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ABSTRACT
The Number of Zeros of a Polynomial in a Disk as a Consequence of Restrictions on
the Coefficients

by

Brett A. Shields

In this thesis, we put restrictions on the coefficients of polynomials and give bounds
concerning the number of zeros in a specific region. Our results generalize a number of
previously known theorems, as well as implying many new corollaries with hypotheses
concerning monotonicity of the modulus, real, as well as real and imaginary parts of
the coefficients separately. We worked with Enestrom-Kakeya type hypotheses, yet
we were only concerned with the number of zeros of the polynomial. We considered
putting the same type of restrictions on the coefficients of three different types of
polynomials: polynomials with a monotonicity “flip” at some index k, polynomials
split into a monotonicity condition on the even and odd coefficients independently,
and P, , polynomials that have a gap in between the leading coefficient and the

h

proceeding coefficient, namely the ut coefficient.
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1 INTRODUCTION

Research on the zeros of polynomials has a plethora of applications and is studied
vastly by both the theoretical and applied mathematical communities. In general it
can be quite difficult to find the zeros of a polynomial; therefore it is desirable to
apply restrictions to the coefficients in order to restrict the locations of zeros. Histor-
ically, the study of finding zeros began with Gauss, who proved the classical complex
analysis result, The Fundamental Theorem of Algebra, and Cauchy, who is thought
of as the father of complex analysis. This was around the same time the geometric
representation of the complex numbers was introduced into mathematics in the 1800s
[16].

In the early 1900s Gustaf Hjalmar Enestrom, a Swedish mathematician and Soichi
Kakeya, a Japanese mathematician simultaneously worked on a result that would give
the bound of the location of the zeros of a polynomial with nonnegative monoton-
ically increasing coefficients. Enestrom was best known for creating the Enestrom
Index, which is used to identify Eulers writings [13]. Kakeya is most noted for solving
the transportation problem, a very famous and important problem sought out during
World War II. Although, both Enestrom and Kakeya proved the same result, they
did so independently, and both are given credit for the proof [13],[28]. The Enestrom-
Kakeya Theorem concerns the location of zeros of a polynomial with monotonically
increasing real, nonnegative coefficients. This result was quite extraordinary in that
it restricts the location of zeros, of this type of polynomial, to the closed unit disk.
This bound on the zero’s locations makes the zeros easy to find, which leads to an eas-

ier way of finding the critical points of the polynomial by the Gauss-Lucas Theorem

7



[1], which lead us into applications. There are numerous applications including, but
not limited to, “Cryptograph, Control Theory, Signal Processing, Communication
Theory, Coding Theory, Combinatorics, and Bio-Mathematics” [7]. There is always
interest in getting better results and faster ways of locating and counting the zeros
of polynomials, whether it is in general or with specific hypotheses.

Here we introduce the Enestrom-Kakeya Theorem and begin to give the back-

ground of our work, leading up to the research we have accomplished.

Theorem 1.1 (Enestrom-Kakeya) For polynomial p(z) = Z?:o a;z, if the coef-
ficients satisfy 0 < ag < a3 < -+ < ay, then all the zeros of p lie in |z| < 1 (see

section 8.3 of [26]).

In connection with the location of zeros of an analytic function f(z) = Z;io a;zd,
where Re(a;) = a; and Im(a;) = §;, Aziz and Mohammad imposed the condition
0<ay<ta <---<thay > t*"ay 1y > -+ (and a similar condition on the 3;’s) [3].
We denote this restriction of the coefficients as a “flip at £”, where the monotonicity
of the coefficients changes from increasing to decreasing. These types of conditions
have also been put on the coefficients of polynomials in order to get a restriction on
the location of zeros [15]. In Chapter 2, we impose these types of restrictions on the
coefficients of polynomials in order to count the number of zeros in a certain region.

We introduce the idea of counting zeros of a polynomial with Jensen’s Formula,

which Titchmarsh used to get a bound on the number of zeros in a specific region.

Theorem 1.2 (Jensen’s Formula) (From Conway’s Function’s of One Complex

Variable I, page 280.)



Let f be an analytic function on a region containing B(0; R) and suppose that

ay,as, . ..,a, are the zeros of f in B(0, R), repeated according to multiplicity.

If £(0) # 0 then

n R 1 27 .
lg | /(0)] = =Y log - + 5/0 log | f(Re®)]| do.
k=1

Theorem 1.3 (Titchmarsh’s Number of Zeros Theorem) [29/
Let f be analytic in |z| < R. Let |f(z)| < M in the disk |z| < R and suppose f(0) # 0.

Then for 0 < § < 1 the number of zeros of f(z) in the disk |z| < dR is less than

1 o M
log1/6 ° [f(0)]

Here we show the proof of Titchmarsh’s Number of Zeros Theorem. This proof
uses the idea that we can get a bound on the number of zeros by applying Jensen’s
Formula for analytic functions on a closed disk. This result is the foundation of our
research in that we always relate back to Titchmarsh’s result to get the number of
zeros. We seek out a specific value of M such that we have a new, or better, bound

on the number of zeros of specific polynomials.

Proof of Theorem 1.3 Let f have n zeros in the disk |z| < dR, say aq,aq, ..., ap.
R 1
Then for 1 < k <n we have |ax| <R, or ﬁ > 5 So
ag
- R R R R 1
Zlog— = log —+log —+- - -+log — > nlog —. (1)
— 7 |ay] i |az] || 0



By Jensen’s Formula, we have

"R _ 1 0
Slog = = [ log|f(Re®)|do — log |£(0)]
1 || 21 Jo

1 2
< — log M df —1
< 5 | osdrds—1og](0)

= log M —log|f(0)]
M

= log W (2)

Combining (1) and (2) gives

IR R M
nlog - < log — < log ———,
5 < 21081, < o8 17

or

n <

< g1/ log M|f(0)].

Since n is the number of zeros of f in |z| < JR, the result follows. O

We will now discuss what others have researched concerning the number of zeros

of a polynomial using Titchmarsh type results. This is the background needed to

understand the type of results we have derived. There is much research still active in

this field of mathematics on counting the number of zeros in a specific region. Even

though some of this work was accomplished in the early/mid 1900’s, much of this

is recently discovered and many papers have been recently published concerning the

number of zeros result.

By putting a restriction on the coefficients of a polynomial similar to that of the

Enestrom-Kakeya Theorem, Mohammad used a special case of Theorem 1.3 to prove

the following [24].
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n
Theorem 1.4 Let p(z) = Zajzj be such that 0 < ag < a1 <ag < -+ < ap_1 < ay.
=0
Then the number of zeros in |z| < % does not exceed

In her dissertation work, Dewan weakens the hypotheses of Theorem 1.4 and

proves the following two results for polynomials with complex coefficients [8, 23].

n

Theorem 1.5 Let p(z) = Zajzj be such that |arg(a;) — B < a < w/2 for all
=0

1 <j <n and some real o and 3, and 0 < |ag| < |ay| < |ag| < -+ < an-1] < |an].

Then the number of zeros of p in |z| < 1/2 does not exceed

1 log |a,|(cosa +sina + 1) + ZSinaZ?:—g |aj|'
log 2 |ao

Theorem 1.6 Let p(z) = Zajzj where Re(aj) = a; and Im(a;) = B; for all j and
j=0
0<ay<a; <ay <-- <a,1 < ay, then the number of zeros of p in |z| < 1/2

does not exceed

1 anp +>" i
1 + IOg Z]—O ’BJ‘
log 2 |

Pukhta generalized Theorems 1.5 and 1.6 by finding the number of zeros in |z| < ¢
for 0 < 0 < 1 [25]. The next theorem, due to Pukhta, deals with a monotonicity

condition on the moduli of the coefficients.
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n

Theorem 1.7 Let p(z) = Zajzj be such that |arg(a;) — B < a < 7w/2 for all
=0

1 <j <n and some real o and 3, and 0 < |ag| < |a1| < |ag| < -+ < an-1] < |an].

Then the number of zeros of p in |z] <0, 0<d <1, does not exceed

1 log lay|(cosa + sina + 1) + 28111042?;& |aj|.
log1/6 |aol

Pukhta also gave a result which involved a monotonicity condition on the real
part of the coefficients [25]. Though the proof presented by Pukhta is correct, there
was a slight typographical error in the statement of the result as it appeared in print.

