = 2 and r = 3. First, note that we
have ag = 1,a, = 1,ax, = 2,a, = 1,a3, = 100, with a, = 1. Then we may find
that M3 = 2(1) + (1)(0) + 2((2) — (1) + (100)) = 204. Then the number of zeros in

204

the disk |z|] < 6 = 0.403 is less than = ~ 5.851, implying that there

1
oz 1/0.403 108

are less than or equal to five zeros in the region. This bound is sharp, since the six
zeros of P(z) are z &~ —99.9902, z ~ —0.402938, z ~ —0.11113 £ 0.380903:, and

z ~ 0.307698 4 0.2509464, five of which lie in |z| < 0.403.

4.2 Restrictions on the Real Part of the Coeflicients Given r Reversals

In this section, we place a monotonicity restriction on the real part of the coeffi-

cients only for the polynomials in the class P, .

Theorem 4.2. Let P(z) = ap +Y_7_ ., a;z/ where Rea; = a; and Tma; = f; for

1 < j <n. Suppose that for some ¢ > 0 and some 0 < ky < ky < --- < k, <mn,
Oéut/j‘ S Ce S akltkl Z ak1+1tk1+1 2 . 2 OéthkQ S .

with 7 € N, 1 <7 < n the number of reversals and oy = ap = --- = a,—1 = 0. Then

for 0 < 0 < 1, the number of zeros of P(z) in the disk |z| < dt is less than

1 | M,
— O —
log 1/5° Jao|’
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where

j=1

H(lom| + (D) a2 > |
J=p+l

Note that with » = 1 in Theorem 4.2, we obtain Corollary 1.11, which appears in

[11]. For ¢ =1 in Theorem 4.2, we obtain:

Corollary 4.2. Let P(z) = ap+>_j_,., a;z’ where Rea; = a; and Ima; = §3; for

1 < j < n. Suppose that for some 0 < ky < ky < --- < k. < n,

<L, D Qg > > gy, <

o= = >

with » € N, 1 <7 < n the number of reversals and oy = g = --- = a,—1 = 0. Then
for 0 < 0 < 1, the number of zeros of P(z) in the disk |z| < 6t is less than

1 | M,
O —
log 1/5° Jao|’

where
M, = 2|ag+ Bol + (lop] — ) + (Jan| + (=1)"an)

+2 (Z(—l)jﬂ@kj) +2 Z 134

J=pt1
Further, let each 3; = 0 where 0 < j < n with = 2 in Corollary 4.3 to obtain:
Corollary 4.3. Let P(2) = ag +Y_7_, ; a;2/ where Rea; = o; and Tma; = §; =0

for p < j < n. Suppose that for some 0 < ky < ky < n,

Qu S Sy 2 Qg1 20 2 Oy S Sy

with oy = ap = -+ = a1 = 0. Then for 0 < ¢ < 1, the number of zeros of P(z) in

the disk |z| < 4t is less than
BRI
log1/6 ° |ag|’
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where

My = 2lao] + (] = ) + (] + ) + 2, — o).

Proof of Theorem 4.2. As in the proof of Theorem 4.1,

F(z) = (t—2)P(z) = <|0‘0’+i|50‘)(t—2)+(04u+iﬁﬂ)tz“
+ Z (o +tB;)t — (a1 +iBj-1)]2" — (an +i8,)2" !

J=p+1
= (Jaol +ilBol)(t = 2) + (e +iBu)t2") + Y (gt — 1)’
J=p+1
+i Z (Bit — Bj-1)27 — (0w + i) 2",
J=p+1

For |z| =t we have

n

[P < 2(laol + 180Dt + (] + 188 D et — ajalt?

J=p+1

+ Y 1Bt = Bialt! + (Jan| + Bt
J=p+1
= (|ao| + 18Dt + (el + [Bul)t" ™

+ Z ) (st — aij_y))t?

J=p+1

ko
+ ) (=DM agt — o))t + -
j=k1+1
+ > (=) (ot — a0
j=kr+1
+ ( > Bt + Iﬁj—1|> v+ (lan] + [8a )"
J=ptl
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k1

= 2(Jao| + |Bo])t + (Ja| + 1B + Y (=1)°(at — aj-1))¥?

J=pt1
ko
£ 30 (D gt =) + -
j=k1+1
+ > (=) (ot —a;- )Y
j=kr+1
+ ( > 1Bt + ’5;’1!) t + (o] + [ Ba )t
J=p+1

=5.

Note now that each summation involving « has its terms cancel and pair as in
Remark 2.2 in Theorem 2.1. In addition, the terms involving 3 pair as in Remark 2.1

in Theorem 2.1 Then we have

r

S = 2lag+ Bolt + (Jau| + 1B + (= 1), t™™ + 2 (

Jj=1
n—1

—a T B 42 D (B + Bl + (o] + (Bl
J=pt2

= 2lao -+ Bolt + (Jad = o) +2 <Z<—1>ﬂ'“akjt’“”l)

Jj=1

(o] + (=1 )t 42 ) ||
J=ptl
= M,.