The correct statement of the theorem is as follows.

Theorem 1.8 Let p(z) = Zajzj be such that |arg(a;) — ] < a < w/2 for all
§=0
1 <j<n and some real « and 3, and 0 < ag < a3 < as < --- < a1 < ay,. Then

the number of zeros of p in |z| <0, 0 < < 1, does not exceed

B CRYRIL])
log1/5 o] |

Aziz and Zargar [4] introduced the idea of imposing an inequality on the even
index and odd index for the coefficients of a polynomial separately. Cao and Gardner

[5] generalized this idea to impose the conditions
0 ;é ap S a2t2 S O[4t4 S . S O[th2k Z a2k+2t2k‘+2 Z L Z a2|_n/2jt2\'n/2j

ar < agt? <optt <o <oyt > et > > o)1t

on the real parts of the coefficients and gave a result restricting the location of the
zeros of a polynomial. The hypotheses with restriction on the real and imaginary

12



parts of the coefficients, split into even and odd indices imposed by Cao and Gardner

can be seen here:

ap < aot? < agt <o < gt > oot > > gt

o < ast? <astt <o < g 22 > gt > > QQL(N+1)/2J_1t2Ln/2J
Bo < Bot® < Bat* <o+ < Bogt® > Pog ot > o > Byt

B < Bst® < Bst < -ov < Bogat? T 2 Bogat® = - = By naryzy—at”

In Chapter 3, we use the same hypotheses to count the number of zeros of the
polynomial by considering the moduli, real, as well as real and imaginary restrictions
of the even and odd indices.

In Chapter 4 we consider a type of polynomial with a gap between the leading
coefficient and the following coefficient, we denote the class of all of such polynomials
as P, where the polynomial is of the form P(z) = ao + Z;L: u a;z/. While studying
Bernstein type inequalities, Chan and Malik [6] introduced this particular class of
polynomials. Notice that when pu = 1, we simply have the class of all polynomials of
degree n. This class has been extensively studied in connection with Bernstein type
inequalities (see, for example, [2, 11, 10, 31, 27]). P, , polynomials are the last class

of polynomials we considered with restricting the coefficients.
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2 A MONOTONICITY CONDITION ON ALL OF THE COEFFICIENTS

In this chapter, we consider a monotonicity condition on all of the coefficients.
First, we imposed the condition on the moduli of the coefficients, similar to what
Dewan did for locations of zeros. In section 2.2 we split the coefficients into the real
and imaginary parts and put a monotonicity restriction on only the real part, much
like Pukta’s generalization of Theorem 1.6. Finally, we consider the monotonicity
restriction on the real and imaginary parts of the coefficients in 2.3. This is done
with the number of zeros in mind, where |z| < § where 0 < § < 1, is the specific
region in the complex plane we are considering. Our results of this chapter appear in

the Journal of Classical Analysis [14].

2.1 Restrictions on the moduli of the Coefficients

In this section, we first consider the number of zeros in an annulus with restrictions
on the moduli of the coefficients where the monotonicity flips at some position k.

These are related to Puhkta type results with the monotonicity flip at k.

Theorem 2.1 Let P(z) = Zajzj where for some t > 0 and some 0 < k < n,
=0

0 < [ao| < tlay| < lag| < -+ < Hap—y| <
t*lag] > " agr| > o > anoa| > "ay]
and |arga; — B| < o < /2 for 1 < j < n and for some real a and 3. Then for

14



0 < 0 < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

LM
0 [
log 1/5 2 Ja|

where M = |ag|t(1 — cosa — sina) + 2|ag|t** ! cosa + |a,[t"T(1 + sina — cosa) +

2sina Y17 |t

As is traditional in classical complex analysis, we first discuss the results and then
offer a proof at the end of the section. Notice that when ¢ = 1 in Theorem 2.1, we

get the following.

Corollary 2.2 Let P(z) = Zajzj where for some t > 0 and some 0 < k < n,
=0

0 <lag| < las| <lag| < -+ <ag—a] <law| > [arg1] > -+ > |an—1] > |as|
and |arga; — B| < a < /2 for 1 < j < n and for some real o and 3. Then for
0 < 0 < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

1 | M
0 [
log 1/ 2 Ja|

where M = |ap|(1—cos a—sin a)+2|ay| cosoz—l—|an|(1—i-sinoz—cosoz)—l—QSinozZ:;:O1 |aj|.

With &£ = n in Corollary 2.2, the hypothesis becomes 0 < |ag| < |aq] < --+ <
la,|, and the value of M becomes |ag|(1 — cosa — sina) + |a,|(1 + sina + cosa) +
QSinaZ;:é la;|. Since 0 < o < 7/2, we have 1 —cos o —sina < 0. So the value of M
given by Theorem 1 is less than or equal to |a,|(1 + sin «a + cos &) + 2 sin « Z;.L;é |ajl,

and Theorem 2.1 implies Theorem 1.7.
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In order to prove Theorem 2.1 we need the following, which is due to Govil and

Rahman and appears in [17].

Lemma 2.3 Let z,2/ € C with |z| > |Z/|. Suppose |argz* — f| < o < 7/2 for

z* € {z,2'} and for some real o and B. Then

|2 — 2| < (|z| = |']) cosa + (|z] + |2'|) sin a.

Proof of Theorem 2.1. Consider

FE) = (= 9PE) = (=) a4y = > aptsd — ay=*)
=0 =0
= apt + Z ajtz’ — Z aj 12 — a 2"t
3—1 =1
= aot + Z ajt —aj_1)2) —a,z""

For |z| =t we have

n
IF()] < aolt + Y lajt — aj1|t7 + |a, [t" !
j=1

k n
= Jaolt + Y lajt — ajlt! + D Jaj1 — agt|t! + |a, [T
j=1 j=k+1

k
< aolt + 3" {(laylt — la;-al) cosa + (jaj-a| + laslt) sina} ¢
j=1

+ Z {(laj_1| = |a;|t) cosa + (Jaj|t + |a;_1]|) sina} t + |a, [t
j=k+1

16



by Lemma 2.3 with z = a;t and 2’ = a;_; when 1 < j <k,

and with z = a,;_; and 2’ = q;t when k+1 < j <n

k k k
= |aolt + Z |a; [t cosa — Z la; 1|t cosa + Z la; 1|t sina
j=1 j=1 j=1
k n n
+ Z |a [t/ sina + Z laj_1]t/ cosa — Z |a;[t" ! cosa
Jj=1 j=k+1 j=k+1

n n
- Z |la; |7t sina + Z la; 1|t sina + |a, [t

j=ht1 j=k+1
k—1 k-1
= ]aoﬁ—+]akﬁk+10086k+—j£:]ajﬁj+1coscx——\adtcoscn——jg:\ajﬁj+1cosa
j=1 j=1
k-1 k—1
+|ao|t sin o + Z |a; [t/ sin v + |ag [t"T sin o + Z |a; [t sina
j=1 j=1
n—1 n—1
+ag|t" ™ cos o + EE: |a; [t cos a — |a,|t" T cos o — EE: |a; [t cosa
j=k+1 J=k+1
n—1 n—1
+a, |t sin o + ZE: |a; [t sin o + |ag [t"T sin o + ji: |a; [t sina + |a, [t
j=ht1 j=k+1
k1
= ]aoﬁ—+]akﬁk+lcOSCk——\adtcoscx%—\a&tshlaw+]akﬁk+1shloz+-22£:\ajﬁj+1sh1a
j=1

+ap [t cosa — |a, [t cos a + |a, [t sin o + |ag [tFT sin o
n—1
+2 Z |a; [t sina + |a, [t
j=k+1

= |aolt(1 — cosa — sin ) + |ag|(2t"™ cos a + 2t* sin ) + |a, [t" T (1 + sina — cos a)

k-1 n—1
+2 Z |a; [t sina + 2 Z |a;[t" ! sin o
Jj=0 Jj=k+1

= Jaolt(1 — cos o — sin @) + 2|az|t* T cos a + |a, [t" T (1 + sina — cos a)
n—1
+2 sinozz |a; [t/
=0
= M.

17



Now F(z) is analytic in |z| < ¢, and |F(z)| < M for |z| = t. So by Theorem 1.3
and the Maximum Modulus Theorem, the number of zeros of F' (and hence of P) in

|z| < 6t is less than or equal to

1 | M
— 109 —.
log 175 Jao]

The theorem follows. O

2.2 Restrictions on the Real Part of the Coefficients

In this section, we impose the condition of having only a restriction on the real
part of the coefficients, along with the ¢ condition and a flip of the monotonicity at
some position k. Again we have the number of zeros result in mind and we seek out

a different M value. We show Theorem 2.4:

Theorem 2.4 Let P(z) = Zajzj where Rea; = o and Ima; = B for 0 < j <n.
=0
Suppose that for somet > 0 and some 0 < k < n we have

0#apg <tay <tPag <+ <t gy <o > Ml > - > o > tag.

Then for 0 < & < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

1 M

log —.
log 1/5 ° Jao|

where M = (Jag| — ao)t 4 20" + (Jov, | — )t + 2370|857

Notice that with t = 1 in Theorem 2.4, we get the following.

18



n

Corollary 2.5 Let P(z) = Zajzj where Rea; = a; and Ima; = B; for 0 < j < n.
=0
Suppose we have

0#ap<a; << <1 <> Qe > 2 Qg > Q.

Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z] < 0 is less than

1 (ool = o) + 200 + (] — ) + 250, 16
log1/§ & |lao|

With £ =n and 0 < g in Theorem 2.4, the hypothesis becomes 0 < ag < ap <
- < a,, and the value of M becomes 2(a, + 3" 3;); therefore Theorem 1.8 follows
from Theorem 2.4. With §; =0 for 1 < j <n and § = 1/2, Corollary 2.5 reduces to

a result of Dewan and Bidkham [9)].

Example: Consider the polynomial p(z) = (2+0.1)*(2+10)? = 1+20.224+104.012%+
20.22% + 2% With ap = ay = 1, a1 = a3 = 20.2, ap = 104.01, and each 3; = 0, we see
that Corollary 2.5 applies to p with k& = 2, however none of Theorems 1.5 through
1.8 apply to p. With § = 0.1, Corollary 2.5 implies that the number of zeros in

|z| <6 = 0.1 is less than log(ll/O.l) log 2(10f'01) ~ 2.318, which implies that p has at

most two zeros in |z| < 0.1, and of course p has exactly two zeros in this region. We
also observe that Theorem 1.3 applies to p, but requires that we find a bound for
Ip(2)| for |z| = R = 1; this fact makes it harder to determine the bound given by the
conclusion of Theorem 1.3, as opposed to the other results mentioned above which
give bounds in terms of the coefficients of p. Since all the coefficients of p in this are

positive, it is quite easy to find this maximum, and Theorem 1.3 also implies that p

19



has at most two zeros in |z| < 6 = 0.1.

Proof of Theorem 2.4 As in the proof of Theorem 2.1,

F(z) = (t—2)P(z) = aot + » _(a;t — a;j_1)2' — a,2""",

J=1

F(z) = (a0 +iBo)t+ Y (o +iBi)t — (ajo1 +Bj-1))2 — (an +B,) 2"

j=1
= (Oéo + Zﬁo)t + Z(Oéjt — Oéj,1>2’j +1 Z(ﬁjt — 5]‘,1)2]. — (Oén + iﬂn)2n+1
j=1 j=1

For |z| =t we have
[F&) < (laol + 8ot + D lagt — gt + Y (1Bt + 18- )8 + (lan] + Bl )t
j=1 j=1

k n n—1
= (laol + 1Bt + D (ajt — )t/ + > (g — agt)t + Y |B; |67
j=1 j=1

n—1
H Bt 4 [Bolt + D 85187 + (lowa + [Ba] )"
j=1

k—1 k—1
= Jaolt + > ot ot —agt = >t gt
j=1 j=1
n—1 n—1 n
+ Y gt =™ = > a2 B[ o ¢
j=k+1 j=k+1 =0

= (lao| — a)t + 200t + (| — )" 42 |37
j=0

= M.

The result now follows as in the proof of Theorem 2.1. [
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2.3 Restrictions on the Real and Imaginary Parts of the Coefficients

In this section, we now consider the same type of result with a restriction on the
real and imaginary parts of the coefficients. Both the real and imaginary parts have
a monotonicity flip at k and ¢, respectively. This gives a more specific bound on the

number of zeros for polynomials which satisfy the hypotheses stated here.

n

Theorem 2.6 Let P(z) = Zajzj where Rea; = o and Ima; = ; for 0 < j < n.
§=0
Suppose that for somet > 0, for some 0 < k < n we have

0#ap <ty <tPag <o+ <t oy < tFay > oy > - > 1 gl > tan,
and for some 0 < ¢ < n we have
Bo StBr S Py <o ST By S B 2T By 2 2 T By 2 7B
Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0t is less than
1 M

] -
log1/5 2 Jag|’

where M = (|ag|—ap)t+20t5 4+ (| o | — i )t 4-(| Bo| = Bo )t +28et 141 8| — B )t

Theorem 2.6 gives several corollaries with hypotheses concerning monotonicity of
the real and imaginary parts. For example, with ¢ = 1 and £ = ¢ = n we have the
hypotheses that 0 # ap < a1 < --- < a, and [y < By < -+ < fB,, resulting in the

following.

21



Corollary 2.7 Let P(z) = Zajzj where Rea; = a; and Ima; = f5; for 0 < j <n.
=0
Suppose that we have

OFa<ar << <o <a,and By <P <P << By < By

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

L ool = ao) + (Jan| + an) + (1Bol = Bo) + (18al + 5n)
g
log1/4 |ao]

With t =1 and k = ¢ = 0, Theorem 2.6 gives the following.

Corollary 2.8 Let P(z) = Zajzj where Rea; = a; and Ima; = B for 0 < j <n.
=0
Suppose that we have

0> > > >ap1>ay,and o> 01> Pa> > Buy > B

Then for 0 < < 1 the number of zeros of P(z) in the disk |z] < 0 is less than

L jog (lao| + ao) + (| = an) + (1Bo] + Bo) + (16n] = Fn)

log1/6 |aol

With t =1, we can let k =n and ¢ =0 (or £ = 0 and ¢ = n), Theorem 2.6 gives

the next two results.

Corollary 2.9 Let P(z) = Zajzj where Rea; = a; and Ima; = p; for 0 < j <n.
=0
Suppose that we have

O#ay<a;<ay<--<au 1< ayand fo> 51> P> 2> But > B
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Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

L, Ueol = ao) + (lan| + an) + (o] + Fo) + (1l — 5n)
g
log1/§ |aol

Corollary 2.10 Let P(z) = Z a;2’ where Rea; = a; and Ima; = B; for0 < j < n.
=0
Suppose that we have

OFay>a1 203> > a1 >0, and By < B < By <o < By < B

Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

L, Ueol+ao) + (o] = an) + (150 = o) + (18a] + 5a)
g
log1/6 |aol

Proof of Theorem 2.6 As in the proof of Theorem 2.4,

n

F(2) = (o +1Bo)t + Z(Oéjt — 1) +i Z(ﬁjt — Bi-1)7" = (am +ifn) 2"
j=1

=1

For |z| =t we have

IF(2)] < (ool + 180+ D st — aja|t! + D (85t = Bialt! + (o] + [Ba )™+
P =1

k n
(Jool + 1Bt + > lajt — agalt! + Y eyt — a4t/

j=1 j=k+1

l n
+ ) 18t = Bialt! + D 1Bt = Bl + (Jan| + [Ba])t" !
j=1

j=t+1
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k n
= (Jaol + |Bo|)t Z ajt — o )+ Y (a1 — agt)t!

j=k+1
4 n
+Y Bit =B ) + D (B = Bt + (Jaw| + |8t
j=1 =041
k—1 k—1 n—1
= |Oéo‘t + Z Oéjthrl + Oéktk+1 — Oéot — Z Oéjthrl + Oéktk+1 + Z Oéjthrl
j=1 j=1 j=k+1
-1
—at"t — Z a4 o [+ | Bolt + Zﬁjtﬂ“ + Bttt
Jj=k+1 =
—Bot — Z BT 4 Bttt + Z Bttt — Bt — Z BT 4 | Bt
Jj=t+1 j=l+1

= (laol = Oéo)t + 200" 4 (Jo| — )"+ (15o] — o)t

28 + (|Bal = Ba)t™t!