The result now follows as in the proof of Theorem 2.1. O

4.3 Restrictions on the Real and Imaginary Parts of
the Coefficients Given r, p Reversals
In this section, we place the monotonicity restriction on both the real and imagi-

nary parts of the coefficients for polynomials of the class P, ,.
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Theorem 4.3. Let P(2) = ap+>_7_,,, a;2’ where Rea; = a; and Tma; = §; for
1 < j < n. Suppose that for some ¢ > 0 and some 0 < k; < ky < --- < k. < n, we

have ag # 0 and

ath <o <t > gt > > agtt <
and for some 0 < 01 < ly < --- < L, <n,

ﬁ#t“ <...< @ﬂfel > 5@1+1#1+1 > > @Qteg <.

with 7 € N,1 < r < n the number of reversals for the real part of a; and with
p € N;1 < p < n the number of reversals for the imaginary part of a; and a; = g =
-=ou-1 =0and fy = B =--- = B,-1 = 0. Then for 0 < § < 1, the number of

zeros of P(z) in the disk |z| < 4t is less than

1 o M[W]
g )
log1/6 lao|

where

My = 2lao+ﬂolt+<laul—awim—ﬂu)t“*l“<Z<—1>f‘“akjt’“j+1>

7j=1

‘°II

+(Jan] + (1) + |Ba] + (—1)PB )" 42 (Z g+1ﬁzjtej+1> '

Jj=1

Proof of Theorem 4.3. As in the proof of Theorem 4.2,

F(z) = (t—z)P( ) = (|a0|+i|50|)(t—2)+(0éu+iﬁu)tz“
+ Z Q; +tﬁj)t—(0@ 1+ i85 1)] — (a +1Bp)z n+1

=+l
= (!040\ +ilBol)(t = 2) + (e + Bt + Y (ajt —ay1)2
. J=p+l
+i Y (Bit — Bi—1)2 — (an +if,)2"
Jj=ptl
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For |z| =t we have

[P < 2(laol + 180Dt + (] + 1884 + D agt — ag|¢

" J=ptl
+ Y 1Bt = Bialt! + (Jan| + Bt
J=p+1
= 2(|Oé£| +[Bol)t + (o] + |Bu])e"* j (loval + [Bal)t"
+ Z (=1t — a;))t) + Z (=D (et —aj))t? + -
j=u+1 J=k1+1
+ Z ((=1)" (et = a;))t + <Z 851t + (85— 1‘) t’
Jj=kr+1 J=p+1
= 2(IO‘]S| +1Bo)t + (lev| + Iﬁul)f“+1 + (| + [Bal )"
+ 3 (1) (ot — a_p))E + Z ) (et — )t + -
j=u+1 J= k1+1
+ Z (=1 (ajt — a;1))t + Z ) (Bit = Bj-1))t
j:];r+1 Jj=p+1
+ Z ((_1)1(5] /8] 1 t] -+ Z ﬂ] 1))
Jj=t1+1 j=lr+1
= S

Note now that each summation involving o or  has its terms cancel and pair as in

Remark 2.2 in Theorem 2.1. Then we have

S 2 + Bolt + (Ja| + B )t + (—1) ant™ + 2 (Z(—l)j“akjtka
=1
p ' ’
_aut,u-i-l + (_1)p5ntn+1 +9 (Z(—l)ﬂ_lﬁzjtgﬂ_l) _ Butlﬁ_l + (’an| + wn’)tn—&-l
j=1

2|ag + Bolt + (Jau] — v+ [Bu| — Bt +2 <Z<_1)j+lgkjtkj+l)

j=1
H(lom] + (=1) an + |Bal + (=1)PB, )" + 2 (Z(—l)f'*lﬁzjtej*l)

j=1
My p)-

The result now follows as in the proof of Theorem 2.1. n
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If = p = 1 we obtain Gardner and Shields Theorem 2.5 in [10]. If ¢ = 1 in

Theorem 4.3, we obtain:

Corollary 4.4. Let P(z) = ao + Y ;_,,, a;z’ where Rea; = o; and Ima; = f3; for

1 < j <n. Suppose that for some 0 < k; < ko < --- < k. < n,
Qp S S Qg 2 Qg 2 2 gy S
and for some 0 < 0] < ly < --- < L, <n,

B;LS"‘Sﬁel25£1+1Z“'Zﬁ€2§"‘

with 7 € N,1 < r < n the number of reversals for the real part of a; and with
p € N;1 < p < n the number of reversals for the imaginary part of a; and a; = g =
-=ay1=0and B = f = -+ = Bu—1 = 0. Then for 0 < ¢ < 1, the number of

zeros of P(z) in the disk |z| < 4t is less than

1 M;,
IOg [7.p] ’
log1/6" = |ao|

where

My = 2lao + Bol + (Jo| — v + [Bu| — Bu) +2 (Z(_l)jﬂak].)

7j=1
Ry )

In this chapter, we again considered the same three types of hypotheses on the

+(lan| + (=1) " + [ Ba| + (=1)78,) + 2 (

II Mb

coefficients of a polynomial as before: namely those concerning the monotonicity
of the moduli, real parts, as well as real and imaginary parts of the coefficients.
Unlike before, we consider in this chapter such restrictions on the class of polynomials

denoted P, ,, which was defined in the introduction.
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5 CONCLUSION

In this thesis, we considered three different classes of polynomials in the same
manner as Shields [17]. Where his results were restricted only to one reversal in
each instance, our results were generalized to allow up to n — 1 reversals among the
coefficients. Each of our restrictions on the coefficients were placed on our polynomials
in order to count the number of zeros in a prescribed region. We used Titchmarsh’s
result in the conclusion of each proof, which allowed us access to formulee that rely
only on a subset of the given coefficients. In each of the classes of polynomials, namely
those with a monotonicity condition on all the coefficients, those with a monotonicity
condition on the coefficients of even powers and coefficients of odd powers of the
variable, and those with a monotonicity condition on the coefficients of polynomials
with a gap. We have given an example showing our results can yield best possible
bounds on the number of zeros of a polynomial in a certain region.

In conclusion, we mention that a similar proof technique could be applied to
analytic functions, provided the coefficients in the power series of the analytic function

satisfy the appropriate hypothesis. This could be the focus of future research.
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