= M.

The result now follows as in the proof of Theorem 2.1. [J
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3 A MONOTONICITY CONDITION ON THE COEFFICIENTS OF EVEN

POWERS AND COEFFICIENTS OF ODD POWERS OF THE VARIABLE

In this chapter, we explore the same type restrictions of the coefficients of the
polynomial, yet we impose the monotonicity condition on the even and odd indexed
coefficients separately, as did Cao and Gardner for the locations of zeros [5]. The
number of zeros result has not been previously worked on concerning the even and
odd indexed restriction on the coefficients of the polynomials and this research is novel
in that aspect. Due to the type of restrictions we impose we obtain a large number

of corollaries and results that trump previous research for specific polynomials.

3.1 Restrictions on the Moduli of the Coefficients

In this section, we first consider the moduli of the coefficients with a flip at 2k for
the even indices and a flip at 2¢ — 1 for the odd indices and seek out a new bound on

the M value.

n

Theorem 3.1 Let P(z) = Z ajzj. Suppose that for some t > 0, some nonnegative
j=0
integers k and s:

0 # [ao| < lagt?| < |agt!] < -+ < Jagrt™| > |agryat™ ) = -+ > |agpot?2],
1| < |ast?| < ast?] < -+ < |a24,1t2£*2] > |a2z+1t2e\ > 2 |a2L(n+1)/2J—1t2Ln/2J‘

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

LM

—O_

log 1/ 2 |a|
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where
M = (|ag|t* + |a1|t® + |@n_1[t"™" 4 |an|t"T?)(1 — cos a — sin &)

n
42 cos oo |ag|t* T2 4 |age_1 |t* 1) + 2sin a Z |a; [t
=0

Notice when ¢t = 1 in Theorem 3.1 we get the following,

n

Corollary 3.2 Let P(z) = Zajzj. Suppose that for somet > 0, some nonnegative
§=0
integers k and s:

0 # |ao| < ag] < ayg| < -+ < agk| > |agr2| = -+ = |agin/2) |,

lar| < ag| < as| < -+ < age—1| > |ageq1] > -+ 2> |ag|g1)/2)-1]

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

log —
log1/4§ °8

1 M
|a0|

where

M = (|ag| + |a1| + |an_1] + |an])(1 — cos @ — sin «)

+2 cos a|agk| + |age—1|) + 2sinaz |a;l.

J=0

From Corollary 3.2 with 2k = 2|n/2] and 2¢ — 1 = 2|(n + 1)/2] — 1 we get the

following,

26



Corollary 3.3 Let P(z) = Zajzj. Suppose that for some t > 0, some nonnegative
j=0
integers k and s:

0 # |ao| < az| < ag] < --- < agpny2)l,
lar] < as] < as| < -+ < ag|nt1)/2)-1]

Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

110M
log1/5 " Jao]

where

M = (lag| + |a1])(1 —cos a —sin ) + (|apn—1| + |an|) (1 + cos o — sin @) —i-ZSinaZ |ajl.
=0

From Corollary 3.2, when £ =0 and ¢ = 1 we get,

Corollary 3.4 Let P(z) = Zajzj. Suppose that for some t > 0, some nonnegative
j=0
integers k and s:

0 # |ag| > |ag| > -+ > |azny2)l,
ar| > lag| > - > |ag|(ny1)/2)-1]

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

1 M

1 _
log 1/5 " Jao]

where

M = (lao| + |a1|) (1 + cos @ —sin ) + (|ap—1| + |a,|) (1 — cos @ — sin ) +28inaz |aj.
=0
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From Corollary 3.2 when 2k = 2|n/2] and ¢ = 1 we get,

n

Corollary 3.5 Let P(z) = Zajzj. Suppose that for some t > 0, some nonnegative
j=0
integers k and s:

0 # [ao| < fag| < fas| < -+ <lagpn2yl,
a1| > faz| > - > |ag|(ni1)/2)-1]
Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

1 | M
— O —
log 175 Jao]

where

M = (Jao|+|ar|+|an—1|+|an|) (1 —cos a—sin a)+2 cos a(|agpn 2 |+|a1])+2 sin Z |aj.
=0

From Corollary 3.2 when & =0 and 20 — 1 =2|(n+1)/2] — 1 we get,

n

Corollary 3.6 Let P(z) = Zajzj. Suppose that for some t > 0, some nonnegative
j=0
integers k and s:

0 # |ao| > |agky2| = -+ = |azn/2)|,
1| < ag| < fas| < -+ < ag (nr1)/2)-1]

Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

LM

—O_

log 1/ 2 |a|
28



where

M = (lag|t? + |ay| + |an_1] + |an|)(1 — cosa — sin )

+2cos a|ao| + |ag|(nt1)/2)-1]) + QSinaZ |aj|tF2.
=0

We now present the proof of Theorem 3.1.

Proof of Theorem 3.1 Define

G(2) = (1 — 2*)P(2) = t*ap + ait*z + Z(ath —aj 9)2) — ap_ 12" — a, 2"
=2
For |z| =t we have

G(z) < laolt® +[aa]t® + ) lajt® = ajalt! + lan_1 [t"T + |an[t"
Jj=2
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IN

2k 2[n/2]
|CL0|t2 + |CL1|t3 + Z |ajt2 — Oéj_2|tj + Z |Cljt2 — aj_2|t]

L J=2 j=2k+2
J even Jj even
2s—1 2| (n+1)/2] -1
+ ) et =gt + > eyt — ajaft? + [an— [t a [t
j=3 j=2s+1
J odd J odd
2k
|ao|t? + |as[t* + Z {(Jaj[t* = |aj_2|) cosa + (|aj_a| + |a;|t?) sin a}#’
i éjeQH
2|n/2)
+ > {lajaf = a;]t?) cos @ + (|aj o] + |a;|t*) sin a}t’
j=2k+2
J even
2s5—1
+ 3 (Ul — ajal) cosar+ (|| + |ay]t2) sin a}?
j oda

2l (nt1)/2) -1
+ > {lajal —lajlt?) cosa + (Jaja| + |a;|t*) sin a}t?

j=2s+1
j odd

a1 [t"T 4 |a,|t"t* by Lemma 2.1

2%—2
|ao|t? + a1 |t® — |ao|t? cos a + |agk |t cos o + cos Z |a;|t7 2
7 éjeQn
%2 %—2
—cos Z |a;[t72 + |ao|t? sin o + |ag, [t sina + sinq Z |a |t/
j=2 j=2
j even j even
2% —2
+sina Z a7 + |agk|t* T2 cos a — |agpnq) [ cos @
7 J636211
2(n/2)—2 2\n/2)—2
+ cos a Z |a; [t — cos Z |a |t/
‘j:2k+2 j:2k+2
7 even 7 even

+ag [t sin @ + |ag o) [ sin o
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2(n/2]-2 2(n/2]-2
+sin « Z |a;[t7? + sin Z |a; [t

j=2k+2 j=2k+2
J even J even

25—3 25—3
—|ay|t? cos a + |ags 1 [t**T cos a + cos Z |a; [t/ — cos a Z |a |t/

=3 j=3
J odd j odd
25—3 25—3
+]ay|t? sin o 4 |ag_1 [t sin o + sin Z |a; [t + sin Z |a;|t/ 2
Jj=3 j=3
j odd j odd
+ags_1 [t cos a — |as((n1)/2)-1 |t2l(n1)/2J+1 coSs o
2|(n+1)/2)—3 2|(n+1)/2/-3

+ cos a Z |a;[t"? — cos @ Z |a;|t/ 2

j=2s+1 j=2s+1

Jj odd j odd
+|a23_1|t25+1 sin a + |CL2L(7H_1)/2J_1 |t2L(n+1)/2J+1 sin o

2l(nt1)/2) -3 2l(nt1)/2) -3

+sin « Z |a;|t/? + sina Z |a; [t/

j=2s+1 Jj=2s41

J odd j odd
—|—]an,1]t"+1 4 ‘an|tn+2
|ao|t? + |aq [t* — |ao|t? cos o + |agy |t cos a + |ag[t? sin o + |ag[t** T2 sin

%—2
+2sin Z a7 + |agk |t cos o — |agpn o) |2 cos a

i Z;gn
2\n/2)—2
+ag [t sin o + |ag o) [ P sina + 2sina Z |a [t/
]":2k+2
7 even

—|ay|t? cos o + |ags_1 [t Tt cos o + |ay [t? sin o + |ags_1 [t T sina
2s—3
+2sina Z |a |t/

Jj=3
7 odd
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)21 cos o 4 Jagg_1 [t sin o

2(nt1)/2-3
2L D2+ in o 4 2sin Z |a; |t/

j=2s+1
7 odd

+ags—1t 25t cos o — |a2L(n+1 )/2)— 1|t2L(n+1
+aznr1)/2/-1]
"+ a, |t

+|an,1

= Jao|t*(1 — cosa + sin @) + |ay [t3(1 — cos a + sin a) + 2|ag [t T2 (cos a + sin a)

2%—2 2(n/2)—2
+2|ags_1 [t* 1! (cos a + sina) 4 2sin o E |a; [t + 2sin E |a |t/
j=2 j=2k-+2
j even J even
25—2 2[(n+1)/2]-3
+2sin « E |a;[t/T? 4+ 2sin E a2
j=3 Jj=2s5+1
J odd j odd

a1 |1 — cosa + sina) + |a, [t"T*(1 — cos a + sin a)

= (lag|t* + |ar|t® + |an_1[t"T + |an|t"T?)(1 — cos a + sin )
n—2
+2 cos af|age [t**12 + |ags 1 [t**71) + 2sina Z |a |t/
=2
= (lag|t* + |ar |t + |an_1[t"T + |an|t"T?)(1 — cos a — sin )

+2 cos a|agk [t**12 + |ags 1 [t**71) + 2sina Z |a;|t/ 2
=0
= M.
Now G(z) is analytic in |z] < ¢, and |G(2)] < M for |z| = t. So by Titchmarsh’s
theorem and the Maximum Modulus Theorem, the number of zeros of G (and hence

of P) in |z| < 4t is less than or equal to

1 M

1 )
log1/5 2 Ja|

The theorem follows. O
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3.2 Restrictions on the Real Part of the Coeflicients

In this section, we now put the restriction on the real part only as before in

Chapter 2, yet with the even and odd restriction on the coefficients.

Theorem 3.7 Let P(z) = Zajzj where Re(a;) = oy, Im(a;) = B for 0 < j < n.
j=0
Suppose that for some t > 0, some nonnegative integers k and s, and positive integers

¢ and q:
0# ap < ant® < gt < - < agpt™ > gt > > 2|n/2) ¢2n/2]

2 4 20-2 2 2n/2
ap < agt” < ast” < e < gt > Qg pit™ = -0 2 Q| (ny1)/2) -1t /2]

Then for 0 < < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

1 | M
—_— O [
log 1/5 " Jao]

where
M = (’Ckol — Oéo)tQ + (\all — Oél)t3 -+ 2a2kt2k+2 -+ 062571252z+1 -+ (|Oén,1‘ - Ozn,l)tnﬂ

Hlan] = an)t™? +2) [t

J=0

With ¢ =1 in Theorem 3.7 , we get the following,

Corollary 3.8 Let P(z) = Zajzj where Re(aj) = a;, Im(a;) = B for 0 < j <n.
§=0
Suppose that for some t > 0, some nonnegative integers k and s, and positive integers

¢ and q:

0Fap<ay<ay <--- < agy > Qopya > -+ > Qap)2)
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ap Sag <oy <o S 2 Qo 2t 2 Q) (ngl) /2 -1

Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

1 | M
O PR—
log 1/5° Jao|

where
M = (Jao| = ao) + (laa| — 1) + 209k + g1 + (Jan-1] — an-1)
+(|an| - an) +2 Z |6]|
=0
With t = 1,2k =2|n/2| and 20 — 1 =2|n + 1/2] — 1 we get,
Corollary 3.9 Let P(z) = Zajzj where Re(a;) = «;, Im(a;) = B for 0 < j < n.

5=0
Suppose that for some t > 0, some nonnegative integers k and s, and positive integers

{and q:

0#ap <as <ay <0 < gy
ap S ag < ay < - < Qg(nt1)/2) -1
Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

LM
—_— 0 [
log 1/5 2 Ja|

where

M = (Jag| — o) + (Jau| — a1) + 209|n/2) + Q2|ny1/2)-1

(1] = 1) + (o] — ) +2 3141,
j=0
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When, t =1,k =0 and { — 1 = 0 in Theorem 3.7 we get,

Corollary 3.10 Let P(z) = Z a;z) where Re(a;) = aj, Im(a;) = B; for 0 < j < n.
§=0

Suppose that for some t > 0, some nonnegative integers k and s, and positive integers

¢ and q:

0#ag>ay > 2> g
Q2 Q3 2 -0 2 Qo (nt1)/2) -1
Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

1 o M
log 1/ 2 Jay|

where
M = (lag| + 2a0) + (|aa] = a1) + (Jam1| = @) + (Jan] — an) + 2> [B)]
§=0

From Corollaries 3.9 and 3.10 we can easily obtain two more corollaries with the
monotonicity of each the even and odd differing (i.e., we can have the even coefficients
monotonically increasing as the odd are monotonically decreasing, and visa versa).
We now present the proof of Theorem 3.7.
Proof theorem 3.7 Define

G(2) = (£ — 2*)P(2) = tPap + a1t*z + Z(ajtZ —aj_9)7 —ap_ 12" —a, 2"
=2
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For |z| =t we have

G ()]

<

(lowo| + 1Bo))E® + (|aa| + |B1])E?

+ > lagt® — oot + Y (18,18° + 18-
= =2

+(lan—1] + [Boo1 D" + (Jon| + [Bnl])t"

(lo] + 1Bo)t* + (o] + 18]}

2|n/2] ' 2| (n+1)/2]-1 '
+ ) et =l + D et — |

j éven J J():dd

2[n/2] 2((n+1)/2) -1

+ ) UBIE+ B2+ D> (B + 182

j=
j even j odd

+(lan1] + Bt DE + (] + [ Ba] )7+

(Iaol +1Bo)t* + (loa] + 81 )2

2[n/2]
+Z ozjt —Oéjgt]—f—z Qg — ajt tj
_2 2k+2
J even J even
20-1 2 (n+1)/2]-1
+ Z (OéjtZ — Oéjfg)tj + Z (OCJ;Q — Oéjt2)tj
j=3 j=20+1
J odd j odd
2|n/2] 2|n+1/2]—1
B BT ) 1l
7 even 7 odd
2|n/2] 2|n+1/2]—1
+ Z |Bj—2|t! + Z |Bj—2lt!
i e;en 7 ];):dgd

+(lan1] + Bt DE + (] + | Ba] )7+

(lovo] + [Bo)£* + (leua| + |81 ])E°

2k 2k 2|n/2)
Y .
+ E ot — E ajot? | + E o ot! —
o J " Jj= 2k+2
J even J even J even
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Z Oéjtj+2

]‘ 2k+2
7 even



20—1 20—1 2| (n+1)/2) -1 2[(n+1)/2] -1

+ Z O[jtj+2 — Z O./j_gtj + Z O[j_Qtj — Z ajtj+2
j=3 j=3

= = j=20+1 j=20+1
j odd 7 odd 7 odd 7 odd
2|n/2] 2|n+1/2]-1
HBolt +2 > 1B H2 Y BT 4 |
i Je:ezn 7 jo:d3d

+(lon—1| + 1Baci DE™ + (Jewa| + |8, ])E"+2
= (Jao| + [Bo)t? + (Jaa| + |Bu] )
+ (a%tzmz N a0t2) 4 (a2kt2k+2 . a2tn/2Jt2Ln/2j+2)

+ (g1 — i t?) + (a1t — Qg naryja) 12D/

2n/2] 2[n+1/2|—1

2 BT DY BT |+ |Boltt + (Bt
j=2 j=3
j even j odd

Hlana] + [Baa DE + (o] + 1Ba )"
= (‘O{O’ — Oéo)tQ =+ (lOél‘ — @1)?53 + 2a2kt2k+2 + &2£71t2£+1 + (‘Oén71| — Oénfl)tn+l

H(lom] — o)t 42 B[
=0
= M.
Now G(z) is analytic in |z] < ¢, and |G(2)] < M for |z| = t. So by Titchmarsh’s
theorem and the Maximum Modulus Theorem, the number of zeros of G' (and hence

of P)in |z| < 4t is less than or equal to

1 M

log —.
log 175 Jao|

The theorem follows. O
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3.3 Restrictions on the Real and Imaginary Part of the Coefficients

In this section, we impose the same restriction as in section 2.3 on the real and
imaginary part of the coefficients, yet we also have the coefficients restricted with
the even and odd indices. This gives four restrictions in the hypotheses: even and
real, even and imaginary, odd and real, as well as odd and imaginary. Because of
the restrictions, this section gives gratuitous amounts of corollaries. Although we do
not list them all, we state the ones of greatest deviation and note how we can easily

obtain the remaining corollaries with standard algebra.

Theorem 3.11 Let P(z) = Zajzj where Re(a;) = oy, Im(a;) = B; for 0 < j <n.
§=0

Suppose that for some t > 0, some nonnegative integers k and s, and positive integers

¢ and q:
0# ap < aot® <ayt! <-or < agpt™ > agpot™ > > Q2(n/2| t2lr/2]
ar < agt® < ast* <o < ag gt T > aneat? > > gyt
Bo < Pot® < Bat? <o < Pot® > Py ot > > ﬁztn/ﬂtﬂnm
Br < Bat® < Ptt < -0 < B at® T > Pogiat? > - > Boyngny g at”,

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

1 o M
log 1/5 " Jao]
where
M = (Jao] — a0+ 1Bo| = Bo)t* + (Jau| — a1 + |Ba| = B1)E?

+(|an—1| — Qp—1 + |ﬁn—1| - ﬁn—l)tn—H + (|an| — Qp + |ﬁn| - 6n)tn+2~
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With ¢ =1 in Theorem 3.11, we have:

Corollary 3.12 Let P(z) = Z a;z’ where Re(a;) = oy, Im(a;) = B; for 0 < j <n.
j=0
Suppose that for some nonnegative integers k and s, and positive integers £ and q:

0Fap<ay<ay <--- < gy > Qopga = -+ > Qa2

ap Sag <oy <o S 2 Qo 2t 2 Q) (ngl)/2) -1
Bo < B < By <o < Bag 2> Posia >0 2> Bafny2y
Br < By < Bs <o < Boage1 = Pogrr =t 2 Bojtrr)2) -1

Then for 0 < 6§ < 1 the number of zeros of P(z) in the disk |z] < 0 is less than

1 M

1 _
log1/6 " Jaql

where
M = (lag| — ag + |Bo| — Bo) + (laa| — cq + |B1] — B1) + 2(vak + ae—1 + Pas + Pag—1)

+<’an—l‘ — Op—q + |ﬁn—1| - ﬂn—l) + (‘an’ — Qp + |ﬁn’ - Bn)

By manipulating the parameters k, ¢, s, and ¢ we easily get over sixteen more
corollaries from Corollary 3.12. For example, with k = s = 2|n/2]| and ¢ = ¢ =

2[(n+1)/2] — 1 we have:

Corollary 3.13 Let P(z) = Z a;2) where Re(a;) = aj, Im(a;) = B; for 0 < j < n.
=0
Suppose that:
0# ag<ay <oy < - < gy
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a; < ag <oy <o < Qg (nl)/2) -1
Bo < B2 < By <o < Banyz
Br < B3 < Bs < -0 < Bof(nt1)/2)—1-

Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

1 M

1 -
log 1/ 2 |a|

where
M = (Jag| — ao + |Bo| — Bo) + (Jea| — ca + | 1| — B1) + (|an—1| + a1 + [Bu=1| + Brn=1)

+(|an| + an + [Bal + Br)-

With £k =s=0and ¢ = ¢ =1 in Corollary 3.12 we have:

Corollary 3.14 Let P(z) = Z a;z’ where Re(a;) = oy, Im(a;) = B; for 0 < j <n.
=0
Suppose that:

0F ap >y >y > 2> Qyna
Q] 2 Q3 > Q5 2 -0+ 2 Qo(nt1)/2] -1
Bo=>Po>Bs =2 Bons
B> P> Bs =+ = Boftnsr)/2)—1-
Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

1 o M
log1/§ g|a0|
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where
M = (|ao| + a0+ |Bo] + Bo) + (Jou| + a1 + | 51| + B1) + (Je—1| — =1 + | Br=1| — Bu=1)

+(|an| = + Bl — Bn)-

With k = [n/r], ¢ =1, and each a; real in Corollary 3.12 we have:

Corollary 3.15 Let P(z) = Z a;z’ where a; € R for 0 < j < n. Suppose that:
=0

0#ap <ag <ag < - < agp,

ap 2 az 2 as 2 -+ 2 A2 (n+1)/2)-1-

Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

1 | M
[ O PR—
log 1/5° Jao|

where

M = lag| + ao + |agpn/2)| + a2jns2)-

Example: Consider the polynomial P(z) = 1+102+2224023+324+025+42°+ 027+
828. The zeros of P are approximately —0.102119, —0.872831, —0.629384 +0.855444,
0.22895 £ 1.053627, and 0.887908 % 0.530244%. Applying Corollary 3.15 with 6 = 0.15
we see that it predicts no more than 1.888926 zeros in |z| < 0.15. In other words,
Corollary 3.15 predicts at most one zero in |z| < 0.15 In fact, P does have exactly

one zero in |z| < 0.15, and Corollary 3.15 is sharp for this example.
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There are many more corollaries that can come from Theorem 3.11, yet we merely
note the remaining can easily be obtained with standard algebra. Here we now present
the proof of Theorem 3.11 which involves restrictions on the monotonicity of both
the real and imaginary coefficients as well as the even and odd restriction as before
in sections 3.1 and 3.2.

Proof Theorem 3.11 Define
n

G(2) = (1 — 2*)P(2) = tPap + a1 t*z + Z(ajt2 —aj_9)7 —ap_ 12" —a, 2"t

j=2

For |z| =t we have
G < (ool +18o])t* + (Joa] + [B1])E°
+ Z |at® — oot + Z |Bt* — Bj—a|t?
= =2
Hlanal + [Bua D + (lan] + By

= (loo| +1Bo])t* + (Jaz| + | Bt

2[n/2] - 2lmiD)/2)-1 |
+ Y et =l + D et — |
j=2 j=3
j even j odd
2[n/2] - 2lmiD)/2)-1 |
+ D B =B+ Y B = Bl
j=2 j=3
j even j odd

+(lan1] + Bt DE + (] + | Ba] )"+
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(|Oé0|+’50|)752 (laz| + 181’
2[n/2]
+ Z ozjt — j_g) 1+ Z Qj_g — oz]tQ)t
j=2k+2
] even ] even
20—1 2| (n+1)/2]-1
+ Z (Oéjt2 - Oéj_g)t] + Z (Oéj_Q - Oéjt2>t]
j=3 j=20+1
j odd j odd
2|n/2]
+ Z ﬁ]t2 ﬁ] 2 tj + Z ﬁ] 2 = Bjtz)
j=2s+42
i even J even
2q—1 2|(n+1)/2) -1
+ > B =B+ D (B =Bt
Jj=3 j=2q+1
J odd j odd

(1| + |Ba—a D" + (o] + [Ba )"

(ol +1B0))E* + (laz| + |Bi])E°
2k 2k 2[n/2] 2[n/2]
+ Z Oéjt]+2 — Z Oéj_gt] + Z Oéj_gt] — Z O{jtj+2
g= = j=2k+2 j=2k+2
Jj even j even J even J even
20—1 20—1 2| (n+1)/2]—-1 2[(n+1)/2]-1
j=3 j=3 j=20+1 j=20+1
j odd j odd 7 odd j odd
2s 2s 2|n/2] 2|n/2]
DDV R PN D oD o T
. . j=2s+2 Jj=2s42
j even j even J even J even
2g—1 2q—1 2| (n+1)/2]-1 2| (n+1)/2]-1
DA SR F S S S S
J=2q+1 Jj=2q+1
Vi odd J odd 7 odd j odd

(1| + Bt D" + (o] + [Ba )"
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(loo] + 15o[)#* + (loa] + 81 ])¢°

+ (gt +? — 2) + (a2kt2k+2 —&2Ln/2jt2w/2j+2)

(
. (a 2 a1t3) X (ozy,ltﬂﬂ _ 042L(n+1)/2j—1152“”“)/2“1)
(ﬁ t25+2 ) (6 t 2s5+2 /82|_n/2jt2tn/2j+2)
( 2, Boe 112041 — B, t3) (52q—1t2q+1 _ »32L(n+1)/2j—1152“”“)/2”1)
H(lom-a] + 1Baaa " + (o] + |Bal)t™
= (lao] = ag + 180 = Bo)t* + (Jan| — a1 + 6] = )¢’
+2(a2kt2k+2 +042£71t2f+1 +525t28+2 +/82q71t2q+1)

+(|an—1| — Qp—1 + ’671—1' - Bn—l)tn+1 + (lan| — Oy + |6n| - Bn)tn+2

= M.

Now G(z) is analytic in |z] < ¢, and |G(2)] < M for |z| = t. So by Titchmarsh’s
theorem and the Maximum Modulus Theorem, the number of zeros of G' (and hence

of P) in |z| < 4t is less than or equal to

1 M

1 )
log 1/5 2 Ja|

The theorem follows. O
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4 A MONOTONICITY CONDITION ON THE COEFFICIENTS OF

POLYNOMIALS WITH A GAP

In this chapter, we consider the same three types of hypotheses concerning the
monotonicity of the moduli, real, as well as real and imaginary parts of the coefficients.
Yet, we put these restrictions on a class of polynomials we denote as P, ,. This
polynomial has a gap between the leading coefficient and the preceding coefficient,
which has an index of p. These polynomials are studied greatly in connection with
Bernstein type inequalities [6]. We obtain a number of new results and corollaries for

P, type polynomials concerning the number of zeros result.

4.1 Restrictions on the Moduli of the Coeflicients

In this section, we consider the P, , class of polynomials with the same restriction
as in section 2.1 on the real part of the coefficient only and seek a bound on M to

count the number of zeros using Theorem 1.3.

Theorem 4.1 Let P(z) = ap + Zajzj where ag # 0 and for some t > 0 and some
J=H
k with p <k <n,

tHay| < - <P agoy | < Flag] > O agg| > > 8 an| > 7ay]

and |arga; — B] < o < w/2 for p < j < n and for some real o and B. Then for
0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

1 | M
—O_
log 1/5° Jao]
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where M = 2|ag|t + |a,[t" (1 — cos a — sin &) + 2|ag|t"™ cos a + |a,[t" T (1 — cosa —

sina) +23°7 Ja;[t"* sina.
With ¢ =1 in Theorem 4.1 we get the following.

Corollary 4.2 Let P(z) = ag + Z a;z) where ag # 0 and for some t > 0 and some
J=p
k with p <k <n,

lap| < - <Haga| < ag| 2 aggr]| =+ 2> |an—1] > |an]

and |arga; — B] < a < /2 for p < j < n and for some real o and 5. Then for
0 < <1 the number of zeros of P(z) in the disk |z| < ¢ is less than

1 M

1 _
log 1/6 8 Jay|

where M = 2|ao| + |a,|(1 — cosa — sina) + 2|ag| cosa + |a,|(1 — cosa — sina) +

230, laj|sina.
With & = n in Corollary 4.2 we get:

Corollary 4.3 Let P(z) = ag + Z ;2 where ag # 0,
J=p
N

and |arga; — B] < a < w/2 for p < j < n and for some real o and 5. Then for

0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

1 | M
O [
log 1/5 2 Ja|

where M = 2|ag| + |a,|(1 — cosa — sina) + [a,[(1 + cosa —sina) + 237 |a;]sina.
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With k£ = p in Corollary 4.2 we get:

Corollary 4.4 Let P(z) = ag + Z a;2’ where ag # 0,

J=p

4] = > |ap] > la

and |arga; — B] < a < /2 for p < j < n and for some real o and . Then for

0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

1 M

1 _
log 1/5 ° |ao|

where M = 2]ag| + [a,[(1 + cosa —sina) + |a,|(1 — cosa —sina) + 237 |a;|sina.

Proof of Theorem 4.1. Consider

F(z) = (t—2)P(2)=(t— 2)(ao+ Z a;z7) = apt + Z ajtz) — agz — Z a; 2’1
J=H J=H J=H

n n+1
= ag(t —2)+ E ajtz’ — g aj_12’
Jj=p J=p+1

n
= ao(t —2) +a,tz + Z (ajt —aj_1)2" —a,z"""
Jj=ptl

For |z| =t we have

2laolt + Ja, |t + Y fagt — aj [t + |a, [t

[F(z)] <
J=p+1
k n
= 2laglt + a [t + D gt —a;lt + > lajor — aptt? + |a, [t
Jj=p+1 j=k+1

47



k
2aolt + |a, |t + Z {(la |t = |aj_1]) cosa + (Jaj_1| + |a;|t) sina}
J=p+1

IN

+ Z {(Jaj_1] = |aj|t) cosa + (|aj|t + |a;_1|) sina} t + |a,[t"
j=k+1
by Lemma 2.3 with z = a;t and 2’ = a;_; when 1 < j <k,

and with 2z =a;_; and 2’ = a;t when k +1 < j <n

k k k
= 2|aglt + |a,[t"t" + Z |a; [t cosa — Z la; 1|t/ cosa + Z |la; 1|t sina
J=ptl j=p+1 j=p+1
k n n
+ Z |a [t sina + Z la; 1|t cosa — Z |a;[t" ! cos a
J=p+1 j=k+1 j=k+1

n n
+ Z |a;[t7 ™ sina + Z la; 1|t sina + |a,[t"

j=k+1 j=k+1
= 2aglt + |a,[t"t — |a,|t" T cosa + |a[t* T cos a + |a, [t sina
k—1
+ag |t sina + 2 Z |a; [t sin o + |ag[t*T cos a — |a, [t" T cos a + |ag|t" T sin
Jj=p+1
n—1
+a, [t sin o + 2 Z |la; |7 sina + |a, [t
j=k+1
n—1
= 2|aglt + |a,[t"! + |a,[t" T (sina — cos ) + 2 Z |a; |t sin o
J=p+1

+2ag |t cos o + (sin o — cos a + 1)|a, [t
= 2agt + |a,[t" (1 — cosa — sin @) + 2|ax[t* cos a
+an|t" (1 — cos a — sin o) + 2 Z |a;[t" ! sin o

J=p

= M.

Now F(z) is analytic in |2| < ¢, and |F(z)] < M for |z| = t. So by Theorem 1.3

and the Maximum Modulus Theorem, the number of zeros of F' (and hence of P) in
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|z| < 6t is less than or equal to

110M
log 1/5 % Jao|’

The theorem follows. O

4.2 Restrictions on the Real Part of the Coefficients

In this section, we put a monotonicity restriction on the real part of the coefficients

only for polynomials in the class P, .

Theorem 4.5 Let P(z) = ayg +Zajzj where ag # 0, Rea; = a; and Ima; = f3; for

J=n
u < j <n. Suppose that for some t > 0 and some k with p < k <n we have
thay, < - <t lagy <P > gy > > 1 gy > ay,

Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

1 M

log —.
log 175 Jao]

where M = 2(|ag| 4| Bo| )t + (|| — )t 42001 (oo | — )" 423770 |35 (4771
With £ = 1 in Theorem 4.5, we get:

Corollary 4.6 Let P(z) = ap + Za,jzj where ag # 0, Rea; = a; and Ima; = B;
J=p
for u < j <n. Suppose that we have

Qp < S Qg1 SO 2 Qg 20 2 Qg 2 Qe

o
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Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

1 M

log —.
log 1/5 ° Jao|

where M = 2(|ao| + |ol) + (o] = @) + 20k + (Jan| — an) +23 5, 18-

Example. Consider the polynomial P(z) = 0.1+ 0.0012% + 223 +0.002z" + 0.0022° +
0.0012%. The zeros of P are approximately z; = —0.368602, 2o = 0.184076+0.3190104,
z3 = 0.184076 — 0.3190107, and 24 = 5.62344 + 10.925071, 25 = 5.62344 — 10.92507+,
and zg = —13.2464. Corollary 4.6 applies to P with p =2 and k = 3. With 6 = 0.37
we see that it predicts no more than 3.75928 zeros in |z| < 0.37. In other words,
Corollary 4.6 predicts at most three zeros in |z| < 0.37 In fact, P does have exactly
three zeros in |z| < 0.37, namely zj, 29, and z3. So Corollary 4.6 is sharp for this

example.

With & = n in Corollary 4.6 we get:

Corollary 4.7 Let P(z) = ap + Zajzj where ag # 0, Rea; = o and Ima; = f3;

Jj=p
for n < j <n. Suppose that we have
Oé,u S Sanfl San-

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

1 o M
log1/§ & |

(10|'

where M = 2(Jewo| + |of) + (lau| = ) + (lan| + ) + 2375, 1551
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With k& = p in Corollary 4.6 we get:

Corollary 4.8 Let P(z) = ap + Zajzj where ag # 0, Rea; = o and Ima; = f3;

J=n
for n < j <n. Suppose that we have
ay 2 zanfl ZOén-

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

1 o M
log1/§ & |

(10|'

where M = 2(|ao| + [fo]) + (lovul + ) + (lan] — an) +23 75, 1551

It is easy to see from Corollary 4.6 that if n = k or k = 0, M will not change

drastically, and in fact the last three terms are the only ones affected.

Proof of Theorem 4.5. As in the proof of Theorem 4.1,

F(z)=(t —2)P(z) = ao(t — 2) + autz' + Z (ajt —aj_1)2) —a,z"*,
J=p+1

and so

F(z) = (ao+iBo)(t —2)+ (au+iB)tz" + > ((ay + i)t — (aj1 +1iB-1))7
J=p+1
—(an +1if3,) 2"

= (0 +iBo)(t — 2) + (o +iBu)t2" + Y (ayt — )2’
Jj=p+1

+i Z (Bit — Bj_1)2 — (ay +1i3,)2" T
Jj=ptl
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For |z| =t we have

IF(2)] < 2(lao] + [Bo])t + (Jal + 18D+ ) oyt — o |#

J=p+l
+ > (Bt + 181Dt + (Jaal + Ba )"
J=pA1
k
= 2(laol + [Bo])t + (o + 1B DE + Y (et — o)
J=p+1
n n—1
+ > (o —agt)t + B[t 42 > B[ 4 |8, [
j=k+1 J=p+1

+(lan| + |Ba )t
= 2(Jao| + [Bo)t + (Jou] + BT — ™ 4 204"t — ™t
BT 2 ) BT + ot

J=pt1
= 2(|ao| + |Bo)t + (lau] — Oé“)tu+1 + 20 tF T 4+ (|| — )™t

+2) ||t
J=H
= M.

The result now follows as in the proof of Theorem 4.1. [J

4.3 Restrictions on the Real and Imaginary Part of the Coefficients

In this section, we put the monotonicity restriction on both the real and imaginary

parts of the coefficients for polynomials of the class P, ,.

Theorem 4.9 Let P(z) = ay +Zajzj where ag # 0, Rea; = a; and Ima; = B; for

J=p
w < j < n. Suppose that for some t > 0 and some k with p < k < n we have

tha, <o <t o <ttag > e > > 1 g > Ry
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and for some p < ¢ < n we have
B, < o ST By S B T By > 2T By > B,

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0t is less than

LM
log1/6 8]

(10|'

where M = 2(|ao| + |Bo|)t + (Jou| — v + |Bu] — Bu)t* T + 2(cupth T 4 BottF)

+ (|an| — an 4+ |Ba] = Ba)t" .
In Theorem 4.9 if we let ¢t = 1 we get the following.

Corollary 4.10 Let P(z) = ay + Zajzj where ag # 0, Rea; = a; and Ima; = f3;

j=n
for u < j <n. Suppose that for some k with p < k < n we have

a S...Sak_lSongOék_HZ"'ZOén—lZan

n

and for some p < ¢ < n we have

Bu < < Be1 < Pe 2 Beyr 2 -+ 2 P12 Bane

Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

1 | M
— 109 —.
log 175 ° Jao|

where M = 2(|ao| +|Bol) + (lau| = ey + 15| = Bu) +2(ce + Be) + (lan| — an + [Bnl = ).
In Corollary 4.10 if we let k = ¢ = n we get the following.

93



Corollary 4.11 Let P(z) = ag + Zajzj where ag # 0, Rea; = a; and Ima; = f3;

for n < j <n. Suppose that for sojnzzg k with p < k <n we have
oy << apop < ap

and for some p < ¢ < n we have
Bu << Bu1 < B

Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

1 M

log —.
log 1/5 " [ao]

where M = 2(|ag| + |5ol) + (Jou| — ap + 184 — Bu) + (Jow| + an + | 5nl + Br)-
In Corollary 4.10 if we let k = ¢ = p we get the following.

Corollary 4.12 Let P(z) = ag + Zajzj where ag # 0, Rea; = a; and Ima; = f3;

j=n
for u < j <n. Suppose that for some k with p < k < n we have

Q20 2yl = Oy

m

and for some p < ¢ < n we have

BuZ"'ZBn—lZBn-

Then for 0 < 6 < 1 the number of zeros of P(z) in the disk |z| < 0 is less than

1 | M
— 109 —.
log 175 Jao]

where M = 2(|ao| + |Bol) + ([au] + ap + [Bul + Bu) + (Jan| — an +|Ba| — Bn).
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In Corollary 4.10, we get similar corollaries by letting k =n and ¢ = p, or k = p

and ¢ = n.

Proof of Theorem 4.9. As in the proof of Theorem 4.1,

F(z)=(t—2)P(z) =ao(t — z) + azzu + Z(ajt —aj 1) — apet,
J=p

F(z) = (ao+iBo)(t — 2) + (o + 1B8,)t2" + Z (g + i)t = (-1 +iBj1))7

—(ay +iBp) 2"

= (o +1ifo)(t — 2) + (v, +iB,)t2" + Z (ot — 1)’
Jj=p+1

‘|‘Z Z (5jt — 6];1)2]' — (Oén + iﬁn)z”“

J=p+1
For |z| =t we have
FE) < (ool + 1801)2t + (el + [B)E 4+ D et — ajalt?
J=p+1

+ Z (th + ﬁj_1|)tj + (|04n| + wnl)tnﬂ

Jj=p+1

k
= 2(Jao| + |Bol)t + (Jou| + 1B + Y (it — )P

J=ptl
n l
+ Y (=)t + > (Bt = Bt
Jj=k+1 J=p+1
+ > (B = Bt + (Jaw| + Bt
j=t+1
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= 2(Jao| + |Bo)t + (Jay| + Bt — aut" T 4 204" — "t — et
2B = But™ " (o] + [ Ba )"

= 2(lao| + [Bo])t + (Jeu| — v+ 1Bul = Bt + 2(cut™ + Bt
(o] = an + |Ba] = Bu)t"H

= M.

The result now follows as in the proof of Theorem 4.1. [J
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5 CONCLUSION

In this thesis, we considered three different classes of polynomials. First, a class
of polynomials with monotonically increasing coefficients to a position k, where the
monotonicity then decreased. Second, a class of polynomial with the same type of
monotonicity flip, yet with the indices of the coefficients separated into an even and
odd restriction. Last, we considered a class of polynomials with a gap between the
leading and proceeding coefficient, where the proceeding coefficient had an index of
. Each class of polynomial was considered with three hypotheses: restrictions on
the moduli of the coefficients, restrictions on the real part only of the coefficients,
and restrictions on the real and imaginary part of the coefficients. We put these
restrictions on the coefficients of polynomials in order to count the number of zeros
of each particular class of polynomial, in a specific region. We relied on Titchmarsh’s
result for counting the number of zeros, yet we sought out different M values for
specific polynomials. This was done to give results which can be easily applied by
simply plugging in coefficients of a polynomial, as opposed to the computation of the
bound M, which could be quite difficult.

There has been much research done in this particular field of mathematics and the
area is currently active. Our results from Chapter 2 have appeared in The Journal
of Classical Analysis [14]; the results from Chapters 3 and 4 are also being submitted
to journals. Furthermore, there is potential for further research in this area. From
the work in this thesis, one could combine Chapters 3 and 4 and consider the number
of zeros of the P, , class polynomials from Chapter 3 and impose the even and odd

restriction from Chapter 4. This would be an original body of research.
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